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thoroughness the exposition and application of the 
elementary principles of algebra, but omits entirely all 
those topics ordinarily included in the advanced alge- 
bra of the college course. It is believed that its 
method of treatment is such as to make it available 
for use in High Schools aiming at a thorough mastery 
of the elementary portion of the subject. 
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ALGEBRA. 


CHAPTER Il. 
DEFINITIONS. 


1. A quantity is anything that can be increased or 
diminished. Finite quantities can be measured. 


2. To measure a quantity is to find how many times 
it contains another quantity of the same kind. This 
latter quantity is called the unit of measure. Its 
amount is arbitrary. An inch,a foot, a yard are units 
of length; an ounce, a pound, a ton are units of 
weight. 

3. Number shows how many times a quantity con- 
tains its unit of measure. It is quantity determined 
and expressed. 


4. Numbers are concrete and abstract; concrete, 
when attached to a particular kind of quantity, as 6 
days; abstract, when not thus attached, as 4, 6. 


5. In Arithmetic numbers are represented by 
figures. 


G. In Algebra numbers are represented by figures 
and letters. 


7. Algebra differs from arithmetic : 

1. In the use of symbolic language which enables 
general as well as specific quantities to be considered, 
thus generalizing arithmetic. 
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2. In that the relation of quantities rather than the 
computation of their numerical value is made the chief 
object of inquiry. 


8. Algebra may then be defined as that branch of 
mathematics in which quantities are represented by 
symbols and their relations investigated. 


9. Algebraic Symbols as a whole may be classified 
as follows: 

1. Symbols denoting quantity. 

2. Symbols indicating relation, 

3. Symbols indicating operation. 

4. Symbols indicating abbreviation. 


QUANTITIES AND QUANTITATIVE SYMBOLS. 


10. Known quantities are those whose values are 
given. They are represented by figures or the first 
letters of the alphabet. Accented letters are often 
used where quantities are in the same class, as a’, read 
a@ prime; a", read a second; a’’, read a third, and so on. 
Subscript numbers are sometimes employed, as a,, read 
a sub one; a,, read a sub two, and so on. Initial 
letters may also be used to advantage, as r for radius, 
ce for circumference, etc. 

Concerning the symbolic letters which represent 
known quantities it is important to note: 

1. The value they represent is any value. 

2. They are conceived as retaining the same value 
throughout the process of deriving an answer or 
formula. 

3. A particular value may be given to any letter at 
any time during the progress of the work. This, 
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though seldom done, is in rare cases of great con- 
venience. 

4. Particular values may be assigned the letters at 
the end of the work. The numerical value of the 
answer will be thus determined. 

5. It is not necessary to assign to the letters par- 
ticular values either Curing or at the end of the work. 


11. Unknown quantities are those whose values 
though fixed are to be ascertained. They are gener- 
ally, but not always, represented by the last letters of 
the alphabet, x, 7, 2, etc. 


12. Quantities greater than any assignable quan- 
tity are represented by the symbol ow, called infinity. 


13. Absence of quantity or a quantity less than any 
assignable quantity is represented by the symbol 0, 
called zero. 


14. Positive and negative quantities indicate direc- 
tion from zero. They stand in opposition to each 
other and represent opposite states or qualities. They 
lie on opposite sides of the zero line. 


Thus, 
ZERO LINE. 
If negative quantities Then positive quantities 
represent represent 
left right 
above below 
forward backward 
losses gains 
liabilities assets 


past future 
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Positive and negative quantities are distinguished 
from each other by the signs + and—. Quuntitative 
symbols with unassigned values may belong to either 
class. Each class contains all the numerical quantities 
between zero and infinity, the only difference being 
in sign. As arithmetic recognizes only absolute value 
or amount of quantity independent of the sign, each 
class is considered as arithmetically increasing from 
zero to infinity. In algebra, however, quantities are 
considered to increase as we pass from negative infinity 
to zero and thence to positive infinity. Proceeding in 
the opposite direction, quantities are viewed as decreas- 
ing. Counting backward along the series of positive 
numbers, we are evidently subtracting or decreasing 
quantity. Counting from 3 to0, we subtract 3 and thus 
0 is Jess than 3. Passing through 0 and continuing to 
count in the same direction, we are evidently still sub- 
tracting. —3 is thus clearly Jess than 0. Algebra- 
ically considered then quantities decrease as we pass 
from positive infinity to negative infinity and increase 
as we go in the opposite direction. 

We thus see that 

Passing from — o to 0 means algebraic increase, 
arithmetical decrease. 

Passing from 0 to + o means algebraic and arith- 
metical increase. 

Passing from + o to 0 means algebraic and arith- 
metical decrease. 

Passing from 0 to — o means eh peat decrease, 
axthinelncah increase. 
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SYMBOLS INDICATING RELATION. 


The symbols indicating relation are as follows: 


15. Sign of equality =. This is read equals or ts 
equal to. It signifies that the quantities between 
which it is placed are equal. The expression as a 
whole is called an equation. The two paris into 
which it is separated by the sign are called members 
of the equation. 

Example, 

Equation ¢=d (read c equals d or ¢ is equal to d). 

First member c 

Second member d 

Equality sign = 


16. Signs of inequality > and <. These are 
read greater than and less than respectively. Thus, 


6> 5, read six is greater than five. 
a > b, read a is greater than 6. 

5 < 6, read five is less than six. 

b <a, read 6 is less than a. 


The opening of the angle is always toward the 
greater quantity. The expression as a whole is called 
an inequality; its parts are called members of the in- 
equality. 


17. The Ratio Sign :. This is read és fo or to. It 
signifies the ratio of the two quantities between which 
it is placed. Thus, 

3: 4, read 3 is to 4. 

a:b, read a is to b. 

These ratios may be written : and . 


b 
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18. The sign of proportion :: or=. This is read 
as orequals. Itsignifies that the ratios between which 
it is placed are equal, thus constituting a proportion. 

ae ais tobascistod 
or read or 
Gt. b= tere ato b equals e tod. 


Expressing the ratios in their fractional form the 
proportion may be written 


SYMBOLS INDICATING OPERATIONS. 


The following are the symbols of operation: 
19. The Sign of Addition, +, read plus. 
20. The Sign of Subtraction, —, read minus. 


21. The Double Sign, + and =, read plus or 
minus and minus or plus respectively. 


22. The Sign of Multiplication, X, read multi- 
plied by. 

The quantities which multiplied together form a 
product are called factors of that product; if ex- 
pressed in numbers they are called numerical factors; 
if expressed in letters, Miteral factors. When literal 
factors or a figure and literal factors are multiplied, 
the sign of multiplication is omitted. 

Thus 7 X a X 6 X ¢€ is written Tabe. 

Care should be taken never to omit the sign of 
multiplication when such omission will lead to ambig- 
uity or a change of meaning. 3 % 2 would, by omit- 
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ting the sign, become 32, a radical change in signifi- 
cance. 


23. The Sign of Division, ~ , read divided by. 

Division is often indicated by placing the quantity 
to be divided over the divisor with a horizontal line 
between them. 


Wisc 
Thus, ; signifies the same as a + 0. 


24. The Exponential Sign is the symbol written 
to the right and a little above a quantity to show how 
many times that quantity is taken as a factor. The 
resulting product is called the power of the quantity. 
The symbol is called an exponent. a” is read a to the 
nth power, indicating that ais taken times as a factor, 
a and n having any values. Thereading is sometimes 
abbreviated, thus a2 may be read a to the second 
power or @ square; a, a to the third power ora cube; 
at, a to the fourth pewer or a fourth power and so on. 

If no exponent is expressed one is understood. Thus 
a is the same as al, 


25. The Radical Sign, )/_, placed over a quantity 
donotes that a root of that quantity is desired. The 
particular root sought is indicated by a figure or letter 
written to the left aad above the sign, which letter or 
figure is called the Index of the Root. Thus, 

~’ 30 indicates the third or cube root of 30. 

}' 5c indicates the fourth root of 5c. 

}’ 7d indicates the nth root of 7d. 

The index in the case of the square root is gener- 
ally omitted, thus, 

2 indicates the second or square root of 2. 


Te LL .  \ 
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26. The Root of a quantity is that quantity which, 
taken as a factor the number of times indicated by 
the index, will produce the given quantity. 

Thus, 2 taken as a factor three times produces 8, 
hence #8 = 2. 


SYMBOLS INDICATING ABBREVIATION. 


The following symbols indicate abbreviation: 


27. The Signs of Aggregation, the parenthesis Pp 
vineulum » bracket [ ], brace } i, and bar ie 
signify that the quantities thus connected are to be 
treated as a single quantity. 

Thus (a +b +c) d signifies that the three quanti- 
ties a, b, and ¢ united into one quantity are to be mul- 
tiplied by d. The union of quantities into a single 
quantity to be treated as such is of vital importance. 
The use of the signs indicative of such aggregation 
must be thoroughly mastered in order to reach a com- 
prehensive grasp of algebraic generalization. | 

Two or more of these signs are often used in the 
Sameexpression. Thus at+b[c+(d+e) ac 


28. The Sign of Deduction .-. signifies hence or 
therefore. 


_29. The Sign of Continuation...... is read and 
so on or and so on fo. 
Thus we can read 1, 2, Tae: Sy iver pea 
ang 1 25, Aoi oe 10. 


ALGEBRAIC EXPRESSIONS. 


30. An Algebraic Expression or simply an Ex- 
pression is a collection of quantitative algebraic sym- 
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bols. Thus a, 8x, x+y, x—dy (@+b6)+¢ are 
algebraic expressions. Values may be assigned to the 
letters used and the indicated operations performed. 
The result obtained will be the numerical value of the 
expression. 

31. The Terms of an algebraic expression are its 


parts, which, added or subtracted, form the expres- 
sion, Thus, 

2a, 50, and 7c are terms of the expression 2a — 50 
mee 

(a —b) and — ¢ are terms of the expression (a —O ) 
nas ree 

vx+yand + nm are terms of the expression 
nt yt 1. 

32. A Simple Term is one which, except in index 


or exponent, contains no connective + or —sign. 


33. A Complex Term is one which is treated as a 
single quantity, and contains two or more simple 
terms connected by the sign + or —. Thus, 

(a+b), (a+b)e, (a+b)(c+d), Yatbt+e, 


(a + 6)**” are complex terms. 


34. A Positive Term is one preceded by the + 
sign (of operation), expressed or understood; as 3a, 


+ 5b, + (a+ 6) and + (—3z). 


35. A Negative Term is one preceded by the minus 


: ; as OD 
sign (of operation); as — 5a, — 2a,/3,— = and 


—c(x#+y). 
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86. A Monomial consists of one term either sim- 


ple or complex. 


37. A Polynomial consists of two or more terms, 
any one of which may be either simple or complex. 


38. A Binomial is a polynomial of two terms; as 
a+b 


5 


39. A Trinomial is a polynomial of three terms; 


asx +c(a+b)—yu—y. 


40. When the literal factors of a simple term are 
single letters with positive whole numbers for ex- 
ponents, the degree of the term is equal to the sum 
of these exponents. Thus, 


3b is of the first degree. 

— 4ab is of the second degree. 
5a2c is of the third degree. 
5xy2z3 is of the sixth degree. 


41. The degree of an expression composed of 
such simple terms is that of the term or terms of 
highest degree. 


42. Homogeneous Terms are those of the same 
degree. 


43. A Product is the result obtained by multiplying 
together two or more quantities. These quantities, as 
already stated, are called factors. It is evident that 
any one of them will exactly divide the product. 
A factor may be a monomial or a_ polynomial; 
if a polynomial, one of the signs of aggregation 
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should be used. Thus(a+0+c)d,(/a+6+4) «, 
(- is Fe d ) ex. 


c 


44. A Prime Factor is one that cannot be resolved 
into other factors. It is therefore divisible only by 
itself and unity. 


45. A Composite Factor is the product of two or 
more factors, neither of which is unity. Thus dais a 
composite factor of 5ad. 


46. Any factor, either prime or composite, is the 
coefficient of the product of the remaining factors of 
a quantity. Thus in 7ad, 7is the coefiicient of ab; Ta 
of b; 7b of aand a of 72. In (a—b)(c—d) 
(2 —y + u) any one of the three factors is the co- 
efficient of the product of the other two and the pro- 
duct of any two is the coefficient of the third. 

If the coefficient is a number, itis called a numerical 
coefficient; if it is composed of letters, or letters and 
figures, it is called a literal coefficient. 


47. A Common Factor of two or more quantities is 
a quantity which is a factor of each of them. 


48. The Highest Common Factor of two or more 
quantities is their common factor of highest degree, 
with the greatest numerical coefficient. Such highest 
common factor is always the product of the prime 
factors common to the quantities. 

Thus a0 is the highest common factor of 7a*) and 
8a2b3; 8a4b° is the highest common factor of 16a‘b‘ 
and 24a8}, being higher than the common factor 4a46° 
in that its numerical coefficient is greater. 
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49. An Axiom is a self-evident truth. 
50. A Theorem is a truth to be proven. 
51. A Problem is a question proposed for solution. 


52. A Proposition is a general term for a theorem 
or a problem. 


53. Examples are principles illustrated and ap- 
plied. 

The essentials of success in algebraic work are: 

A clear understanding of definitions. 

A thorough mastery of principles. 

Care, neatness and skill in algebraic operations. 

An infallible symptom of failure is the substitution 
of mere mechanical processes for genuine mental 
mastery. 


54. Translate into common language the following 
algebraic expressions and find the numerical yalue of 
each when a4 = 4,6=5,m = 3,n=10,x=2,2—=7: 
1; a+b ea Lee Oa 

m b 

Ans. The quotient arising from dividing the sum of 
a and b by m, diminished by the quotient of n divided 
by 6, and increased by the square of z, equals, for the 


4+5 10 


given values, aoe + 727=3—2+49—50. 
2. n2@— m2 + ab —xz. 3. x2 (z—m)—bm. 
4. (n—m) (a+ 2b). 5, OS ee 


2m—x 


6. (2—a2)a+ (m+n —b)?. 


i eee we a 
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7. nt+ert 2a. 
8. 3m +ab—x = axe—d. 
7g. [a+ b—(m—x)] V5b— 3m =az-+ 4. 


55. Determine the numerical value of the follow- 
ing when «=6, y= 5, 2=A4, a==3, b=2,c=1: 


1. (z—a) /3e—)/ 2a— b. 


rs Qa tat G2 — 8a). 

a. 1{ sey —[a+2—(y—b—2) ]—? J 
y xi y—! 
1 oon eee 

4. | Ve +L V5a—(a—0)"] } + atzer. 


56. Express in algebraie language the following : 

1. The sum of « increased by three times z. 

2. The product of the square of 6 multiplied by the 
sum of « and y divided by the square root of the sum 
of 3 times m and 4 times a. 

3. The square root of the product of the sum of a 
and b by the difference of m and n. 

4. The cube root of 9 times the sum of m and x 
diminished by the square of three times the sum of z 
and k. 

5. The quotient obtained by dividing the sum of a 
and } by the cube of a quantity composed of the sum 
of the cube of x and the square of y diminished by the 
square root of m. 

6. The cube root of the quantity, the square root of 
5 times 2 diminished by the fourth root of 7 times the 
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cube of y and by 6 times the sum of a and 8 is equal 
to the quantity, m increased by n multiplied by the 
quantity « diminished by y. 

7. The quantity composed of the sum of mand n 
diminished by the difference of the square of p and the 
cube of g multiplied by the square root of the quotient 
obtained by dividing the difference of x and y by the 
sum of m and n is equal to the square root of the 
quantity « diminished by the square root of 3 times a. 


¢ 
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CHAPTER II. 


ADDITION AND SUBTRACTION. 


ADDITION. 


57. Algebraic Addition is the process of uniting 
tivo or more quantities into one equivalent expression 
of the simplest form. The result is called the alge- 
braic sum. 

Addition in algebra has a wider significance than in 
arithmetic. It not only includes the addition of posi- 
tive quantities and negative quantities separately, but 
the finding of the aggregate value of quantities, a part 
of which are positive and the remainder negative. 

The sum of 3 positive units, 4 positive units, and 5 
positive units is 12 positive units, therefore 3 + 4 + 
a == 2. 

The sum of 3 negative units, 4 negative units, and 
5 negative units is 12 negative units, therefore (— 3) 
+ (—4)+ (—5) =— lL. 

A force of 8 pounds acts upward; a force of 3 
pounds acts downward. The former is designated as 
positive, the latter consequently as a negative force. 
The combined (added) effect is a positive force of 5 
pounds, therefore + 8 and— 3 added = + 0. 

A man owns three pieces of property worth $1000, 
$500, and $250 respectively. He owes in all to 
different parties $300, $80, and $50. He would be 
accounted worth $1320. That is, designating his 
assets as positive and his liabilities as negative quan- 
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tities, 1000 + 500 + 250 + ( —300) + (—80) + 
(— 50) = 1820. 

A thermometer indicates 0°. It rises 12°, then 
falls 15°, then rises 3? and again. falls 6°. The 
aggregate result is a fall of 6°. Therefore 12 + 
(—15) + 3+(—6) =—6. 


It is evident from the foregoing : 


First, that the algebraic sum of quantities with like 
signs equals their arithmetical sum with the same sign. 


Second, that the algebraic sum of quantities, part 
of which are positive and the remainder negative, is 
the arithmetical difference between the sum of the 
positive and the sum of the negative quantities with 
the sign of the greater sum. 


58. The following laws proven in arithmetic, hold 
when numbers are represented by algebraic symbols: 


1. The sum of any number of quantities will be the 
same in whatever order the quantities are taken. 

The sum of 3, 5, 7, and 11 is 26. A change in the 
order of adding will not change the final sum. Using 
letters to represent numbers, the value of a + is 
evidently the same as db + a anda —b +c the same 
asa+e—db. 


2. Adding to any quantity the sum of any number 
of quantities is the same as adding those quantities 
separately. 

Adding 24 to a given quantity isthe same as adding 
to that quantity 2+ 4+ 6+12or6+ 18. Adding 
to a quantity (6+¢+d) is the same as adding b, ¢, 
and d separately and in any order. 
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59. Addition of Monomials. In the addition of 
algebraic monomials, there are two cases: 


1. When the quantities have no common factor. 


2. When the quantities have a prime or composite 
common factor. 


CASE I. 


When the quantities to be added have no common fuctor. 


RULE. 


Connect the quantities by their signs. 


EXAMPLES. 


1. Find the sum of 3b, — 5x, and 4y. 
Ans. 3b —5x-+ 4y. 
2. Find the sum of 2a, — 5bc, 4dx, and — 6yz. 
Ans. 2a— dbe + 4dx — byz. 


CASE II. 


When the quantities to be added have a common fuctor. 


The sum can be obtained in this as in the preceding 
case by simply connecting the quantities by their signs. 
The presence of a common factor permits, however, 
such a combination of terms as puts theresult in much 
simpler form. 

If we regard this common factor as a unit of meas- 
ure, its coefficients will represent the number of times 
it is contained in the successive quantities. Thealge- 
braic sum of these coefficients will express the number 
of times.this measuring unit is contained in the quan- 

2 
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tities taken together. This sum, or new coefficient, 
multiplied by the measuring unit is the sum of the 
quantities. 

Thus, in adding the two quantities, 7 dollars and 3 
dollars, one dollar is the unit of measure. It is con- 
tained 7 times in the first quantity, 3 times in the 
second quantity, and 7 + 3 or 10 times in their sum. 
Ten times one dollar or ten dollars is therefore the 
sum of the quantities. 

Adding the three quantities, 9x, 5a, and — 3a; @ is 
the unit of measure. It is contained respectively 9, 5, 
and — 3 times in the quantities and 9 + 5 — 8 times 
or 11 times in the quantities taken together. Eleven 
times x or 11x is therefore the sum of the quantities. 

The common factor, taken as the measuring unit, is 
generally but not always the highest common factor. 
The factor chosen is appropriately called the Unit of 
Addition. 


We have then for the addition of quantities contain- 
ing a common factor the following 


RULE. 
Write as the coefficignt of the chosen unit of addition the 
algebraic sum of its coefficients in the quantities to be added. 


In solving examples attention is called: 


First. To the importance of carefully inspecting 
the quantities to be added before deciding upon the 
unit of addition. 


Second, To the necessity of inclosing all polynom- 
itl coefficients in a parenthesis, 
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EXAMPLES. 


1. Determine the unit of addition in the following: 


2 books, 3 books, and 7 books. 

5a, 6a, and 7a. 

Dbe, 2b2c, mbe. 

5a, 3 x, and Taya. 
(a+a)?,5(a+ 2), and 66(a+x)?. 


2. Find the sum of 3xy, 4xy, and 6xy. 


3. Find the sum of — 6a2b, —2a2h, —a*b, and 
— 8a2b. Ans. —17a2h. 


4. Find the sum of 3a~?, 5a~?, and 4a”. 
Ans. 12a. 
5. Find the sum of ax, bx, and cz. 
Ans. (a +04 ¢)z. 


6. Find the sum of 6max, 3nax, 12pax, and Ivan. 


7. Find the sum of b (m— j/m), 2a (m—y/m), 
(m— 7/m), and c (m—y7/m). 


8. Find the sum of a%cx, —4a%cx, 6a2ex, and 
— a=cx. * Ans. 2a2cx. 


9. Find the sum of a (a?—¥?), b (a? — y?) 
and— ce (x?— y?). 


ee ee 
10. Find the sum of 5 f’ a— 3h, — i i ce oO, 


relat Nate teaak Se 1 ‘ 
le pew aud : 
gra 3b, and +7, a 3b. 


11. Find the sum of 3a («—y)-3, 2) (e«— vy), 
and (x—y)7*. 
It often happens that only a part of the monomials 
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to be added have a common factor. It 1s then neces- 
sary to use both of the foregoing rules. Thus: 
3m + 4m + 5m + 76 = 12m + 7A. 


EXAMPLES. 

1. Find the sum of 3ab, 4mn, 2ab, and 3mn. 

2. Find the sum of 2a-?, 54-8, 6a-2, and — i-3. 

3. Find the sum of 3amn, — 2bmn, Tpxry, d5emn, 
and 9qxy. 

4. Find the sum of 3 (x+y), 5 (x — y), 
— 3 (x—y), and— (x+y). 

5. Find the sum of 5aj/m—n, 6b) 2+ 4, 
— 2¢ )/ m—n, and /z+a. 

GO. Addition of Polynomials 

RULE. 


Find the sum of the terms having common factors, contin- 
_uing the process until all such terms have been united. To 
the result annex the remaining terms by their proper signs. 


Thus, 
Add ax + 5y + ¢, Gax — y, and 2bxa + 2y — d. 
ax + d¥ + ¢ 
bax — y 
2bx + 2y —d 


(7a + 26) x + by +c—d 
Add inn — pq + xy, xn + mg — py and x7 — pn + 
my. 
mn — pg + xy 
xn + m¢g— py 
—pn + x¢ + my 
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(m + 2 — p) being a common factor of the terms of 
this result, we have, continuing the process, (n+¢+ 
y) (m+ u—p) as the final answer. 

Suggestion. 


In adding, arrange the terms into columns according 
as they have the same unit of addition. 


EXAMPLES. 


1. Find the sum of 3a + ) — 10, ¢ at eee 
+ 2a — 3b — 7 and 4a? + 5 — 18m. 

9. Find the sum of 7z° + 8b — 5, 7b — 22% + 8, 
and 6 — 5a? + m. 

3 Vind the sum of 4ax2 + 3by? — c, 4by? — sax 
+ dand k —ax? — 7by’. 

4. Find the sum of 7a — 5y’, 8x + 2a, 5? — Vx, 
and — 9a+ 7 7//&. } 

5. Findthe sum of ama? + bna? + cx, bmx? — anx? 
+ ax, and emx? — nx? + 3bz. 

6. Find the sum of 3ab+3 (a+b), —ab + 
2(a+b), 7ab—A4(at db), and — 2ab+6(a+ 0). 

7. Find the sum of 62 Yat 5 va—b — 
7(x—y), 3(x—y) — 3u Va— 38 a—b, ax ya 
— 8\¥a— }, and 4x fa — 5 (4 —y). 

8. Find the sum of 8a? y1! 2— im, 18m — 
nm? + x —3a> and 5n%m?— ax yz) — 3x° + 8a’. 

9. Find the sum of ax + my + nzand mx + ay + cd. 


10. Find the sum of cd — ab+ xy and— ad + cb 
— my. 
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11. Find the sum of aaz?— Yat Sxy — 3mn, 
2ax? — 66 va dmy + dan, and cx? + 3 Va. ‘ 

12. Find the sum of 3my3— Tnx?— 4be+ 2y y/a> 
dny? + 2yx2?—abe — 7nj/a, and — 2py* + Gabe + 7°. 

Positive quantities added give a positive result; 
negative quantities added, a negative result. This is 
no less true of polynomials than monomials. Thus, 


& | 


+5 + (a+b) +(a+ c)y 
+6 + (a—c) eh ee 
+11 + (2a + b—c) + (a +2b) yx 
+ (2a+ 8b) a 
ind 
4 —(2+c) — (2a— b)x¥ 
a —(3+a) —(b + c)a/ 
—2 — (b—5) as a a) ay? 
E-9 —(c+at b) — (2a fe 2c +d) xy? 


EXAMPLES. 


1. Find the sum of (¢@ —c)x—(b+d) y, (c—e)ax 
— (f—d) y, and (e +a) «—(b—) y. 

2. Find the sum of (2a + 3) 2? — (3b — 2a) y? and. 
(2a — 3) x? — (3hb— 3a) ¥. 

3. Find the sum of («— y)a?— (2a—c)b?+ am, 
bm + (y — 2x)a’—(c — 2d)b?, (a +2)a?— (3a—x)b? 
—cem, and (y —z)a*— (x —d)h?— dm. 

4. Find the sum of (a—b) y Tp Cx ty) f2— 
Vx, 2(a t+ y)V2 +(a—c) Ad + 3 2,(b—2a) y7 
a. (et wy) 2; anh bye 8 (ety) V2+ 
(2d —c) y/7, 
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5. Find the sum of (a—y + 2) ya—bt 
(ee /e— ve yet) vane 
(b—a—c) V%X%—Y and (x—2z) /a—? 5 i 


(3m + 2c) Yu—y- 


6. Find the sum of (82+ y —Aa) mm? — 
(2b —3)n? + p2, (a— 2x — 2y) m* — (5— 3b) wv? 
— gz, and (84 + « + 4y) m? —(2 — 4b) n? +m. 


SUBTRACTION. 


G1. Subtraction in algebra is the process of find- 
ing the difference between two algebraic quantities. 

The quantity to be subtracted is called the subira- 
hend; the quantity from which it is to be subtracted, 
the minuend; the quantity resulting from the sub- 
traction, the difference or remainder. 

From 12 subtract 7 — 4. 

The difference can evidently be found by subtract- 
ing 4 from 7, and the remainder thus obtained from 
12. Thus, 12—(7—4) = 12—3=9. If however 
7 be first subtracted from 12, we obtain a result 5, 
which is too small by 4, since we have subtracted 4 
more than was required. We therefore, in order to 
make the proper correction, add 4. The operation 
may be expressed thus, 12—7+4=9, which it 
will be observed amounts to changing the signs of the 
subtrahend and adding the result to the minuend. 


: d 
Again, from a@— b subtract ¢ + < 


If c be first subtracted, the result will be a—b—e. 
It is plain that the amount subtracted was too small 
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by the fractional quantity Or and that therefore the 
e 


result obtained is too large by that amount. This 
can be corrected by subtracting 7 The result will 
e 


then be a—~)-——c — aq 
€ 


Thus it is made clear that to subtract a quantity is 
the same as to add a quantity, with the opposite 
algebraic sign. 


Hence the following 


RULE FOR ALGEBRAIC SUBTRACTION. 

Conceive the signs of all the terms of the subtrahend to 

be changed and proceed as in addition. 
EXAMPLES, 

1. From 4a + 3b — 2c + 8d subtract a + 46 + ¢ — 
on Ge 

2. From l2xy + 3y? — 3 1/2 subtract — 5ay + 7/7 
+ 2) 2—4. : 

3. From y/m—n+5 (2?— y?) —3 //a—b subtract 
4 (x? y") — 2 /m—n— 8 7/a—b. 

4. From 5z Vvy¥—z + 5xyz + 3abe subtract l2xy2— 
= 5abC—— 3 1/9 =. 

5. From em — dn + ef — y subtract em? — 
du — 2zf — 2y. 


The following examples enforce the importance of 
a clear understanding of the meaning of an algebraic _ 
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term. The student is asked to specify the terms of 
each subtrahend and the signs he conceives to be 
changed. 


EXAMPLES. 
1. From (m—2) (a—b) —(n—3) (a+ b)— 
a subtract (3 +n) (a@+6)—(6—.m) (a—b)+y. 
2. From (x—y) mn —(a—b) (u+ y)S— 52? sub- 
tract (2b + 5a) (x + y) 8 + (m—5) 2? — mny. 
3. From 3x? — 4ay subtract ba?" 


4. From 4x (a + b) —2bx subtract 3y (a+ b)+ 
—d 
he as a 


m 

5. From Ta (a—y’*) + 3mn (a—h)—az sub- 
e—(b+a) 

aoe eae 


tract 3a (2° — y*?) — 2an (a —h) — 


After changing the signs of the subtrahend, the 
student should continue to combine terms until the 
final result is in its simplest form. 


6. From ab? + (ec—d) y subtract —(e—d) Lb? — 
ay. 

7. From x (m — n) + y(m + n) subtract — 
y (m—n)—xz (m+n). 

8. From (a+ 6) (w—y) + (a—b) (& + y) sub- 
tract— (a—b) (w~©— y)— (a+b) (x+y). 

9. From — (3a — 2b) (2x + 3y) — (5m + 2b) 


(3y —2x) subtract (5m+2b) (2x + 3y) + 
(3a — 2b) (dy — 2x). 
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USE OF THE SYMBOLS OF AGGREGATION IN ADDITION 
AND SUBTRACTION, 

62. Since the several symbols of aggregation em- 
ployed in algebraic operations have the same signifi- 
cance, the principles determined as governing in the 
use of one will govern in the use of the others. The 
parenthesis is most frequently used; it is the one, 
therefore, taken for consideration. As already defined 
it indicates that the terms inclosed by it are to be 
treated as one quantity. We are to inquire regarding 
the rules for its removal and introduction when pre- 
ceded by the plus or minus sign. 


63. The Parenthesis preceded by the Plus Sign. 
The parenthesis with the plus sign before it indicates 
that the quantity inclosed is to be added to what pre- 
cedes. As quantities can be added by simply uniting 
them by their signs, it is plain: 


1. When the sign + precedes a parenthesis, the sym- 
bol and the sign can be omitted without affecting the 
value of the expression. 


Thus, 6+ (2+3)=6+2+4+3—11. 
7+ (9—2) =7+5—2=—10. 
at+(b+c)=at+b+e. 
a+(b—c)=atb—e. 


2. Conversely: Any number of the terms of an ex- 
pression may be inclosed in a parenthesis, preceded 
by the sign + , without affecting the value of the ex- 
pression. 


Thus, 8—2+4=8+4 (—2+4)=+ (8—2)+4., 
and, a—b+¢=a+(—b+ce)=+(a—b) +e. 
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G4. The Parenthesis preceded by the Minus Sign. 
The parenthesis with the minus sign before it indicates 
that the quantity within the parenthesis is to be sub- 
tracted. Thus in the expression 3r—y—(a+ 0), 
the quantity (a +) is to be subtracted from 3x — y. 

Since the first step in subtraction is to change the 
signs of the terms of ‘the quantity to be subtracted, 
it follows: 


1. When the sign— precedes a parenthesis, the 
symbol and its sign may be omitted if the signs of all 
the terms within the parenthesis are changed. 


Thus, 8—(5+3) —=§8§ —5— 3. 
and a—(b+c)=a—b—ce. 


2. Conversely: Any number of terms of an expres- 
sion may be inclosed in a parenthesis preceded by the 
sign — provided the signs of all the inclosed terms 
are changed. 


Thus, 3+4—2==3—(—4+2). 
and atb—c=a—(—b+e). 


G5. Compound Parentheses. When parentheses 
preceded by the + or — sign inclose other paren- 
theses, they may be removed by the preceding rules. 
The order of removal is immaterial. It 4s recom- 
mended to the beginner to work from the inside out- 
ward. 

Thus, a—[b—(2c+ d) +5] =a—([b—2e—d 
+5] =a—b+ 9c + d—5. 


After a little experience is gained, the student will 
often find it convenient to remove the outside paren- 
thesis first. 
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66. Remarks on the Solution of Examples. In 
the application of the foregoing principles to algebraic 
operations, attention is called to the following: 


1. The principles are limited to the parentheses of 
addition and subtraction. They do not affect the 
parentheses indicating multiplication. Thus, @ + 
[e + (d—e)x]=a+ec+ (d—e) x, the parenthesis 
of multiplication being still retained. 


2. It is the removal or introduction of the paren- 
thesis, together with its sign, which is required. The 
two, parenthesis and sign, are inseparable; if the pa- 
renthesis is removed the sign goes with it; if the 
parenthesis is introduced the sign, expressed or under- 
stood, comes in also. 


3. Because of a failure to fully appreciate this 
relation between the parenthesis and its sign, the lat- 
ter is often confused with the sign of the first term of 
the inclosed quantity. In the removal, for instance, 
of a minus parenthesis, the minus sign is retained and 
attached to the first term. A continued repetition 
of this error is inexcusable. The sign of the paren- 
thesis and the sign of the first inclosed term are en- 
tirely distinct and should be so held in the thought of 
the student. In the case cited, the former should be 
discarded; the latter changed. 


4. In the removal or introduction of the parenthesis 
it is the sign of each term that is to be changed. 
Thus, the student’s knowledge of a term and its sign 
is again put to the test. 


5. After the removal of a parenthesis it is probable 
that some of the terms of the resulting expression can 


ADDITION AND SUBTRACTION. 29 


be combined without again introducing the parenthe- 
sis. Unless otherwise directed, such combinations 
should be made. Jn general, results should be re- 
duced to their simplest form. 


6. In the introduction of a parenthesis, the accu- 
racy of the work may be tested by removing the pa- 
renthesis and comparing the result with the original 
expression. 


7. In future work it is not to be understood that 
because a parenthesis can be removed this must be 
done. The removal or retention and the introduction 
or non-introduction of the parenthesis will depend 
largely upon other steps to be taken and are questions 
upon which the student will often be called to exercise 
his judgment. When there are several parentheses, it 
is sometimes helpful to remove some, but not all of 
them. 


67. Lllustrative Examples. 


Remove the parentheses in the following expressions : 


8 ae tn 2). 


Here the sign before the parenthesis is — and the 
sign of the first inclosed term + understood. Dis- 
carding the parenthesis and its sign and changing the 
sign of the inclosed terms (special attention being. 

d 


called to the first), we have as a result a —b—c+ = 
2, a—(—b—ct+ G1 95) . 
e 


Proceeding as in example 1 and_ then collecting 


terms, we have 8a+0+¢e— a 
e 
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. 2 ae (a +b)a+(e+d) Soc 2 ea 


The subtractive parenthesis is the only one here 
removed. The inclosed terms with their signs are 


sae —(a+b) «=, +(e+d) (w—y) and+a. 
Changing the signs of these terms as we remove the 


parenthesis and its sign we have « — — + (a+6)2 
—(ce+d) (x— y)—a. 


Inclose the last three terms of each of the following 
expressions in a parenthesis preceded by a — sign: 


4. 2ac— dbc—2vy + 7d. 


Introducing the parenthesis and its sign and chang- 
ing the signs of the terms inclosed, we have 2ac— 
(3be + 2xy—T7d). It will be noticed that the sign of 
the first term inclosed, is changed from — to +, this 
latter sign being not written but understood. This 
step is distinct from the introduction of the minus 
sign before the parenthesis. That sign comes in with 
the parenthesis and is not the minus sign of the first 
term taken from that position and placed before the 
parenthesis. The minus sign of the term disappears 
not by such removal but by being changed to plus 


Do. dey + Ted —4ab+ 5. 


Proceeding as in example 4, we have 5xy a es 
+ 4ab—5). Note again the distinction between the 
introduction of the minus sign preceding the paren- 
thesis and the change of sign of the first term which, 
in this example, is pis + to —. 
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EXAMPLES. 


Remove the parentheses of addition and subtraction 
from the following: 


1. Qa + (a—Ob+¢). 

2. 3m + (— 5n — 2m — Ta + 3). 

3. Tab + (— ab — ec — da). 

4. 7a? — 2b? — (3a? — 5b’? — x) — &. 


5m + hone tat + 2m —3). 


BS we 24 — 1 
6. iz + 9— (2 — ae ae 
7. 2mn — 30° — (mn — x*) he — mn) + 2x7. 


8. bet — [3x3 — (4a! — 2x3 — 5x) + 9x* — 5x]. 
(Qa4+5)ec 


d 


9. 3at—| — 2e + (5a — a) b — 
— 2x — 3a?) |. 
10. 8ab — [3ab — (38x — a) (2b—c) (x —y)] 


— hab. 
~ 11.a — $20 + 8c— [4d + 3c + (26 + )]f. 

12. an—{ by—a ay = fas ou ES a+ 
(5y —2x)] } 


13. 322—2y?—}x — 2* — [y? — 28 — (387? — x) ] 
ed {ee eae): | 


4, —} —1— [—1 —(—1) —1]— 1{— 1. 
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15. o— ja—[b—(a—b—b—a)]—b —at. 
16. 2x — }3y— [42 — (2 —3y— dg)}}. 
It. — (—(— (= (—a)))) + (et. 
+0. 12 el 


The following example is important because of the 
frequent use of the expressions involved: 


[4 (+ a) 
+ (—a) 
2. 
1 (fa) 
l= (=a) 
The student is asked to read directly the following 


expressions with the parentheses removed but the 
terms not collected. 


20. a—[a—b—(c—d)]. 

21. @«—[—(y—z) + (m—=—")}, 

22. @—yr_ [7?— (m+ 3)(m—2)+ ys, 
23. %— }y— [—z2—(a—y)] +2}. 


Without altering the value, introduce within a 
parenthesis, preceded by a plus sign, the following : 


a4, J ta 
5 —a 


25. The last three terms of @++b—e-- 
26. The last three terms of U—Y—2z+(a—b), 


27. The last three terms of 92 — [a—(b— e)]+ 
m — n?, 
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Without altering the value, introduce within a 
parenthesis, preceded by a minus sign, the following : 


ie al 


a 

29. The last three terms of 4x%—3dchb—8y—5 
+ 2b, 

30. The 2d, 3d, 4th, and 5th terms of 4a + 3b — 
7c — by + Imz — 8kx. 

31. The 4th, 5th, and 6th terms of 7x — 3a + 2z — 
5 my + (3—«a2) + 8ab—7. 

2a — 1 

32. The 2d and 3d terms of 9mx — 3x? + a —- 
nies Be 

33. The 2d and 3d, also the 5th and 6th, terms of 
a—(b—c) —d+m—(x—y) (2k) ty. 

34. The 2d and 3d terms of m?—[a*?—(b+ ¢c¢) — 
a>] +(a—y). 

35. The 2d and 3d terms of a— [(a +6) —ce] — 
(d—e). 

36. The 3d and 4th terms of a? —J2— 
(r-py) (m+n) —[s-—_, —k)]- 
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CHAPTER III. 


MULTIPLICATION. 


68. Multiplication in algebra is finding the prod- 
uct of two algebraic quantities. These two quanti- 
ties are factors of the product. 

The one multiplied is called the mudltiplicand; the 
other the multiplier. 

The product of two factors may be multiplied 
by a third, and this product by a fourth and so on 
indefinitely. 

A product may therefore contain any number of 
factors. 


69. The base of a factor is the quantity to which 
an exponent is attuched to make the factor. 
Thus, @ is the base of the factor a?. 


70. Similar factors are those which have a com- 
mon base affected by a common exponent. 

Thus a? and at are similar factors. 

71. Semi-similar factors are those which have 
either a common base or bases affected by a common 
exponent. 

Thus, 2° and 2° are semi-similar factors since they 
have a common base; 2° and 33 are semi-similar fac- 
tors since their bases are affected by a common ex- 
ponent. 


72. Unlike factors are those which have neither a 


MULTIPLICATION. 35 


common base nor bases affected by a common expo- 
nent. 
Thus, 2? and 3? are unlike factors. 


73. Factors and Terms. Care should always be 
taken to distinguish fuctors from terms. A quantity 
is the product of its factors and the algebraic sum of 
its derms. 


PRELIMINARY PRINCIPLES. 


74. Principle I. Factors may be taken in any 
order and their product remain the same. 

Thus, 2 X 3 is the same in value as 3X2; 2X3X 
5 the sume as 5X3 X2o0r3X5X2; abe the same 
as cha or bea; 4 X —a the same as—a X4. 

It is a convenient custom to write first the numerical 
factor and then the literal factors arranged in alpha- 
betical order. 


75. Principle If. To multiply any factor of a quan- 
tity multiplies the quantity. 

Given the quantity 3 X 5 X7 to be multiplied by 2. 
It is clear that the result must be equal in value to 210. 

Multiplying the first factor by 2 gives 6 X5.X7= 
210. 

Multiplying the second factor by 2 gives 3 X10 X7 
= 210. 

Multiplying the third factor by 2 gives 3 X 5 X14 
= 210 

Given the quantity adc to be multiplied by d, in 
which a, 6, c, andd are conceived as having any value. 
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Multiplicand X multiplier = abe X d = abed. 
First factor multiplied by d gives adbc= abcd. 
Second factor multiplied by d gives abde = abed. 
Third factor multiplied by d gives abed = abeu. 


Thus multiplying any factor by d gives the correct 
product. 

Hence the principle, which evidently holds when the 
quantity multiplied has any number of factors of any 
value. ; 


76. Principle IMI. To multiply by any number of 
factors in succession gives the same result as to mul- 
tiply at once by their product. 

Thus, to multiply a quantity by 2 and this result by 
3 is the same as to multiply the quantity by 6; or 
desiring to multiply by 30 we can multiply succes- 
sively by 2, 3, and 5. Multiplying by a, 6,c, ete., in 
avy order is the same as multiplying by abc, etc. 


77. Combining Principle III with Principle II, it is 
clear that when the multiplicand and multiplier are 
composed of factors, these factors can, when conveni- 
ent, be multiplied together in pairs. 


Thus, 
multiplicand 3X2X6 = 36 
multiplier 2X4xX5 =40 
product 6X8xX30 =1440 
Again, 


multiplicanda Xb Xc =abe 
multiplier dXeXf =def 


product ad X be X cf = abcdef 
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78. Principle IV. Multiplying all the terms of a 
quantity multiplies the quantity. 


Thus, 
multiplicand2+3+5 =10 
multiplier 3 = 3 
product 6+9+4+15 =30 
Again, ; 


(2ty +e) 2=(et+y+2)+(a2tyt2) 
= 2n-+2y + 22. 
and 


(ctytz)m= atyte) (x + y+ 2) 


...to m terms. 


Collecting terms = ma + my + mz. 


Since m may be considered as representing any 
quantity, monomial or polynomial, it is plain that 


(ctyt+2z) (a+b) =a(at+bd) 
+y(a+b6)+2(at+d). 


LAW OF SIGNS. 


79. The product of two factors is positive when they have 
like signs, and negative when they have unlike signs. 


CaseEI. + X-+. Let the factors be + a and +3. 
The multiplier tells us that the multiplicand + a@ is 
to be added 3 times. This will evidently give as a 
result +a+a+ta=+ 3a. Ifthe multiplier were + 6, 
the product would still be +, since a positive quantity 
added any number of times will clearly give a positive 
result. 
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CaseEII]. — X +. Take —a and +8 as factors. 
In common language this means that a minus quantity 
is to be added a given number of times. The sum will 
evidently be —. 


Case III. + X—. Take the factors a and —6. 
Applying the principle that ** the product of two fac- 
tors is the same in whatever order they are taken’’, 
aX—b=—bXa. The sign of the product isthen 
determined by Case II, and is clearly —. 


Case IV. —X —. Given —a@ and —0 as factors. 
The multiplier in this case is the opposite of that in 
Case II. There —a is multiplied by 8, i. e., —a is 
added b times. Here —a is multiplied by —8, i. e., 
— a is subtracted b times, or what is the same thing, 
—ais taken 6 times and then this sum subtracted. 
In either case we obtain a positive result. The two 
methods of operation may be expressed algebraically 
thus, 

—aX—b=—(—a)Xb=aXb=ab. 

—a X —b=—(—a Xb) = —(— ab) =ab. 


Summurizing the four cases we have: 


which proves the law of signs. The statement of 
this law is often condensed into the form: 


Like signs produce + and unlike signs produce —. 
If the product consists of several factors, the sign 
of each factor must be taken into account. It is plain 
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that any number of + factors multiplied together will 
give a + product, while an even number of — factors 
will give a + product and an odd number of — factors 
a — product. 

The sign of any two factors can then be changed 
without changing the value of the product. 


RULES OF OPERATION. 


$0. Multiplication of Monomials. The product of 
any number of monomials may be expressed by simply 
writing them as factors. Thus, 
ab X cd = abed. 
3ab X 2c = 3ab2c. 


This latter result may be put in simpler form by 
combining the numerical factors. Thus, 


3ab2c = 3 X 2abc = Gabe. 


Combinations of literal factors also can often be. 
made. In general, factors may be combined or mul- 
tiplied together in the two following cases: 


Casp 1. When the factors have the same base. 
Case 2. When the bases of the factors are affected 
by the same exponent. 


These two cases give rise to two rules for the multi- 
plication of monomial factors. 


FIRST RULE. 


When the factors have the same base, attach to that 
base as an exponent the sum of the exponents of the 
common base. : 
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Required to multiply a? by a2. 

As shown by the exponents, the base a is taken 
three times as a factor in the multiplicand and two 
times in the multiplier. It must, therefore, appear 
five times as a factor in the product. 


Thus, 
ae = gaa, 
a =: ae. 
ad = aaaaa. 


Required to multiply a” by a”. 

Here the base a appears m times as a factor in tho 
multiplicand and n times in the multiplier; conse- 
quently m+n times in the product. 

Therefore a” X a*®=a™+", Hence the rule. 


Solution of examples. In the solution of examples, 
under either rule for the multiplication of monomials, 
the student should stand ready always: 


1. To state which factors can be combined and why. 
2. To name the base of each factor. 

3. To give the exponent of each base. 

4. To give the rule employed in the multiplication. 


5. To explain how the sign of the product is deter- 
mined, 


EXAMPLES, 
a & 
1. aX ad ax am a® x a-3. 
qe x @? a-” x q-™ a7. x an2. 


s . t 4 a 
a x a7 fe adit ers axa? 
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 Aeet KX amb’. 
a3 U-? «x — a-Sbt. 


OT 1 eae See a lg 013 


Cn ee Se NS 


aU Kats at. 


6. — Vl" Xx yt" 
7. 2X WF, 

8. 6-3 xO. 

9. (at y)-35lt K {at y)™*8-4m. 
10, (at V2)3 X (et 2). 
Il. (/e—a+1)™X (Ye—at1). 


SECOND RULE. 


When the bases of the factors have a common exponent, 
multiply the bases together and to the product attach the com- 
mon exponent. 


Required to multiply 3? by 2’. 


“P= 3X 3 

= 2X 2 

Multiplying the factors by pairs we have 6 xX 6 
= (6? 


which it will be noted equals 36 or the same as would 
have been obtained if each factor had been expanded 
and then the two multiplied together. 


Required to multiply a” by 6”. 
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Here a appears n times as a factor in the multiplicand 
and 6, n times as a factor in the multiplier. Conceiv- 
ing both multiplicand and multiplier to be expanded 
znd the factors of the two multiplied together in pairs, 
we have ab taken n times as a factor in the product. 


Therefore a* X 6* = (ab)*. 
This may be put in algebraic form thus, 


a" "= (a xX aCe ee ee taken 2 times) 
(OO: Oe ee cs taken » times ) 


Multiplying fac- 


tors by pairs , = (ab) x (ab) X (ab).taken n times 


= (ab)". 
EXAMPLES. 
| Pr ge a ot Ans. 10° or 1000. 
22 oO 
3. 5X 72, 
4. (x—y)? X a? Ans. (#?— ay), 


5. (6+c+e)™ x a®. 
ake 1 
6. (w®— 43)? x @?- 
(. G7a-* (4. 9)" x 9 fe ya" 


Other examples involving the use of the foregoing 
rules will be given after the multiplication of poly- 
nomials has been considered. 
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81. Multiplication of Polynomial Factors, 


RULE. 


Multiply each term of the multiplicand by each term of the 
multiplier and add the partial products. 


Multiply (a +) by (c+ 4). 
By Principle I,(a+0)(c+d) =(e+d)(a+6) 


By Principle IV, =c(a+b)+d(a+e) 
By Principle I, =(at+b)c+(a+b)d 
By Principle IV, =actbe+ad+bd 


which is each term of the multiplicand, a + 5, multi- 
plied by each term of the multiplier, ¢ + d, and the 
partial products then added. The same reasoning 
will apply when the multiplicand and multiplier are 
composed of any number of terms. Hence the rule. 


EXERCISES. 


1. Give demonstration of the rule when the multi- 
plicand contains three terms and the multiplier two. 


2. Give demonstration of the rule when the mul- 
tiplicand and multiplier each contain three terms. 


EXAMPLES. 


Multiply the following: 
lL. 22+. dy and ++ y. 
2. a2 +ab+b? and a—b. 


2 
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. da + 2be — 3x? and 38a — 2ba + 3z?. 

. ab + a? + } and a? —ab+ Hand a?—2?. 

» 11m-5n3 — 6m-n? + 2m-3n and 8m-4n?2 + msn, 
. vY — Quvz + 2? and a¥ — 2. 


mtn] __ yomin—2 1 ymtn-3 and 72 + x. 


Oo st SOT om OS 


Pt? __ aptly? + yt and a? +? + aP+lyt 4 2a 
$2. Remarks on Miscellaneous Examples. 
1. In multiplying together similar factors either 


rule for the multiplication of monomials may be used. 
Thus, 


By first rule 2? x 2? = 24 (expanded ) = 16. 
By second rule 2? x 2? = 42 (expanded ) = 16. 


2. Unlike factors can often to advantage be re- 


duced to semi-similar factors. The proper rule may 
then be applied. 


Thus, 

. 4\7 5\6 
Multip1 (=) b (2 

ply 5 y 3 
In this form the factors have neither a common hase 
nor bases affected by a common exponent. The ex- 
6 6 
ample can however be written (=) xX (=) x (2) . 
The bases of the last two factors have now a common 
exponent and applying the second rule we obtain 


6 
: yd (2 - Expanding Be the example will again 
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come under the second rule, being ; x ix in which 


the common exponent is 1, the final product being 
1 
80 

3. When unlike factors cannot be thus reduced their 
multiplication can only be expressed. 


Thus, 
am <6 = ad". 


4. In the process of multiplication the student 
should work from the left to the right. 


5. In the multiplication of polynomials, it will gen- 
erally be found convenient to arrange the terms of 
each polynomial in the order of the ascending or de- 
scending powers of some common letter. 


6. The addition of partial products should never 
be neglected. This process is called collecting the 
terms. 


7. It is sometimes better to indicate the multiplica- 
tion than to actually perform the operation. This is 
well illustrated in certain of the following examples. 
A similar principle was also made clear in the exam- 
ples in addition. 


MISCELLANEOUS EXAMPLES. 
Multiply the following: 


1. 5 (a+ y) bP and 4(2-+y)-"b"e. 
2. 3(a+ 7) ™t3b"%e? and — 7 (x — 7 )™*8bc 4. 


a nk 


ee 


; 
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3, — Ibe? (1/ kee + Ve +y)" and — 8b 
(Vecy yet a) 

4. 8b3c" (2 — y)* and Th™e (aw — y)t. 

5. — 623 (a—b)3 (a—y)™and 42"(a+b)3 (a —y), 

6. — 3h” (a —b)"(e+d)~ and 5h"-3 (a + Db)” 
(c+d)~. 

7. —8al-! («x—a) 


23 aL 
3 5 


(e-+d) 


and —4a-9l—™ 
‘ a 
(w—a)? (e —d)?. 
8. 15 a-8h3 (m+ n)y™ and — Tah (m — 10)", 


1 1 1 
9. 12m? (¢ +6)" (2—y)" and Tmc* 
sk 
(a _ b) (2-4 y)}*. 


7 a ay Rei 1 
10. — 6a*b? (a +m)? and— 3u *42 (b—n)?® 


Nhe 


a —4 rat, 
: i be — Sabo" a—27y Pand8a “be" (a—2y/y) . 


12. 28 and 4. 
13. cP and i 
3 4 
14, ee (y and ee 
5 6 3 


15. Gxt — 3x3 — a? + 6x — 2 and 222+ 2 4 2. 
16. m? + n? + 7? — mn—nr — mr and m+tnrtr. 
17. a+6,a—b, a— 4b, and a+ Y. 

18. m" +2 and m* = 


19, 2% —a-t +a? — a9? 4-27 and 2-1-4 1, 
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20, vt? — avt + av — a1 + at and x + 1. 
Seon yt + ar yet ot at—tye+? and attlys — 
a® yo, 

Remove the parentheses of multiplication from the 
following: 


22. e(e+cx+c’). 
23. (a2 + 2a+4) (a?— 2a +4). 
i (met — 5) (— m? — 4). 
2 1 2 
95. (a +3) (a? +4) fat 4-5). 
Bits 208 yt) (Sat ot 208 774), 
26. (5a°b tigel y a° b Pa 
Remove all the parentheses in the following: 
27. e+ y2—(ax—y) (ety). 
23. Im3 + Gu3—(m—n) (m+ Qn) (2m — dn) — 
mn (m— in). 
BY. 5 (4a —6 (a—b)J—5 9a — [6b —(— 3a 
—12b)] t 
30. 9 {3 [o—3(4—3)] Sf. 
9 3 


AZ $2. Special Rules in Multiplication. 


The results of certain multiplications are so impor- 
tant as to require special mention. In the algebraic 
form, in which they first appear they are called formu- 
las; translated into common language, they are rules 
of operation. 


ee ee a a _—-a/ 7. a a 
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(a) Multiply a +6 bya +6. 
Operation, 
at+h 
a + ab 
ab+ Fh 

a* + 2ub + b? 

Therefore (a + d) (a+b) =(a+ b)? = a? + ab 
+ 2, 


Since a and } may each represent quantities contuin- 
ing any number of terms either simple or complex, 
a + 6 may be considered us the sum of any two quan- 
tities. Expressing in common language the result of 
the multiplication of a+ 6 by a +6 we have as the 


First Special Rule. The square of the sum of any two 
quantities is equal to the square of the first, plus twice the 


product of the first by the second, plus the square of the 
second. 


EXAMPLES. 


Determine by inspection the values of the fol- 
lowing: 


1. (a + 2y) (a+ 2y). 
2. (3m + 5n) (38m + Bn). 


(40 = 2) (40 + =i 


4. (22? + 3a) (27+ 3a). 
D. (2™ + 2ax”") (x™ + Qax”), 


O35 
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6. (a + 5b-*) (a> + 5b). 
7. (3a~%e + 2bc*?) (8ae + 2bc?). 
8. [2a+ (x+y) ] [2at+(xt+y)]. . 
(b) Multiply a—b by a — 6d. 
Operation, 


a—b 

a—b 

a? — ab 
—ab+ b 

a? — 2ab + 62 


Therefore (a — b)? = a? — 2ab + 0’. 
Translated into common language this gives us the 


Second Special Rule. The square of the difference of ~ 
any two quantities is equal to the square of the first, minus 
twice the product of the first by the second, plus the square of 
the second. 


EXAMPLES, 


Determine by inspection the value of the following: 
1. (m—3n) (m— 3n). 
2. (4x — 3y) (4a — 3y). 
3. (5¢—5) (5¢—:)- 
3 5 3 4) 
4. (2 — 3ax) (a — 3ax). 
Bie = a) Ly 2). 


6. (2abc — 3a) (2abce — 3a’). 
4 


th 
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7. (4a? — 38a-ly) (4a? — 8a y-*), 


8. [(e—y) —z] [(w—y) —2]. 
(c) Multiply a+ 6 by a—6. 


Operation, 
a+b 
a—b 
a? + ab 
—ab+ } 
a? — 


Therefore (a+) (a—b) =a?—2?, which equa- 
tion or formula translated gives the 


Third Special Rule. The product of the sum of any 
two quantities by their difference is equal to the difference of 
their squares. 


EXAMPLES. 


Determine by inspection the values of the following : 
1. (a— 2c) (a+ 2c). 
2. (2xn— 3y) (2u + 3y). 


a, (5 — 5") (5 oa 5"), 


(p°—9") (p* + 9°). 

(ax + by) (ax 1 — by). 
(38xy~* + 4az1) (8xy — daz), 
(2m~*y? + 5b) (2m~*y* — 5d). 

- [(a— 2b) —e] [((a— 2b) +c]. 


“oo el pie eae 
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It is to be noted in the application of this rule that 
while one of the two factors to be multiplied together 
is the sum of any two quantities, the other factor is 
the difference of the same two quantities. A due ap- 
preciation of this fact will save the beginner from 
many annoying blunders. 


(d) Multiply «+a byx+6. 


Operation, 
c+ a 
a+b 


x’? + ax 
ba + ab. 
a+ (a+b)x+ab. 


Therefore (x +a) (x+0) =2?+(a+b)x+ab 

Similarly (x+a) («—b) =2’?+ (a—b) x—ab 
(wx—a) (wx—b) = 2’? + (—a—b)x+ab 
(w—a)(x+b)=2?+(—at+b)x—ab 


These results interpreted give the 


Fourth Special Rule. The product of any two binomi- 
als whose first terms are the same, ts equal to the square of 
the first term, plus the algebraic sum of the second terms into 
the first, plus the algebraic product of the second terms. 


When the second term of the result contains a poly- 
nomial factor such factor must of course be inclosed 
in a parenthesis. The sign of the term should be 
made minus when necessary to make the sign of the 
first term within the parenthesis plus. Any numerical 
factor should be written first in order. 


a 
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Thus, 


(2a — b) (2a —c) = 4a? + (—b—c) 2a + be 
= 4a?— 2(b+c)a+ be. 


EXAMPLES. 


Determine by inspection the product of the follow- 


ing: 


14. 


« (eS) (2 + 4). 
te ores Spee 
. (249) (2—4). 
. (@+1) (a—3). 
. (w— 3a) («+ 5a). 
- (y+ex) (y — bx). 
. (ab—Te) (ab + 3c). P 
. (2 —5) (2x —4). 
. (3a? + 2c) (3a? —7c). 
, (Qa® +1) (227 — 18). 
. (da —3) (5a™+ 2). 
3 re | 
ae Gite 38 (a*—5). 
. (2a-"x* — 3) (2a-™a 1 — d). 


[(a—b) —3] [(a—b) +7]. 


(e) Multiply a+6 by e+d. 
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Operation, 


a+b 
c+d 


catch 
+ da+db 
ca + cb + da + db 
Therefore (a +b) (ec +d) =ca+cb+da+ db. 
Designating for convenience, 
a and c as first terms since they are first terms of the 
binomials, 
b and cas middle terms because of their position, 


a and d aa extreme terms because of their position, 


b and d as second terms since they are second terms of 
the binomials, we have the 
Fifth Special Rule. The product of any two binomials & 
written in the form (a + b) (c+ d) is equal to the algebraic 


sum of the products of the first terms, the middle terms, the 
extreme terms and the second terms. 


Thus, 
(3a — 2ac) (2ad + 3ab) = 6a*bd — 4a°cd 
+ 9a5b? — Gabe. 


EXAMPLES. 


Determine by inspection the product of the follow- 
ing: 


dl. (a +5) (6 +6): 
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- (2—2) (y—§4). 

. (m+ 2) (n—83). 

. (2a+c) (5b—da). 

. (da?m — 4xy) (3am? — 2ax). 

. (2by? — 3ax-!) (4ey + Tax), 

. (daly? — Quy?) ( 2a?y + 5a y-1), 
. [(a—b) —5] [(a +b) +6]. 


Oo wt Co Ot om oo OD 


As the ability to state, at once, the product of any 
two binomials, without performing the actual multi- 
plication, is exceedingly helpful in algebraic work, the 
following practice examples are given. The student 
is required in each example, 


1. To give the number of the special rule used. 
2. To give the rule. 
3. To state the product. 


PRACTICE EXAMPLES. 


. (8% — Ty) (8a 4+ Ty). 

- (ax + bz) (ax + bz). 

. (8my — 4n) (38my + 5n). 

. (Tay — 2a) (Txy — 2a). 

. (ax + by) (cz —dk). 

- (ax + by ) (ax + by), 


oo fe © NW 


oO 
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7. (2y7%— 3a) (2y% + 5a). 

8. (a+ 2y ) (82% — 4h™ ). 

9. (3mn—+ — Tpq) (3mn+ + Tpq). 
10. ( 5m" — 3x”) (5m”" + 4x"). 

11. (2ab° + 4) (8bc7 — 9). 

12. (3a — 62") (3a — 62"). 

13. (Sm-ly — 2b%c~) (Sm-ly + 26%c~). 
14. [(a+2)—y] [(a+2) + 9]- 

15. [(2a—b) +7] [(2a —b) +n]. 
16. [(38a+4y) +6] [(3a + 4y) —7]. 
17. [(a + 2b) — 3c] [(a— 2h) — 2c]. 
18. [3a —(x«—y)] [3a—(x— y)]- 


It is sometimes convenient to arrange the terms of 
the quantities in a different order before multiplying. 


19. (m—n-+c) (m+ n+c) 
20. (a@—ay ty") (+ ay +y). 
21. (a?+ab +0) (a?— 2ab + 2). 


Form of the Product of Binomials. 


Products of binomials, obtained under the fore- 
going special rules, are often changed in form by 
performing one or more of the following opera- 
tions: 


1. Removing parentheses. 
2. Collecting terms. 


3. Changing the order of the terms. 


ee ae LS 


Se _— 


Mag ee, 


| ie “ 
SCH MN So eel Aka es, Neate 


“lie, big 
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Thus, 


[(a+6) +e] [((a+b)—ce] =(a+b)—e, 
(removing the parenthesis) = a?+ 2ab + B?~ @, 
(changing the order of terms) = a?— ¢? + 8? + 2ab. 


The reverse operation of changing the product, 
given in any form, into the form first obtained under 
the rule of multiplication employed, is in general 
more difficult. The steps necessary to be taken c:n, 
however, be often discovered by inspection. They 
are chiefly in the line of, 


1. Changing the order of the terms. 


2. Introducing suitable parentheses. 


A few examples are given. They are intended to 
test the student’s grasp of the special rules and cull 
his attention to their use in work which will be found 
hereafter to be exceedingly important. 


EXAMPLES, 


Determine by inspection the rule under which each 
of the following products was obtained and put each — 


product in the form resulting from the direct applica- 
tion of the rule. 


1. 12ab + 4a? + 98. 

2. 167? + 42% — l6xy. 
3. a? — c? — bh? — Ibe, 
4. a®+ 2 —h?— Jac. 


CO. OD ea Cs Ro 


MULTIPLICATION, 


a? —?— lb? + Qhe. 


,e—e+y?+ 2ed + 2xy —a. 

: Ie(a—b) + 2+a? +b? — 2ab. 
: a? — 2xy + av? — 2ax+ y? + 2ay. 
. 2 +ab+ax +ba. 


. 2@+ab—ax— dbx. 
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“hs 7 * ee — ee ee, 
Se ele ST lB YE cette ween 


eae Uae eet eee Oo 


ae le whine 
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CHAPTER IV. 
DIVISION. 


83. Division is the converse of multiplication. 
The product and one of the factors are given, to find 
the other factor. The product is called the. dividend, 
the given factor the divisor, and the other factor the 
quotient. 

The converse of principles II, III, and IV in mul- 
tiplication give the following preliminary principles in 
division. 


PRELIMINARY PRINCIPLES. 


84. Principle I. To divide any factor of a quantity 
divides the quantity. 

Thus, the quantity 2 x 4 x 6 = 48 can be divided 
by 2, by dividing any one of the factors by 2, giving 
in each case a result equal in value to 24. 


85. Principle If. To divide by any number of fac- 
tors in succession is the same as to divide at once by 
their product. 

Thus, to divide successively by 2, 3, and 5, taken in 
any order, is the same as to divide by their product, 
30. 

It is clear from this principle that striking out or 
cancelling factors is the same as dividing by their 
product. 

Thus, to strike the factors a and } from abc is the ; 
same as to divide that quantity by abd. 


DIVISION. 59 


86. Principle III. To divide all the terms ofa 
quantity divides the quantity. 


Thus, 


3)8+6+9 4, 3) 18 
1+2+3 6 

b) ab + be+ bd 
ate +d 


It is evident from this principle that striking out or 
cancelling the same factor from all the terms of a 
polynomial is dividing the polynomial by this factor. 
Cancelling the factor from one term of a polynomial is 
clearly not dividing the polynomial. 


LAW OF SIGNS. 


87. The quotient is positive when the dividend and di- 
visor have like signs and negative when they have unlike signs. 


In multiplication it was proven that, 


+x+t=+ 
+x—=— 
from which it is evident that, 
es iene o 
++--—=>— 


Hence the law of signs. 
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RULES OF OPERATION. 


S88. Division of Monomials. 


The first two preliminary principles make clear the 
steps to be taken in dividing one monomial by another. 
Each factor of the divisor must, in its turn, be divided 
into some one (the most convenient) factor of the 
dividend. 

Thus dividing 8a°b’c? by 2abc, the first factor of the 
divisor is divided into the first factor of the dividend, 
the second factor of the divisor into the second factor 
of the dividend and so on. 

Division of monomials is thus seen to consist of a 
repetition of the process of dividing a factor of the 
dividend by a factor of the divisor. 

In this partial division two cases arise, which are the 
converse of those in multiplication. 


Case I. When the dividend factor and the divisor 
factor have the same base. 


Case II. When the bases of the dividend factor and 
the divisor factor have the same exponent. 
These cases give rise to two corresponding rules. 


a 


FIRST RULE. 


When the dividend and the divisor factors have the same 
base, give to the common base an exponent equal to its 
exponent in the first minus its exponent in the second. 


This rule is the converse of the first rule in multi- 
plication, 


a 
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Remarks on Examples. In explaining examples in 
division of monomials, the student should be prepared 
to give: 

1. The dividend and the divisor factors used in 
the partial division. 


2. The base of each. 
3. The exponent of each base. 
4. The rule employed in the division. 


5. The law for determining the sign of the quotient. 


EXAMPLES. 


Divide the following: 


1. a& by aé a™ hy a a by a® 
a’ by a8 a by a™ a® by at 
a by a-7 a hy a a* by a8 


2. a”b"c by a*b-vc". 
3. ab by —a-80?. 


4. —a?—btex by a*4b~ca-1, « 
ae Sega | 
5. —x*y"c®b by w*h-"e 7y-, 
Gy ee by a. 
i eee 
7. by CB. 


8. (a—2x) him by (a—x) 5-™rI1 n>. 
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9. 2 (y— a) by x (y — Ya), 
10. (/a—b —7) by (1/a —b —7)". 
ll. (a+a)-4ay by (at+a)ta-ty), 


Special Principle I. Any quantity with an ex- 
ponent 0 is equal to 1. 


a" — a" =a, by the law of exponents. 
a —-a"=1. A quantity divided by itself equals 1. 


«a = Ff. 


a represents a quantity composed of any number of 
factors or any number of terms. 


Thus, 20= 1, 
(ab)°= 1, 
(a+bj)°=1., 


(ab +c? +2")0 =1, 


It is evident that any factor having an exponent 0 
can be introduced into a quantity without altering its 
value, for by this corollary such factor equals 1. 


Special Principle If. A factor may be transferred 
from the numerator to the denominator of a fraction 
and vice versa by changing the sign of its exponent. 


a — a = a, 


3 
eat =F : 
a qq? 


1 
a= =, + 
a 
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Again, 
a” _a a”"h9 
pee ioe 
In the application of this principle it should be 
especially noted: 


eer = q"h-., 


1. That factors not terms are transferred. 


2. That such transfer does not change a factor into 
a lerm. 


EXAMPLES. 


Without changing the value of the fractions, trans- 
fer factors as indicated in the following: 


(a) From numerator to denominator. 

ae > 
ab ee Ans. Cee 
detf abedeéf 


—37,n 
2. All factors in “ nb ; 
"ny 


3. All factors in dee i 
PZ Z2(at+ by 


(b) From ee to numerator. 


1. ab-? in 


2,8 
4. ag? in oleh aoe 
le! 9 Be 


—1,,2,.—n” 
5. All factors in er) ae oe 
abtc— 


S  Alltanierin Oe ey 
eta) (x+y) 


Free the following from negative exponents: 


5ed ba * 
: Gay 2 
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I-1q4, 3 y 
Srna?” 
g 18 eyes ay 


; 3a? (x +y)? (e+ ay : 


SECOND RULE. 


When the bases of the dividend and divisor factors have 
the same exponent, divide the buse of the first by the base 
of the second and to the quotient attach the common exponent. 


This rule is the converse of the second rule in mul- 
tiplication. 


EXAMPLES. 
Divide the following: 
1. 125 by 4°. Ans. 3° or 243. 
2. 8177 by 3-7. 


3. 455 by 5°. 

4. (xe —2")~ bye. Ans. (x —z)~, 
D. (ax + ay + az)™ by a”. 

6. (m> — m4y + my?)* by m®, 


Se 1 
7. 127 (2? + mx)" (xy —ny)* by 21x"? . 
89. Division of one Polynomial by another. 


The dividend being the product of the divisor and 
quotient is evidently the sum of the partial products 
obtained by multiplying each term of the one by each: 
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term of the other. These partial products will, in 
some cases, have been combined in the process 
of collecting terms, but it is clear that the term of | 
the dividend which is the product of the terms 
in the divisor and quotient, in which are found the 
highest powers of some particular letter, will contain 
that letter to a higher degree than appears in the other 
terms, and thus will not have been united with them. 
It follows then that if the terms of the dividend and 
divi-or are first arranged according to the descending 
powers of this particular letter, the first term of the 
quotient can be obtained by dividing the first term of 
the d.vidend by the first term of the divisor. 

If the divisor as a whole be then multiplied by this 
term of the quotient and the product subtracted from 
the dividend, a remainder will be obtained which is 
evidently the product of the divisor by each of the 
remaining terms of the quotient. Dividing the first 
term of this remainder, which will necessarily contain 
the highest power of the letter according to which the 
terms are arranged, by the first term of the divisor, 
will clearly give us the second term of the quotient, 
and so on. 


Hence the following 


RULE. 


1. Arrange the dividend and divisor in the order of the 
descending powers of some common letter. 


2. Divide the first term of the dividend by the first term of 
the divisor and the result will be the first term of the quotient. 
3, 
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3. Multiply the whole divisor by this term and subtract the 
product from the dividend. 


4. Regard this remainder as a new dividend and proceed 
as before, continuing until there is no remainder or one whose 
Jirst term is not divisible by the first term of the divisor. 


5. In case there is a remainder, such as last mentioned, 
place it over the divisor, in the form of a fraction, and add it 
to the quotient already obtained. 


EXAMPLES, 


Divide the following: 
1. at + 6a? a?’— 403 x + vt — 4ax* by a? — Qaxr 4+ x?. 
at — 4a*x + 6a? x? — 4aa?* + at (a? — 2ax + 2? 
at — 2a?a+ ax? a? — ax + x? 
— 2a®x + Sa2x? — 4ax? + at 
— 2a®x + 4a°x? — 2ax? 
ax? — 2ax? + xt 
ary? — Qax? + at 
2. 2° + da*y+ day? + by 2+ ¥. 
3. at— bt by a— b. 
4. x + at — 843 — 31a? + 38u + 10 by 23+ 4a?+ 
6a — 5. 
5. 3x + SavZ + 22" by 3a¥ + 22°. 


6. 10a* + lla* ly + 9a**y* by 2a + 3y. 
MISCELLANEOUS EXAMPLES FOR PRACTICE. 


Divide the following: 
1. 6 (a +5) *b%* by 3 (a+ 6) 6c". 
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2.14 (a7 + Qry + y?) "ce? by —T(a+y)*" 
bc. 


B. — ary (Va — bt Vato) OY — fey 
(Ya—btvVvatd)’- 
4, —24a° (x?—yx?)®? (a+b)™ by 4a” (x—y)’ 
(ah )*. 
5. 56b-3m3 (a+ y)* by 8b" (x+ y)" (x—y)’. 
6. — 15k7-™ (a? — 2ab + b?)-"(x— a)” by gl 
(a—b)"(x— a)’. 
7. 32a7b- (a—y)? (c+ a)? by —4a~"b" (x mae 
(e+ a)®, 
8. — 105a%? (a+ y)" (a? — 0B)" by — 7a 
iL 
(a+y)(atb)". 
9. 26 by 4. 
3\7 6 \6 
10. (=) b (=| . 
5) AB 
11. 4a + 3a*} + 8a7b? — 3ab? + 184 by a? + 2ab 
+ 30°. 
12, 406+ 1125 + 2024+ + 300° + 20x? + lla + 4 by 
e* -+- 2x? + da + 4. 


13. 2° — Tat + dx° + 182? + 37x + 20 by x? — 5x 
— 4. 


2 53 7 Pay 2 
14, 3 pana ae 2 SA, Sat ee, mca N = . 
= Page tS : ye 18 


15. at— b* by a? —B?. 


68 ALGEBRA. 

16, a* + 3a”b¥ + 3a7b” + 5 by a® + OY. 

17. — a7h + a6? + 14055) + a4? — 15009 
by — a~40-1 + 3a—%b + 5a0?. 

18. gala sito ie Tayet 2s UF mmaet lp ein ps8 Lge t Pye tee 
by ety? — Haettey 2d 

90. Special Cases in Division. 

Divide a” — b” by a —b when nis a positive integer 
and a and } have any valne. 


Operation. 


a” —b" )a—b 
as!) + a™) + aS’... wee gr Abe* 
a" qr A 


a", — b” First remainder. 
a") — a"—*? 
a"™—}?, — 4" Second remainder. 
a"? — qn i? 
a”)? — 6" Third remainder. 


a’—"h" — 6” nth remainder. 


Since a” = a9 = 1, the nth remainder reduces to 
a fF = 6, 


Hence a” — 6” is exactly divisible by a —b. 


The fact of this exact division, expressed for certain 
values of a and 3, gives us the following special prin- 
ciples: 


When a and 3 represent positive quantities. 
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Principle I. The difference of the same powers of 
any two quantities is divisible by the difference of the 
quantities. 


When a represents a positive and b a negative 
quantity, then 


a" —b" a” —(—b)” 
a—b a—(—b) 


a” ae bh” i 
a” —” when n is an even number, 
a+b 


a” b” : 
= Ce when 2 is an odd number, 
a+b 

b, as well as a, being now considered a positive quan- 
tity. Hence, 


Principle If. The difference of the same even 
powers of any two quantities is divisible by the sum 
of the quantities. 


Principle III. The sum of the same odd powers of 
any two quantities is divisible by the sum of the quan- 
tities. 

If —B is substituted for } in the quotient of the 
general example the sign of each term containing an 
odd power of this negative quantity will become —. 
The results of the division in the cases covered by the 
three special principles can be expressed algebraically 
by the following formulas in which a and 6 represent 
positive quantities : 


Formula 1. 


When n equals any positive integer. 
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a*— f* 


———__— = q’*— n—2 n—3},2 oe 
PRE idee tb aba ce 


Formula 2. 
When n equals any even positive integer. 


MS hn 
ears = gi — qth + OD el eae rt weee — OF 1 


Formula 38. 


When n equals any odd positive integer. 


a" eo = pent 


atdb 


The second members of these equations translated 


into common language give us the following rule for 
writing out the quotient: 


— ah tae 9B... hee 


RULE. 


1. When the divisor is the difference of two quantities, con- 
nect the terms of the quotient by the plus sign; when the 


divisor is the sum of two quantities, write the terms alternately 
plus and minus. 


2. In the first term of the quotient write the Jirst term of the 
divisor with an exponent one less than tts exponent in the 


dividend and in the Jollowing terms decrease its exponent 
continually by one. 


3. In the second term of the quotient write the Jirst power 
of the second term of the divisor and in the following terms 
continually increase its exponent by unity until in the last term 


vs exponent equals its exponent in the dividend diminished 
by one. 
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Remarks on Examples. 


1. It must always be borne in mirid that the terms of 
the dividend are equal powers of the corresponding 
terms of the divisor. Thus if the first term of the 
dividend is the fifth power of the first term of the 
divisor, then the second term of the dividend is the 
fifth power of the second term of the divisor. 


2. To find the exponent of this power in any given 
example, it is necessary to determine by the laws of 
multiplication how many times each term of the divisor 
must be taken as a factor in order to produce the 
corresponding term of the dividend. This can readily 
be done by inspection in the examples given. 


3. When the exact divisor of a given binomial is to 
be found, careful examination of the terms of the 
binomial will reveal the equal powers involved. The 
terms of the divisor must be quantities which taken as 
factors the number of times indicated by the exponent 
of the power will give the corresponding terms of the 
dividend. After these quantities have been determined 
by inspection they must be connected by the proper 
sign as made known by the special principles. 


4. Attention is called to the number of terms in the 
quotient. 


In explaining examples : 


1. State the equal powers involved in the terms of 
the dividend. 


2. State the special principle used. 


———_ = se 


Be ete ee 
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3. Give the rule by which the quotient is deter- 
mined. 


4. Point out the examples which do not come under 
any of the special principles. 


Illustrative Examples. 
1. Divide a’ — 66 by a—4, 


a’ — bo 


ox 


=a? + ath + ab? + a3 + abt + D5, 


2. Divide x! + ¥5 by a? + y, 


210 5 

Mae cee 6 4,,2 2,3 
3 = 8 — aby + uty “er 
x ty 


3. Divide 625atxt — 1604 by 5ax + 2b. 


625atxt — 16h4 
See ee = 5'a*x? — 5%a?x?2h + 5aa22b? — 2543, 


= 1252? — 50a2ba? + 20ah2x — 85’. 


EXAMPLES, 


Write by inspection the quotients in the following 
examples : 


1. Divide «? — 7 by a — y. 
. Divide x4 — ¥4 by x+y. 
. Divide m7-+- n7 by m+n. 


2 
3 
4. Divide m4++ n4 by m+n. 
5. Divide a> — 15 by a —b, 
6 


. Divide a&+2 hy a?-+-d, 


18. 
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. Divide mt — n8 by m — n’. 

. Divide 2°+ 76 by 2?+y’. 

. Divide x5-+y!9 by 2?+y7’. 

. Divide ¥19 — 2 by 7° +2. 

. Divide 8a? — U* by 2a — db. 

; Divide 2°+ 277° by «+3y. 

. Divide 164 — 81z* by 2y — 3z. 
. Divide 64a6+ 7% by 2a+y. 

_ Divide 32a19)+ 243cl5 by 2a*b-+-3c’. 
. Divide ze — 8y* by se — 2y. 

. Divide 16x*"™— ¥™ by x+y”. 


Divide 642% — 729a2" by 2x — 3a”. 


Find by inspection the exact divisors of the follow- 


ing: 


By. 


a dig ah gue 


325 — 350” : 
, 8lal0y5 — 16a:l9g2, ne tact olin seat 


. 243a5"-+- 3255". 


.001L6a* — 1684. 
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CHAPTER V. 


FACTORING. 


91. Factoring is the process of resolving a quan- 
tity into its factors. 

A factor of a quantity will exactly divide the quan- 
tity. It is therefore a divisor of the quantity, and 
conversely a divisor of a quantity is a factor of that 
quantity. 

The factors of a yuantity multiplied together will 
produce the quantity. The correctness of the work of 
factoring can thus be easily tested. 

The factors may be prime or composite. 

Composite factors of a quantity may be resolved 
into other factors, and thus the quantity itself be 
finally separated into its prime factors. 

The quantities to be factored may be monomials or 
polynomials. 

A monomial may be factored by inspection. Thus 
the factors of 4a%be are 2, 2,a,a,band ce. 

Polynomials are factored by inspection or by rules 
growing out of the processes of multiplication and 
division, 

The following cases are considered in this chapter: 


92. CaseI. When one of the factors is a mono- 
mial. 

Since dividing all the terms of a quantity divides 
the quantity, it follows that a monomial, common to 
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all the terms of the polynomial, is a divisor and con- 
sequently a factor of tbat polynomial. The other 
factur can be obtained by division. The polynomial 
may be placed equal to the indicated product of the 
two factors, the polynomial factor being inclosed in a 
parenthesis. 


Thus, 
3abc-+-6a*l? = 3ab (c-+2a7b). 


Again, 
2a? + Gaxy — dababy = 2xy (xy 3a — 2abz"). 
Remarks on Examples. 


1. In all examples, the monomial factor should be 
the one first taken out. 


2. The monomial factor removed should be the one 
of highest degree. 


3. Striking out a monomial factor from part of the 
terms of a polynomial is not sufficient; it does not 
divide the polynomial. 


4. The factors obtained should be plainly desig- 
nated. It is well at the close of the process to place 
the given polynomial equal to the indicated product 
of the factors found. 


EXAMPLES. 


Factor the following: 


1. 2ab?+ 3dc. 
2. 5a2b-+ 10ab?-+- 15a7b?. 
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1 1 3 
» gv yrz — qtye+quye. 


3 
4, 2am? 1/x—a+4a'm’ j/at+y. 
d. 2ab’5-10a*b* (2% — 3a). 

6 


. 3m?n (x2 — a)+6mn? (y— 2). 
7. (w— 3) y+(@— 8)z. 
8. (m+2) (m— 2) —(m+2) (m+838). 


93. Case II. When the quantity to be factored consists 
of uncollected terms and ts the product of two polynomials. 


In multiplying together two polynomials each term 
of one polynomial is in succession multiplied into the 
other polynomial. If the terms of the product are 
uncollected they can, in whatever order given, be ar- 
ranged in sets, each resolvable into a monomial times 
this latter polynomial. The algebraic sum of these 
menomi:l coefficients into the polynomial will give the 
original quantity, factored as required. 


Notice the following multiplication : 


a+b 
c+d 


ca-+cbh 
da+db 


ca+ch+da+db 


In the above c and dare multiplied in succession into 
a+b, the first polynomial. The same result is ob- 
tained if @ and 6 are multiplied in succession into c+d, 
the second polynomial. Since there are two methods 
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of multiplying the factors to form the product, 
there are evidently two methods of resolving the prod- 
uct into its factors, hence two solutions to all exam- 
ples of this class. 


Thus, 


First solution, ca+cb-+da+db=c(a+b)+d(at+b) 
=(c+d) (a+b). 
Second solution, 
ca+cb+da+db = ca-+da-+cb-+db 
mere (c+d)+6(c+d) 
= (a+b) (c+d) 


EXAMPLES, 


Find the factors of the following, giving two solu- 
tions to each example: 


1. mx— nxe+my—ny. 

2. axry? —az+ cxy’? — cz. 

3. 3at+3a3 — 2? —x. 

4. ax-+az — by+ay— bz — bx. 

5. Qa?+xe+ 3ay+az+ 2ax-+3ay. 
6. 8ax — 12ay — 10bx-+ 1iby. 

7. (ety)? —ax — ay. 

8. aw-ta(z—c) —ba—b(z—C). 


94. Case III. When the quantity to be factored is the 
square of a binomial. 
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It has been found that the square of a binomial is 
equal to the algebraic sum, of the square of the first 
term of the binomial, twice the product of the first 
term into the second term, and the square of the sec- 
ond term. The signs of the terms which are perfect 
squares must necessarily be plus, while the sign of 
the remaining term must be the same as that betwaes 
the terms of the binomial. Gt follows then that if 
any algebraic expression can be put into the form of 
a trinomial, in which two of the terms are perfect 
squares preceded by the plus sign, and the remaining 
term is twice the product of their square roots pre- 
ceded by either sign, the two equal factors of the ex- 
pression will be the square roots of the terms which 
are perfect squares, connected by the sign preceding 
the remaining term of the trinomial. 

It should be noticed that the terms of the trinomial 
may themselves be either monomials or polynomials. 


EXAMPLES, 


Factor the following: 
1. 4x?+-12xy+9y?. 

2. 16a?+-25b? — 40ab. 

3. (a+b)?+2 (a+b) (at+y)+(a+y). 
4, y7™+2y™+1. 

5. 812+ 94? — 54ye”. 

6. 9 (ty) —3(aty) +7 


“ 
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1 
a. 5 2? (x—ayrt2(x— a). 


2 1 
8. 3 (m+n)+(m+n)? +9" 


95. Case IV. When the quantity to be factored is the 
difference of two squares. 
(Since the product of the sum and difference of any 
two quantities is equal to the difference of their 
~quares, it follows that, any quantity which is the dif- earn 
ference of two squares can be separated into two 
factors, one of which is the sum and the other the dif- 
ference of the square roots of these squares.) 


EXAMPLES. 


Factor the following : 


1. a?— 9D’. 
2. 25a? — 36y72" 
3 : 2 1 2 

ey oe Cs 


4 

5. (at+by?—e’. 

6. ay?—(a—b)’. 
7. m?-+2mn-+n? — a?+ 2ab — 0’. 

8. 2 —(z—c)+y? — 2ay. 

9. 9a2+12ab —c?+40’. 

10. (a?+7? — 2’)? — 4a°y’. 

11. (22—a?+y? — 0)? — 8abay — 4a°y? — 4070’. 


se ne i teeta eta a ed 
etnies 
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— 
Expressions can often he put into the form covered 


by this case, by the addition and subtraction of the 
same quantity, 


Thus, 
a’+4a—5=a?+4a+4—9 = (a+2)?— (3)? 
=(a+2+8)(a+2—8)=(a+5) (at) 
12. 2?+ 8x2 — 9. 
13. 4a?+ 12% — 7, 
14, 9a? — 124-+3. 


96. Case V. When tie quantity to be factored is the 
product of two binomials whose Jirst terms are the same. 


The product of two binomials having a common 
first term is equal to the square of the first term, plus 
the algebraic sum of the second terms into the first, 
plus the product of the second terms. 


Thus, 
(a+2) (+3) =a?+(243) 216 
= 2+ 5a+6. 


It follows that the factors of such a quantity are 
two binomials each having as its first term the square 
root of the first term of the quantity, and as second 
terms respectively, the two factors of the third term 
of the quantity which algebraically added equal the 
coefficient of the second term of the quantity. 


Thus, required the factors of m’?+6m— 16. 


The first term of each factor is the Square root of 
m orm. The second terms respectively are +8 and 
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— 2, factors of the third term, —16, which added 
give +6, the coefficient of the second term of the 
quantity. 


Hence m?+6m—16 = (m+8) (m— 2). 


EXAMPLES. 


Factor the following, explaining fully how each 
term of each binomial is obtained: 


i: 


2 Te mee Re — 


Oo oe Ca Ore ae Oe 


go? — Lla4-30. 


. ettdo — 32. 


, 22 +7bx+ 1207. 


y?— B8ay+20002, ess 


a? — 25abc— 1508'?. ¥ € >? 


. (x+y) +28 (a+y) — 78. 
. (a—by— 19 (a —b) — 120. 


97. Case VI. When the expression to be factored is the ee 
difference of the same odd powers of two quantities. 


Such an expression has been shown to be divisible 
by the difference of the quantities. One factor i; 
thus made known; the other is the quotient obtained 
by division. 


Remarks on Examples. 


Ls 


The utmost care should be exercised in deter- 
6 
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mining the quantities whose equil powers are involved 
in the terms of the binomial to be factored. 


2. The student should write the second factor by 
the special rule given in division. 


3. The difference of the same even powers of quan- 
tities should not be included under this case. Such 
examples can be solved to much greater advantage 
under case IV. 


EXAMPLES, 


Factor the following: 

. e—y’. 

. 32x5 — yp. 

. a0 _ 243°, 

. 27a%c6 — 8b'. 

(x+y) — 82". 

. 32(a—b)>— (a+b). 

64 (a+ y)® —125 (a@— vy)’. 


JI fo Oo FS» CO WO 


98. Case VIL. When the expression to be factored is the 
sum of the same odd powers of any two quantities. 


By the third special principle in division such ex- 
pression is known to be exactly divisible by the sum. 
of the quantities. The quotient or other factor can 


-be written out under the rule. 
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EXAMPLES. 


Factor the following: 
1. 2+’. 

2. Bare". 

3. 826+ 270’. 

4, 327191 2437/15, 
5. 64a9+125 (a+b). 

6. 128(a—y)i+(a#+y)’. 

99. ‘erarics on Miscellaneous Examples. 


1. Success in solving examples is largely dependent 
on skill in grouping terms and introducing parentheses, 
so as to clearly bring the given expression under some 
one of the foregoing cases. 


2. The solution of a single example will often in- 
volve the repeated use of the same principle or the 
employment in succession of different principles. 


3. The principles used and the order of their use 
can only be determined by careful inspection. It is 
convenient, in general, after removing the monomial 
factor, to nete whether the remaining expression can 
be put into the form of the difference of two squares. 


4, The factors multiplied together must, of course, 
equal the original quantity. The simple calling to 
mind of this test will often prevent the student from 
omitting or duplicating factors in the final expression 
of the quantity factored. 


a re ee 


84 ALGEBRA. 


MISCELLANEOUS EXAMPLES. 


Resolve the following into prime factors: 
1. 2a?-+-4aey+2y?. 

. (2—y)?—6 (a@—y) +9. 

aS — )6, 

. (24+38)? — (a— 5)’, 


. 3ax?y — ldaxy — T2ay. 


. 2xy — 5ay+4bx — 10abd. 
. 4a?+ 4a-+ 1 — 2’. 

. y? — 9x?+ 30ax — 25a’. 

. 2ab?x?+- 28abe2 — 102a. 


es * ~ | 


—_ 
on) 


. 4a? — 25m? — 4n?+-9y?+ 20mn — 12zy. 


— 
— 


. vit 3227. 

12. at —(5xa— 6)’. 

13. (a? — 5x)? —2 (a2? — 5x) — 24. 
14. 1627+ 24% — 16. 

15. 36a7c? — 81b?c? —- 16a?d?+-3607d?. 
16. (a?+-9)* —36a?. 

17. 9a? — 12xy-+-4y? — 3uz2+2yz. 
18. (2+ y¥? — 9)? — 4°’. 

19. (3a— 2b)?+3 (9a? — 407). 


20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
3l. 


FACTORING. 
a8}16 — 17a4h8-+- 16: 
(x? — 3u+-14 )? — 1442’. 


(4a? —9)?— (2a— 3)? (4e-+5). 


(x72 — 2* )” — 4y74y”. 

oy? yl, 

a? — y? —2’-+v? —2 (ru — yz). 
gl? — 8y4 —axty8+y”. 
a8-+-56a5 — 512a?. 

a’ — b? — 3b? (a —)b). 

97? — a+x+ dy. 

8a3 — 27h? — 4a?-+-90?. 


16 (a?—a)?— 8 (a?— a) —3. 


85 
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CHAPTER VI. 


HIGHEST COMMON FACTOR. 


100. A common factor of two or more quantities is 
a factor which is found in each of them. 

Thus, @ is a common factor of the three quantities 
ab, abe, and acd, since it is a factor found in each of 
them. 

If the common factor is composite, each of its 
prime factors is a common factor of the quantities. 

Thus, since the composite factor 6 is common to 
the quantities 646 = 2 X 3aband 6de = 2 X 3de, it fol- 
lows that its prime factors 2 and 3 mast be common 
factors of those quantities. 

The product of any number of prime factors, com- 
mon to two or more quantities, is a common factor of 
those quantities. 

Thus, since the quantities 2ac?, 2aéc and 2acx con- 
tain the common prime factors 2 and a, their product, 
2a, must appear as a common factor in those quanti- 
ties. 

The product of all the prime factors common to two 
or more quantities is the highest common factor of the 
quantities. 

Thus, in the example given above 2ac is the highest 
common factor. There is no higher common factor, 
for if there were, its prime factors would be found in 
each of the quantities; but all the common prime fac- 
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tors of the quantities have been taken and are con- 
tained in 2ac. 


101. The Highest Common Factor (H. C.F.) of 
two or more quuntities is, then, the common factor of 
highest degree which has, also, the numerical coefhi- 
cient of greatest absolute value. 

The sign of the highest common factor can be 
changed and it still contain all the common prime fac- 
tors. The highest common factor has then two forms, 
one positive and the other negative. 


102. Quantities having no common factor other 
than unity are said to be prime to each other. 

Thus, 2a) and 3cd are prime to each other. 

Two cases arise in determining the highest common 
factor of algebraic quantities. 


103. Casel. When the quantities are monomials, or 
polynomials readily resolvable by inspection into their prime 
factors. 


In this case we have the following 


RULE. 


Resolve the quantities into their prime factors and Jind the 
continued product of those factors that are common to all the 
quantities. The result will be the highest common factor 
required. 

EXAMPLES. 


1. Find the H. C. F. of 6a7b*x and 9ab‘z’. 


Resolving the quantities into their prime factors, 
we have 


ee ei. 
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babe = 2X 38KaxXaXdKEXS Xa 
9abtx? =3X3XKaXbKOKXEXbKaK 


The common factors are 3, a, 6,5, 0, and x. Hence 
the H. C. F. is 3ab%x. 


2. Find the H. C. F. of 3an?+36n? and tone 
Resolving the quantities into their prime factors 
we have 
3an?-+-3bn? = 3 Xn Xn X (a+b). 


6an-+bbru=3 X 2X nx (a+b). 
Hence 3n (a+b) is the H. C. F. 
3. Find the H. C. F. of a? — 3ab+ 20’, at — Bab 
6? and a? — 0’. 
Factoring we have 
a’? — 3ab-+ 2? = (a— b) (a — 2). 
a* — 2ab+-b? = (a—b) (a—b). 
a’—l? = (a—b) (a+b). 
Hence a — dis the H. C. F. 
4. Find the H. C, F. of 18ab%%d and B6a%bod? 


5. Find the H. C. F. of es be 
fz". ne, 
6. Find the H. C. F. of a hand ev. 


7. Find the H. C. F. of +6 
oie 
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9. Find the H. C. F. of a} — 2a2b+ab?, at — ad? 
and 2a3-+ 2a°) — 4ab?. 


10. Find the H. C. F. of ab — 3b —5a+19, — 
6a?+-9a? and a> — 243. 

ti: Wind: the F.C FP. of ("+ — 2g)? — 4a7y?, 
Qaax?+ 2ay?— 2a2*+4axy, and y+ 2y2+- 2 — x. 

12. Find the H.C. F. of ay — 2ay — 3cx+6ac, x* 
+ 3ax — 10a? and a?y-+-ca? — 4a°y— 4a*e. 

104. Case If. When the quantities are polynomials 
whose fuctors cannot be readily discovered. 

The rule for finding the highest common factor in 
this case is based upn the following preliminary 
principles: 

Principle I. A factor of a quantity is also a factor 

of that quantity multiplied by another. (Prin. I. 
Division. ) 
Thus, 


2 is a factor of 6 .*. a factor of 6 X 5. 
a isa factor of ab .:. a factor of abc. 


Principle 11. A common factor of two quantities 
is also a factor of their sum and of their difference. 
(Prin. II. and III. Division. ) 

Thus, 

3 is a factor of 9 and G .-. a factor of 9+6 and 9 — 6. 


ais a factor of ab and ac.*. a factor of ab+ac and 
ab — ac. 


_ By the aid of these principles the following propo- 
sition can be proven: 
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Proposition. The H. C. F. of two quantities is the same 
as the H. C. F. of the quantity of lowest degree and the re- 
mainder after division. 


Expressing the division ulgebraically thus, 


bya(g 
qb 


hy 


and representing the H. C. F. of band r by h we are 
required to prove: 


1. That 4 is a common factor of @ and b. 
2. That / is the highest common factor of a and 6. 


Proof of 1. A divides 6 and r 
. Prin. I. 2 divides dg and r. 


.. Prin. Il. h divides bg-+r or a 
: A is a common factor of a and 6. 


Proof of 2. If 4 is not the H. C. F. of a and 3, 
then Al (A multiplied by some addi- 
tional common factor as 7) must be 
such H. C.F. If this be true it 
follows that: 


Al divides a and 6 
. Prin. I. Al divides a and dg. 
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. Prin. Il. Al divides a — bg or r 

: hi isa common factor of 6 and r which 
is absurd, since / is the H.C. F. of 
these quantities. The supposition 
at the beginning of proof of 2, that 
his not the H. C. F. of a and O’is 
therefore false and hence it is 
proven that A, the H. C. F. of b 
and r, is the H. C. F. of a and 6. 


Granting this proposition and continuing the divis- 
ion with 6 and ras the new dividend and divisor we 
have, 

ryo(q 
q? 
Pri | 
qr 


, oer 


n'y (q 


in which by the proposition : 


The H. C. F. of 6 and r isthe H. C. F. of r and?’, 
andthe H. C.F. of rand 7’ isthe H. C.F. of r’ andr’, 
but *” (representing the lust divisor) is exactly divis- 
ible into r’ and is therefore the H. C. F. of the last 
pair of quantities r” andr’. Since itis also the H.C. 
F. of each preceding dividend and divisor in the suc- 
cessive divisions, it isthe H. C. F. of the two original 
quantities @ and b. 

Before employing this principle to find the H.C. F. 
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of any two polynomials, the following remarks upon 
the proposition should receive attention: 


1. The terms of the polynomials should, for con- 
venience, be arranged according to the descending 
powers of some common letter. 


2. Since the highest common factor of two quanii- 
ties is the product of all their common factors, it 
must contain any monomial factor common to the two. 
Such monomial factor should, however, be removed 
and afterward multiplied into the H. C. F. of the re- 
sulting quotient. 


3. Any monomial factor common to the ferms of one 
quantity but not common to the two quantities should 
be discarded. This will evidently not affect the high- 
est common factor. 


4. If, at any Lime, the first term of the properly 
arranged dividend is not divisible by the first term of 
the divisor, the dividend should be multiplied by such 
monomial factor as will render its first term divisible 
by the first term of the divisor. If all monomial 
factors have been previously removed from both 
polynomials, the introduction of this factor into the 
dividend will not change the common factors, and 
cannot, therefore, affect the highest common factor. 

The principles set forth in the preceding propo- 
sition and remarks are embodied in the following 
general 


RULE, 


1. Arrange the terms of the two polynomials according to 
the descending powers of some common letter; remove the 
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monomial factors of each polynomial, reserving such as are 
common to the two as factors of the highest common factor, 
and discarding those that are found in only one polynomial. 

2. If necessary, multiply the polynomial of highest degree 
by such monomial factor as will rinder its first term divisible 
by the first term of the second polynomial, and dividing the 
jirst polynomial by the second, continue the division until the 
remainder ts of lower degree than the divisor. 

3. Divide this remainder into the first divisor proceeding 
as in the first division. Continue to divide in succession the 
last remainder into the preceding divisor until the division is 
complete. The product of the remainder which serves as the 
last divisor, into the common monomial factor, if any, will 
be the H. C. F. required. 


EXAMPLES. 
1. Find the H. C. F. of a*+ 403+ 5a?+ 2a and 2#?+ 
5a?+ 4a. 
Removing the factor « from each, and reserving it 
as a part of the H. C. F., we proceed thus: 
a+ 4a?+-5a+2 (a?+5a+4 
“aoe ae 
a --2"4+- da 
— atari? 
—a’—5ae—a4 
62+ 6 
Removing the factor 6 in this remainder and dis- 
carding it, we have x+1 forthe next divisor. 


e-+5a+4 (2+1 
eto x+4 
4xn-+4 
4r-+4 


Here the division is exact ; hence x+1 is the H. C. 
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F. of o°+42?+5x+2 and a?+5a+4; and combined 
with the reserved factor x gives x “ie as the H. 
C. F. required. 


2. Find the H. C. F. of 16a? — 442?+ 10x and 1823 
— 872?+ 129% — 60. 

Removing from the first polynomial the monomial 
factor 2x, we have 8a? — 227-5; removing from the 
second the factor 3, we have 62° — 29x?+- 43a — 20. 

Introducing the factor 4 into the second polynomial 


to make its first term divisible by the first term of - 
the other, we proceed thus: tn 
240° — 11 6a? +22 — 80 (8a? — 29n+5 > : 
240°-— 6607+ Lda (8a—25 “* 
— 50x?+ 1572 — 80 aS 

Introducing 4 4 


— 200x?-+ 6282 — 320 
— 200x?+ 550” — 125 
78a — 195 
Removing the factor 39 in this remainder, we have 
2x — 5 for the next divisor. 


8x? — 224+5(2x—_5 H.C. F. 
8x? — 20x 4z-—1 
Teg 

— 2x+5 


3. Find the H. C. F. of 72a%?+ 63a5h?—~ 14494}? 
+905? and 18a5b?-+ 9a4h? — 2738). 

4. Find the H. C. F. of at+234+ 27? #115 and 
304+ 9a? — 120?+ 274+ 27, 


). Find the H. C.F. of 6axt — 2aa° — 2ax? — Pax 
— 8a and 6axt — 14az3-+ 2ax?+ 2ax+ 8a, 


an 


_ = 
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G6. Find the H. C. F. of 10a? — 1la? — 55a — 6 and 
4q? — 5a—21. 


7. Find the H. C.F. of 62? — 11a? — 52+-12 and 
do? — 18x?-+ 34a — 24. 


8. Find the H. C. F. of 5a — 302° — 342?+ 198x 
+36 and 5a? — 20a? — 64x-+ 24. 


9. FindtheH. C. F. of 182° — 132x4+ 12623 — 362? 
+ 80x and 18a”5 — 150x4+ 15027-+- 62?+ 242. 


10. Find the H. C. F. of 624+ 19ax°+ 3u7x?+ 8a*x 


~ .-+24a4 and 6a?-+- 10ax? — 17a*x+ 21a. 


+ To find the highest common factor of three or more 
polynomials, find the highest common factor of two 
of them, then of this result and a third and so on. 
The final divisor will be the highest commen factor 
required. 


EXAMPLES. 
1. Find the H. C. F. of 2?+2?+2— 3,223—x— 6 
and 2° —x2* — 3a — 9. 


2. Find the H. C. F. of 22° + 5a?+a — 2, 2a? — 52? 
—4e+3 and 22?+ 2? — 16x — 15. 

3. Find the H. C. F. of 224+ 5x? — 7x?+ 102 — 4, 
Jot — 7a3 — a? — 6a+4 and 4x4 — 82?+ 7x’?+ ba — 4. 

4, Find the H. C. F. of 3at— 7a*b-+-5a*h? — ab’, 
3at+ 5a*b+.a7b? — ab® and a*b+3ab? — 3a* — D’, 


5. Find the H. C. F. of 6x4+2?— a, 4x4 — 62 
— 4z?+ 3a and 2a4-+-23+- 2? — x. 
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CHAPTER VII. 


LOWEST COMMON MULTIPLE. 


105._A Multiple of a quantity is any expres-ion of 
which the quantity is an exact divisor. It is the 
quantity multiplied by any factor. 

Thus, 10 is a multiple of 2; 4ad is a multiple of 
ab. 


106. A Common Multiple of two or more quanti- 
ties is any expression of which each of the quantities 
is an exact divisor. 

Thus, 6 is a common multiple of 3 and 2; 6xy is a 
common multiple of 6, x and y. 


107. The Lowest Common Multiple (L. C. M.) 
of two or more quantities is the common multiple of 
lowest degree, having the numerical coeffivient of 
least absolute value. 

Thus, 12ad is the lowest common multiple of 4a and 
6}. It is alower common multiple than 24ad, for the 
reason that though of the same degree its numerical 
coefficient is of less absolute value. 

It is obvious that changing the sign of the L. C. M. 
does not affect its degree nor the absolute value of its 
numerical coefficient. The L. C. M. has therefore 
two forms one of which is the negative of the other 
and either of which can be used as found convenient. 


Thus, 12ab or —12ab may be taken as the L. C. M. 
of 4a and 68. 
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108. The following principles are the evident out- 
growth of the definitions and the laws of division: 


Principle I. The multiple of a quantity must con- 
tain all the prime factors of that quantity. 


Principle II. The common multiple of two quanti- 
tics must contain the prime factors of each quantity. 
It may contain other factors. 


Principle 11. The lowest common multiple of two 
quantities must contain the prime factors of each 
quantity and no other factors. 

These principles enable us to determine the L. C. 
M. of any two algebraic quantities. Two cases 
arise ; 

109. Case I. When the quantities can be readily fac- 
tored. . 

In the product of any two quantities the common 
factors of those quantities must appear éwice or in 
two sets. It is clear from principle III that such 
common factors occur but once in the L. C. M., one 
sct having been rejected. 


Hence the following 


RULE. 


itesolve the quantities into their prime factors. Reject one 
set of the faciors common to the two quantities. The product 
of the remaining factors will be the L. C. M. required. 


EXAMPLES. 


1. Find the L. C. M. of 627y and 9x7’. 
7 
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Resolving the quantities into their prime factors, we 
have : 
Ga®y=2XEBXEXKEXY 
Soy = 3X IM eX eR Y 


Rejecting one set of the factors (3, « and 7) com- 
mon to the quantities and taking the product of the 
remaining factors, we have for the L. C. M. 

2X3X3KeKUXy K y= 18x77. 

9, Find the L. C. M. of 2(a—L) and 6 (a? — 2%). 


8. Find the L. C. M. of a? — 2ab+8? and a?+ab— 
227. 


4. Find the L. C. M. of 2?— 7 and ca-tey+-dx+ 
dy. 


5. Find the L. C. M. of m?—n? and im? + 2mn — 
Bn’. 


When the L. C. M. of more than two quantities is 
required, reject one set of the factors common to any 
two of the quantities, then a set common to that re- 
sult and a third quantity and soon. The remaining 
factors multiplied together will give the L.C. M. 


6. Find the L. C. M. of a? — 2ab + Bb’, a? — b* and 
a’-+-2ab — 30’. 
Resolving into factors, we have 
a? — 2ab+-b? = (a—b) (a—b) 
a? — |? =(a—hb) (a+b) 
a’-|-2ab — 30? = (a — b) (a+3b) 


Rejecting the factor a— b common to the first two 
quantities, we have (a—b) (a—b) (a+b) as their 
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L. C. M. Proceeding as before with this result and 
the third quantity, we reject the common factor a — b 
and have as the L. C. M. of the three quantities, 
(a—b) (a—b) (a+b) (a+3b) =(a—b)? (a+b) 
(a+3d). 
7. Find the L. C. M. of 8at, 10a) and 12u2%?, 
Ans. 120a40?. 
8. Find the L. C..M. of x + 1, 2? — 1 and a? — 1. 


9. Find the L. C. M. of (a + b)?, a®?— LU’, (a—b/y 
and a— 0°. 


10. Find the L. C. M. of «? —92+18, 2?+ 3a — 54 
and x2? — 3a— 108. 


11. Find the L. C. M. of 2#?+7%2+12, 2?+2— 12 
and «?+ 3a — 4. 


12, Find the L. C. M. of (x+3y7)’, (x — 3y)? and 
a — 97’. 

110. Case II. When the quantities cannot be readily 
factored. 


The rejection in Case I of a set of factors common 
to the two quantities is evidently equivalent to divid- 
ing their product by the H. C. F. In Case II the 
Tl. C. F. is determined by the method of continued 
division. When found, it is stricken out of the prod- 
uct, the same as in case I. 

Hence the following 


RULE. 


Divide the product of the two quantities by their highest 
common factor and the result will be the lowest common mul- 
tiple. 


nacre omaha te iste ea —rira SESSS 
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The division can in general be more readily effected 
by dividing one of the quantities (factors) than by 
dividing their product. 

When the L. C. M. of more than two polynomials 
is required, find the L. C, M. of any two of them; 
then of that result and a third polynomial; and so on. 


EXAMPLES. 


Find the L. C. M. of 6”3+5a2+4x+15 and 222 
— 5a — 12. 

The highest common factor of the given quantities 
is 2x-+3. 

Hence the L. C. M. is 


(623+ 5a2+ 4a-+ 15) ( 2a? — 5a — 12) 
2x+ 3 
= (6x3 + 5a?-+ 4a-+15) (x—4). 
2. Find the L. C. M. of hiss +1 and at — a3+ 2a? 
+a+32. 


3. Find the L. C. M. of 2a4+3a3+3a — 2 and 
304-+- 5a3-+ 22+ 5a — 2. 


Find the L. C. M. of 25+23+22+a”—2 and 
— 323+ 622 — 62+4. 


5. Find the L. C. M. of 23 — 22? — 10x+ 6, 2? — 7% 
+6 and «3+ 22?-+ 9. 


G. Find the L. C. M. of «3+ 622+ 3a — 2, 2?+ 22? 
— 5a — 6 and 2°-++ 3a2 — 6a — 8. 
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CHAPTER VIII. 


FRACTIONS. 


111. An algebraic fraction is an indicated division, 
expressed by writing the dividend above the divisor 
with a horizontal line between them. 


Thus, in in which a and 6 each represent any quan- 


tity, is a fraction. 


The quantity ahove the line is the dividend and is 
called the numerator. The quantity below the line is 
the divisor and is called the denominator. Taken to- 
gether, the numerator and denominator are called the 
terms of the fraction. The value of the fraction is the 
quotient arising from the indicated division. 


112. A mixed quantity is one made up of an integer 
and a fraction; as a+6 +5. 
113. A complex fraction is one which has a fraction 


in either or both of its terms. 
The following principles are important: 


114. Principle I. Multiplying the numerator or dividing 
the denominator of a fraction multiplies the fraction. 


Since, in division, the factors appearing in the 
quotient are those in the dividend less those in the 


q 
Riemer ce ryt 
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divisor it is obvious that a factor introduced into the 
dividend (numerator) or stricken out of the divisor 
(denominator) will appear in the quotient ; that is, the 
value of the fraction will be multiplied. 


4a 
Thus, 9a = as 
Introducing the factor a in the 4aXa 
oS ee 2a, 
numerator 2a 
or striking out the factor a from 4a Sg 
the denominator Fo ee 


In either case the value of the fraction is multiplied 
by a. 

115. Principle II. Dividing the numerator or multi- 
plying the denominator of a fraction divides the fraction. 


This evidently results from Principle I. since divis- 
ion is the converse of multiplication. 


116. Principle IIL. Multiplying or dividing both nu- 
merator and denominator of a fraction by the same quantity 
does not alter the value of the fraction. 


By Principles I. and II. this operation is equivalent 
to both multiplying and dividing the fraction by the 
same quantity which, of course, does not alter its 
value. 


117. Signs of fractions. 


The real sign of a fraction is the sign of the quo- 
tient of the expressed division. It is the resultant of 
the sign before the dividing line, called the apparent 
sign, the sign of the numerator and the sign of the de- 
nominator. These three signs we shall designate as 
the signs of the fraction. 
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The following are important principles governing 
their use: ‘ 


Principle I. Any two of the three signs of a fraction 
can be changed without altering the value of the fraction. 


Given ee —_=)b, 
2 a 

changing the apparent sien 8 —ab | 1 
and the sign of the Minmemuen fee a 
or changing the ee sign es : ob 
and the sign of the denomi-——5= 4 ~_q~ ’ 
nator 

or changing the sign of the __x ian 
numerator and the sign of —3= oe 


the denominator 
Hence the principle. 
Principle II. A change of one or of all three of the signs 


of a fraction will change the fraction from a positive to a 
negative quantily or vice versa. 


The proof of this is similar to the proof of Prin- 
ciple I. 
Remarks on Application of Principles. 


In changing the sign of the numerator or denomi- 
nator, when “composed of terms, change the sign of 
each term ; if the term is a fraction, change its appar- 
ent sign only; if a parenthesis, change the sign be- 
fore the parenthesis only; if composed of factors, 
change the sign of one or any odd number of factors. 


2. Under Principle I, the signs of the numerator 
and denominator of a fraction can be changed at ary 
time. 
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3. Principle I is often employed to great advantage 
in getting rid of the minus sign before the dividing 
line of a fraction. This is generally done by chang- 
ing the apparent sign and the sign of the numerator. 

The following examples illustrate the use of the 
principles of signs. 


EXAMPLES. . 


Change the signs of numerator and denominator in 
the following : 


1 a+b—e—mn 9 ax-+-by —e 


ROP SP " 8a —40—y 
CO snd es Ma 
3. Sate g, $8 he 
ae ee Ty — 8a-+5 
Cc 
: 6x —3y —(a—b— 5) 
da — Tx 


6 (c—d) (e—f) (x—y) 
: (a—b) (m—n) 


Change the following into equivalent fractions with 
the plus sign before the dividing line: 


7 3a — 5b — Te 
: 2u— dy 
2a — a 
Am eee 
ac 
aie Ja — 3 
3a — 5y-+ 5 
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bay — Tab+(4a—Tm) ~~ 


1 Paton 
2ha — l6mn 
2b-+-1 
5a — Bk — (7 a— 
2 Oe Sarah malas Jp Rae NRE 
By nities Bs 
1 (mtn) (a+y) (a— b) 


tea) (k —3) 


Reduce the following so that the fractions in each 
example shall have a positive apparent sign and the 
same denominator: 


ee 2) na 8) te 8) 
(%—a) (21a) (a—x) (a+) 


oe (w—d) (+e) gg (a — 6) (2—e) 
(%—a)(%—e) (t—a) (e— 2): 


ra PI ond 
(m—y) (m2? —y?) 
SoBe sell come Bad 
(y—m) (y—m) : 
no et 1) (at) (6-24) 
caw, )(@ty)’ (at 9): (2 +y)" 
Borate ah geek 
(a — yy) (—ae—y) 
ee 9) (ee) (ef) 
(2—a) (w—b) (w—c)’ 
(a+d)(a—e)(x+f) , 
(x — a) (fay (ee) 
(a—a) (0—2) (ea) 


and 
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118. Algebraic operations connected with fractions 
will be considered under the following heads: 


Reduction of Fractions. 

Addition and Subtraction of Fractions. 
Multiplication of Fractions. 

Division of Fractions. 
Reduction of Complex Fractions. 


REDUCTION OF FRACTIONS. 


119. To reduce a fraction is to change its form 
without altering its value. 


The following are the more common cases met 
with: 


120. Case I. To reduce a fraction to its lowest terms. 


The numerator and denominator of a fraction in its 
lowest terms, are prime to each other. They cannot 
therefore contain any common factor. 


Hence the 


RULE. 


To reduce a fraction to its lowest terms, separate its numer- 
ator and denominator into their prime factors and cancel 
those that are common. 


Remarks. 


1. To cancel a factor common to the terms of a frac- 
tion is equivalent to dividing its numerator and de- 
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nominator by the same quantity which, we have found, 
does not alter the value of the fraction. 


2. Cancelling all factors common to the terms of a 
fraction is the same as dividing the numerator and 
denominator by their H. C. F. 


3. When the terms of a fraction cannot be readily 
factored, this H. C. F. should be determined by 
division. The fraction can then be reduced to its 
lowest terms by dividing its numerator and denomi- 
nator by this H. C. F. 


EXAMPLES. 


Reduce the following fractions to their lowest 
terms: 


27a7h*ct 3 gn og 
1. Anne a geen a 
3 a?+7a+10 ve 4 Spee | 
* @t+5at+6 ’ a+a®-+a 
5 actad-+-be-+ bd 6 (a+b) é 
: e— * a? —ab— 20° 
. a?’—(b-+c+d)’ 
* (a—by?—(e+d)y’ 
: (x—y)?—(z—m)? 
- (@—y)yP— (@—y) (2—m) 
9! xz? — 16 


Dg: ene 4h 
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(2? — 9) (x? — 4a+3) 


f 10. (a?—x+9) (2+2xa—3) 
1 CE eT 
Pe Ly ae 
a’? —(b—cy 
12. a? — ab-+-ae 
13 (a? — 3x”)? — 2(a? — 3x) — 8 
" (a? —1) (a? — bx-+-8) 
oe? — Tx-+-6 
14. x? — a? — 3a+2 
15 Ge + Te"-2- 3 


23 + 3a? — 4a— 6 


2x3 — Tx*+- lla —4 


16. 3.5 — 10a?-+ 15a — 4 


121. Case Il. To reduce a Sraction to an entire o 
quantity. 


We are required in this case to perform the d 
indicated by the fraction. | 


Hence the 


RULE. 


Divide the numerator by the denominator. << ; 
Remarks. | 


1. Such reduction is— not advisabl 
- numerator is of the same or ah 
_ denominator. 
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2. The division should, in general, be continued 
until the remainder is of a lower degree than the 
divisor. 


3. The remainder, if any, must be written above 
the divisor and this fraction annexed to the quotient. 


4. The apparent sign of the fractional part of the 
result will at first be plus. It may be found conve- 
nient to change this sign and the sign of the numer- 
ator, under the principle of signs, in order to avoid 
a minus sign before the first term of the numerator. 


123° — 52—6 


Illustrative Example. Reduce ——— te oy toa 
mixed quantity. 

Process. 

— dx — 14 5a+14 

3421.9 )192" — 52 — 6 (44 —__.____ = 4— >_> 

3 ae 8 its 3u?+ 2 4 3a?+ 2 

—5a—14 
EXAMPLES. 


Reduce the following to entire or mixed quantities : 


a — y% oo? — 1la-+25 
1 = Aled ancl Sh 
cy econ, 
1 xt+ daty+ 6a2y?-+ dary?+ 9! 
2. [eta ge ae Caer 
1 — 4x aay + 


a+ 2e+3 att 2y? 
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122. Case IIL. To reduce a mixed quantity to a fraction. 


Viewing the mixed quantity as a result of the 
division under Case II. we have: 


Integral part = quotient. 
Denominator of fractional part = divisor. 
Numerator of fractional part = remainder. 
From the nature of division: 


Quotient X divisor+remainder dividend 
divisor ~ divisor — 


Hence the 
RULE. 


Multiply the integral part by the denominator of the frac- 
tion, add the numerator to the product and write the result 
over the denominator. 


Remarks. 


1. Case III. may be considered as the converse of 
Case II. and the rule be thus derived. 


2. If the apparent sign of the fractional part is 
minus, it can be treated in either of two ways: (a) 
The apparent sign and the sign of each term of the 
numerator can be changed under the principle of 
signs, or (b) Since the dividing line has the force of 
a parenthesis and the minus sign before it thus indi- 
cates that the entire quantity’is to be subtracted, it 
follows that if the minus sign is retained, after reduc- 
tion, the numerator which it affects must be inclosed 
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in a parenthesis. The parenthesis can then be re- 
moved when convenient. 


SY 
Illustrative Example. Reduce 1 — ay: to fiae- 


tional form. 


Process. 
oy —aty wt+y—ety 2 
Zoey erg. ety “ety 
a—y ety—(e@—y) ery—ety 
ele le ey ey 
2y 
ae 


EXAMPLES. 


Reduce the following to fractional form: 


: atte 4 State) 
ms, dat ee » 5. e—8—T 
8. etyts . 6. epa— ee 
to 

§ l— 74 2 os 


123. Case lV. -To reduce fractions to equivalent frac- 
tions having the lowest commen denominator. 


This is effected by a simple application of the prin- 
ciple that multiplying both numerator and denomina- 
tor of a fraction by the same quantity does not alter 
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the value of the fraction. The principle leads to the 
following 


RULE. 


Find the lowest common multiple of the denominators. 

Divide this lowest common denominator by the denomina- 
tor of the first fraction; multiply the quotient by the numerator 
of that fraction and write the result over the lowest common 
denominator. 


Proceed in a similar way with each of the other fractions. 
The respective results will be the equivalent fractions required. 


Remarks. 


1. If the denominators of the given fractions have 
no common factor, the product of these denominators 
will be the common denominator and each numerator 
wil] be multiplied by the product of all the denom- 
inators except its own. 


2. Fractions can be reduced to equivalent fractions 
having any common denominator. The lowest com- 
mon denominator should, however, always be chosen. 


3. If any of the given fractions can be reduced to 
lower terms, it should be done before finding the 
lowest common denominator. It is possible that the 
degree of the common denominator may be thus les- 
sened 


4. It will quite often be found convenient to leave 
the common denominator in its factored form. This 
is also true, to some extent, of the numerators of both 
the old and new fractions. In short, the student in 
all bis algebraic work, before multiplying factors to- 
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gether, should be certain that the indicated is ‘not 
preferable to the actual multiplication, 


5, An entire quantity is regarded as having the de- 
nominator 1. 
2(1—2x) 3a(1+2) 
l+2 " (1— 2} 
and § ree to equivalent fractions having the lowest 
sr 


Illustrative Example. Reduce 


common denominator. 


Process. 

2(1—a)_ 2(1—2) Cute eae 2(1—-2)? 
l+« (1l+a)(1—2x)? (l+2)(lL—2) 

1 Gt Ue a 5 Nea ORC ey 3a 

(1— 2’)? (1+)? (Ll—ax)" (l+a)(1—2x) 

Cay. tle) Puawe ye (l+2)% 


(l—a)y (+a) (1—ay (142) (1—a) 


EXAMPLES. 


Reduce the following to equivalent fractions having 
the lowest common denominator : “|g 
yey | | 
* Qe2y’ Gy2z’ 2x2? on 4arye 4 
3 4a 5a2 rah sth. 


c—a EET Ga (x—ay> 


b 


a 
(a+-6)b i (a—b)a 


i 


1 


Ng nie east 2a 
" a y—a2) y(at+y) sara eee 


8 
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" a 3b be 
. tg? dade ee 
P De ia 2 , 1423 
[Cet Hoe ne 
7 x— 3 e— 2 ii lneoan 
a — 3x2’ 2? — 4x3’ 2% — 5a+ 6 
. cry L+z 
' (a—y) (2—2)' (y—*) (a—z) 


Pee ee 
(x—y)(2#—y): 


ADDITION AND SUBTRACTION OF FRACTIONS. 


124. It was proven in division that dividing all the 
terms of a quantity, divides the quantity. It is evi- 
dent from this principle that when several fractions 
having a common denominator are to be added, this 
denominator may be written under each numerator or 
under their algebraic sum. 


This clearly leads to the following 


RULE. 


Reduce the fractions to equivalent fractions having the 
lowest common denominator; find the algebraic sum of the 
numerators of these fractions and write the result over the 
common denominator. 


In subtraction of fractions, the sign of the subtra- 
hend must be changed; otherwise the process is the 
same as in addition. 


FRACTIONS. Lt5 
Remarks. “* 


1, The principle, that any two of the signs of a frac- 
tion can be changed without altering the value of the 
fraction, can be used to advantage in many of the ex- 
amples in addition and subtraction. In general, this 
principle is helpful in most of the operations in which 
fractions are involved. 


2. It is worthy of notice that the sign of an even 
number of factors of either numerator or denominator 
can be changed without altering the value of the 
fraction. 


Thus, in adding 
ab d DC 
(a—b) (e—d)"" (6—a) (d—c)’ 
signs of the two factors of either denominator will 
make the denominators the same. In applying this 
principle, it is better to arrange the letters, when pos- 
sible, in alphabetical order, as, 
5c = dC 
(6—a)(d—c)~ (a—b) (c—d) 

3. The work of addition can often be shortened by 
combining such of the quantities as can be readily 
united, and then adding, ina similar way, these results 
and the remaining quantities. 


a change in the 


4. In the addition of mixed quantities, the integral 
and fractional parts can be added separately ; or the 
mixed quantities can be first reduced to the fractional 
form and then added. 


5. The final result should be reduced to its simplest 
form. 


ee senver nn cetmnane emanate 
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Illustrative Example. 
> nl; 1 : Geos San eo 
Simplify 7—,.1 7—a! a — 1le+28 
2(x+ 12) 18 —2 
e2 — 16 oz — 3a — 28. 


Adding the first and second terms we have: 
1 4 eS 71—2x 
S23 %—2 (4-—2)11-—2) 


oe 4—2 coe 11— 2 
"(4—2) (7—2) ~ (4—2) (7—2@) 


Adding this result and the third term we have: 


-- 
lie: ie f vai 
(4—2) (7 —x) (z—4) (@—7) A Ba 
FT «2 \ 
bo — 29 Re “Ce 
a —Mat28 jj (*—4)(x—7) a 
3a — 18 


Adding = (a— 4) (a—7) 
Combining this result with the remaining two terms 
we bave: 


s 
¥ 


3a — 18 a 32 — 6a — 72 
(a —4) (a—7) © (x1—4) (u—7) (@ +4)’ 
2(-+12) _ | 
Se ee 
Q(a+12) | 2at+102—168 
(a—4)(a+4) — (a— 4) (w@—7) (@+4) 
18— x St 


~~ 92 3 — 13> 
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c—18 — 22x+-72 
(@ —7) (@+4) = Gone nee 
i 6x22 — 18% — 168 
ints = (@—D@—7 (244) 
6(a2 — 3a — 28) 
— (@—4) (@—T) (@t4) 
6(a—7) (w+4) 6 


S (ud) (= Ch) (ek) 4 Ans. 


EXAMPLES, 


Simplify the following: 


ai 


a+1 7 el | 
ee 


38—2b, 5— 7b, 8— 2% 
em 
ae By Baty | ba — by 
‘2 a—y) '3(@—y)' 6(a—y) 


~ 

= 
2 
| 
or 


~ (a—6) (a—5) 
2 1 te he 
fy Ge RY RR Ce a A 
12, 3 SES ee 
"(a+1)(a+2) (a+2)(a+3) 
2 “9. 
(axayd ree 


14. ( sy) — (+94 5). | 


1—a2 I1+2 5x x 
1h: Seer 
: i+-2 Bie, BET Ra 1+2? 


Lk 


13. 


16. See a 
av + Bay + 27 7 x? + day + 3y" 
bc ‘ ac 17. b +e c ae a 


(a—b)(a—e) + (b6—c) a8) 


a -— 5 . Ba 


o (aah) eee *@ +1) (=a) 


2(1— 8a): 


a (1-2) (14+ 92) = 


20. 
21. 
22. 
23. 


24. 


26. 
27. 


28. 


29. 


30. 
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3 (+.-s) | 
4 (sep teen): 


Pos ie 


1 x—l 1 1 
ateteqi— (e+ Cease 


x a? Be 9x? + 8a — 10 
2s. ee. ee Ag? — 1lxz— 30 


oe boas: 


@—o \e—b b+2 P—2 


. Bax — by — — = 


i? 
© b 
S70 + Shee .)- 
( + 3by° + ae by’ 
From SOS Ls toon subtract aa 
x? + 14x + 48 oe? + 13x + 42 
From subtract —” + aes 
1— l+3a 1—JVa 
From : , subtract abo aa Lanta * 
ey (aty? (@—y) 


From « + y— ~ subtract 3x — 2y 
ay 


ey 


’ 2 
From (m + ny subtract 1. 
4mn 
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MULTIPLICATION OF FRACTIONS. 


125. To multiply a quantity by 6 and divide the 
result by 2, is the same as to multiply the quantity by 


6 ; : : 
5 or 3; or, using letters, to multiply any quantity, as 


the fraction > by mand then to divide the result by n, 


is equivalent to multiplying the fraction by the quotient 
m But we can multiply a fraction by multiplying 
n 


its numerator (Prin. I.) and divide a fraction by mul- 
tiplying its denominator (Prin. Lin): 


a mam 

Hence 3% Seay 

The same result is neatly obtained thus, 
a 
b 


Factors common to the numerator and denomina- 
tor can evidently be cancelled, without affecting the 
value of the product. 


m am 
x —- =ab X mn = amb "n=: 
n bn 


Hence the 
RULE. 


Indicate the multiplication and cancel all factors common 
to the numerator and denominator of the indicated product; 
multiply together the remaining factors of the numerator for 
a new numerator and the remaining factors of the denomina- 
tor for a new denominator. ; 
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Remarks. 


1. In the use of cancellation, the student should al- 
ways have in mind the principle upon which it is based. 
He will thus avoid errors and save himself much use- 
less lubor. 


2. It is of the utmost importance that all common 
factors of the numerator and denominator be cancelled 
before performing the multiplication. To insure this, 
it is better, in difficult examples, to write the terms of 
the given fractions in their factored form. 


3. Polynomials containing fractional terms are 
sometimes, without any change of form, multiplied 
together under the general rule for the multiplication 
of polynomials. 

A. Unless treated as stated in (3), entire and mixed 
quantities must be reduced to the fractional form be- 
fore multiplication. 

Illustrative Examples. 


. ; a toet+l1 (x + 2)? — 92? 
Multiply together 7 Se gem eres. a 


e—xe+1 3 

po OE 

e@tatl (242)?— 9? 2—a2+1 3 

eo ae Ge 
ea 


ee +t) (BT) (ERE +t) 
9 eswrind atl no Mel fe soc ea 
emt Seth 1 4, 


\@— liga e+4 at' 
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1 1 1 1 
Multiply together a ++ . +1 and orgs Bo 


1 1 
atgtt 
1 1 
eid te 
x” a 
] 1 1 
xt t g3 Tt 3 
1 1 1 
ot gt 
1 1 1 
ae fea em 3 
i 1 
oct rer +1 Ans 


EXAMPLES. 


Multiply together the following: 


Sax” q 4a?y? 


- 6ay® 10x3z ° 


3mn? = 8 pa? q 15q7y 
Qnq?’ Imy? oe 4n?p> 


2x7 — x 3 
and : 
6 Quy —y 
a? — 2ab+ B? 3 
Tae 


o—Y a? — y? 
Ot wy yer 


10. 


Li: 


12. 


13. 
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9—2 9—2 


3+” Be+2 und 1 + 33 
a? + 3x x’— 16 F ert x 
a Se et a ee ee ee 
16 yt+2 
ree ee ee 
a? —a—2 a?—4a—21 4 a? —4a 
‘q@—a—l2’ a&—Ta—8 at ate Sn 
e—c ac — 2c ac— @ 
and ¢c —a— ; 


@—3act+ 2c’ a+ ac 
ne? — 2mn +r—p m— 2pm +p—n 
m? + 2mn + ve — pp m? + 2pm + p? —n? 

es +n ae), 


sco TREE GRA 


and 


1 1 
a?+a+1 and a ——+4+1. 


a 
b a d c b a 
c d 
ee 
co 
a gO ab. ato 


15. 


16. 


Mts 


9 — a? — U? + 2ab 9 — q? — 6? — 2ab 
ere Oe 


Dea Oo 4a” a d+a 
Pa ee Be Ba 


124 . 
2a + y 
18. x ty 1 
ee he 
Yz Lz xY 
er 
20. y “i = -+- 
a em 
126. pe 
b nu 


am =m 
consequently Si 
nee 


am en 
but 


bn“*m 


or dividend X inverted 
Hence the 


a? — 9? 
e+ yp 
= and | tk 
eos ee cty+e 
det ee 
an : : 4 = 


a 


rat us 


divisor = quotient. 


RULE. 


To divide one fraction by another, invert the divisor and 
proceed as in multiplication. 


Remarks. 


1. The divisor must be reduced to a single, simple 


fraction before inversion. 


2. In general, the dividend is also thus reduced ; if 
not, it is treated as a polynomial and each of its 


FRACTIONS. 125 


terms multiplied by the fractional divisor, inverted. 


3. In certain examples the rule for the division of 
one polynomial by another is employed; the rule for 
the division of fractions being used, in determining the 
successive terms of the quotient. 


Illustrative Examples. 


Di Lie I g by” b 3 SY 

i; iviae 9 + ey y — ey > 

94 by” oe by See, eer Be ae 
xn — y” Smee seam oe 


90? —4y? x—y  (du—2y) (3x + 2y) 
e—y “BetQy (@+y) (@—y) 


c—y  du—Dy 


* Sn Fey ety 


1 l 
2. Divide #* +4 + 2 by « ce 


EXAMPLES. 


1. Divide bab b Dotoieliat 
ony ° 1xty® 


Nts 


2 
. Divide ~ le by et 3 


3 
. Divide a + — 
2 

ivide co we 

ivide - oT ig 2 ams 

Avie so = 
lvl es 

Pieter! 1 i 

x x 


. Divide 
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5 


'Disitec fe 8 eee 


ee —Qey+y? ~ x—y 


. Divide Siem y EW cine’ : 
a? + 2a—15 ao —— 24 5 
Divide v3 — 2x h ei — Tx + 10 


e+ 8a"+ 15 e+ 5e+6— 


. Divide 4a2__ 3¥? bynes 
2a a 


7 a 1 1 

53 

5a —30 a aa =H 

a+b eis 
1 


“+ (m+n)a2-+ mn se 
a+ (m+ p)ae+ pm y a — p 


1 1 
- @ 3 satas ey 
. Divide x + 3 by x + = 


, Divide = Ye 


xn — y? — 2 + Qyz ety—z 


 Byivide a? + 6? — 7? — g? + 2ah — Qed h 


a? Tee 2ac — 26d 
a+ b—c—d 
a—b +e—ad 
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4abh 


15. Divide 1 + Pe OE pele ee 


by 


i 3 —— Oe 
ee 
a— b—c 


ie sieges A 1), og? 
16. Die yt yt ae 


COMPLEX FRACTIONS. 


127. A complex fraction muy be regarded as the 
indicated division of one fraction by another. It can 
be simplified by performing the division. 


Remarks. 


1. The dividing line of a complex fraction must be 
indicated with great care. An error in the choice of 
this line will change the value of the expression 
entirely, since it will change both numerator and 
denominator of the complex fraction. 


a+b: a+td 
The expressions ¢ +d and c+d, for instance, 
m+ i m+n 


are entirely different in value. 


2. After reducing the numerator and denominator 
of a complex fraction, each, to a single, simple frac- 
tion, it is well to invert the denominator (divisor ) 
and wrile the example as an example in multiplica- 
tion. If either the numerator or denominator is an 
entire quantity, it should be written in the fractional 
form. 
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b+e am+b+e 


a 
eos = m 7D 
m+n m + 7 
1 


am+b +e 1 


mL m+ ne 


3. Complex fractions cin often be advantageously 
reduced to simple ones by multiplying both terms by 
the lowest common multiple of their denominators. 

Thus, in the example given below, if we multiply 
both terms of the complex fraction by (c + d) (e — d) 
we will have: 


c—d 
—— 3 9 ; 7 \2 
cau. e+ es) a simple fraction 


etd @—di+(ce+d) 
pace eee 


Et 


which can then be reduced to its simplest form. 


EXAMPLES. 
Simplify the following: 


Rs 
1. «+6+—- 


s-— o 
: 4) 
e+ ear 
se x 
9 alam 
_& 
Ct ¥ 


FRACTIONS, 
at-2 a—zx 
b+y + b—y 
are a— x 
b—y  b6+y 
1 
1 
a+ 
1 
es alps 
ats a—od 
a3 a+3 
a+a4 a—s 
sh. . a3 
ye, =i LS 
l+z2 
i 
ars 1 
1 oO(abcta+c) 
at 1 
gaa 
2x 2«x—l1 
3 


129 
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GDC-9 
10, \@' a le a 


Se 
: ata 
a2 + 72 2u (ny — x? ek 
il Peer reer mar “—y 
L— ¥ 
(a? —y2) (202 — 2ny) 
cz, 4(x—y)? 
xY 
Be ame 
ab ac 
13. g2+(a+6) «+ab e+(a+c) x«+ac 


b—c- 
e+(b+eatbe , 


When any term of a fraction contains a negative 
exponent, the fraction may be regarded ag complex. 


EXAMPLES. 


Free the following from negative exponents: 


ey s Poe entary? + ent 


mnte my? 


1— 2xy (e+ y)~ 


2. 
1+ 2xy (x—y)™ 
a eat 


i+(i+e¢7)y1 
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CHAPTER IX. 


SIMPLE EQUATIONS. 
GENERAL DEFINITIONS. 


128. The symbols in an algebraic expression may 
be regarded as having any value. If the symbols in 
two expressions be given such values as. to make the 
value of the expressions themselves the same, the two 
expressions may be placed equal to each other and an 
equation be thus formed. . 

An equation, then, is the symbolic statement that 
two algebraic expressions are equal. 

Thus, x + 3a = 5+ 3 is an equation. 


129. The equal expressions are called the members 
of the equation. The expression to the left of the 
sign of equality is the first member. The expression 
to the right of the sign of equality is the second 
member. 

In the equation given above, «+ 3a is the first 
member and 5+ 2 is the second member. 


130. In certain equations values, entirely independ- 
ent of one another, can be assigned to the several 
symbols without destroying the equality. 

Thus, in the equation (a+06) (a—b)= a2 — 12, 
any values may be given a and 0 and the equation re- 
main true. The members of such equations can by 
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reduction, be made identical. The equation is there- 
fore called an édentical equation or an identity. 


An identity is then an equation which is necessarily 
true, that is, true for all values of the quantities in- 
volved. 

In an identity the sign =, read identically equal 
to, is often employed in the place of the usual sign of 
equality. 


131. The symbols in most equations, however, are 
not independent of one another. A relation exists 
between them which is expressed by the form of the 
equation. 3 

Thus, a+6=c expresses algebraically the fact 
that the quantities a, b and c are so related that the 
sum of the first two equals the third, the value of one 
being thus determined by its relation to the other 
two. 

In general, ull the symbols except one ina single 
equation may have independent values assigned them. 
The value of this one must obviously be such that 
when substituted with the other values in the equation 
the equality will be preserved. This quantity is there- 
fore dependent upon the others; its value is condi- 
tional upon theirs and the equation is called an equa- 
tion of condilion. Hence, 


An equation of condition is an equation in which 
the value of one of the quantities involved is condi- 
tioned upon the values of the others; it is then only 
conditionally true. 

Hereafter equation will be taken to mean an equa- 
tion of condition, 
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132. Both known and unknown quantities appear 
in an equation. 


Ffnown quantities are represented by figures, or let- 
ters whose values are assumed as given. 


133. A numerical equation is one in which the 
known quantities are represented solely by figures. 


134. A literal equation is one in which the known 
quantities are represented by letters or by letters and 
figures. 


135. The unknown quantities of an equation are 
the quantities whose values are to be determined. 
They are generally represented by the last letters of the 
alphabet. This, however, is not at all necessary and 
the student should accustom himself to the idea that 
an unknown quantity may be represented by any 
letter. 


136. The degree of an equation is determined 
by the greatest number of unknown prime factors 
occurring in any one term after the equation has been 
reduced to such form that no unknown quantity ap- 
pears in the denominator of any term and the expo- 
nents of all unknown quantities are positive integers. 


Thus, Si PDS! va = 10xy is an equation of 
ac 


the third degree since the greatest number of unknown 
prime factors in any one term is three. 


1$7. A simple equation, is an equation of the first 
degree; an equation of the second degree is called a 
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quadratic equation ; an equation of the third degree 
is called a enbic equation. 


138. Since it is obvious from the nature of an 
equation that independent values may be assigned to 
all its symbols except one, and that this one must have 
a particular value, it follows: 


1. That every equation must contain at least one 
unknown quantity. 


2. That one equation is sufficient to determine the 
value of one unknown quantity only. 


3. That if an equation contains more than one un- 
known quantity, other conditions than those expressed 
by the equation must be given before the unknown 
quantities can be determined. 

It will be found hereafter that these other condi- 
tions are expressed by equations, there being in each 
case as many equations as there are unknown quan- 
tities. 


SOLUTION OF SIMPLE EQUATIONS WITH ONE UNKNOWN 
QUANTITY. 


139. To solve an equation which involves one un- 
known quantity is to find a value of the unknown 
quantity that will satisfy it. 

A value of the unknown quantity is said to satisfy 
an equation when the members of the equation, after 
the value of the unknown quantity has been sub- 
stituted, can be reduced to identical expressions. 

To verify or test a value of the unknown quantity 
is to find whether the value satisfies the equation. 


136 ALGEBRA. 


The value of the unknown quantity must fe ex- 
pressed in terms of the known quantities, that is, it 
must be an expression containing known quantities 
only. 

The value of the unknown quantity is called the 
root of the equation. 


140. Axioms. The following axioms are used in 
the solution of equations: 


1. If the same or equals be added to equals the 
sums will be equal. 


2. If the same or equals be subtracted from equals 
the remainders will be equal. 


3. If equals be multiplied by the same or equals 
the products will be equal. 


4. If equals be divided by the same or equals 
(when the divisors are not zero) the quotients will be 
equal. 


5. Like powers or like roots of equal quantities are 
equal. ; 
The application of these axioms to the equal mem- 
bers of an equation is obvious. There is danger, 
bowever, that their employment in the solution of 
equations will come to be regarded as mere mechan- 
ical devices. This should be avoided. Through the 
mechanism, the axioms should always be clearly seen. 
They will thus serve as guides pointing the way to 
correct results. 


141. In solving a simple equation the aim is to 
reduce the equation to the form 


o=A 
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that is, to an equation whose first member is the un- 
known quantity and whose second member is composed 
of known symbols. 

To effect this reduction, it is necessary, in gen- 
eral, to perform the following operations: 


1. To transpose terms. 
2. To clear of fractions. . 


: 38. To make the coefficient of the unknown quentity. 
unity. 


142. These operations are based upon the following 
principles which in turn rest upon the axioms given: 


Principle I. To transpose a term from one member of 
an equation to the other, add the term with a contrary sign to 
both members; or, what is equivalent, transfer the term and 
change its sign. | 


Thus, transpose a and — 0 in the equation a + « — 
b=c. Adding —aand +5) to each member which 
is the same as to subtract a and add 0, (axioms 1 and 
2) we havex=c—a+b. 


The same result is obtained by transferring a and 
— from the first to the second member and chang- 
ing the sign of each of these terms. Hence the prin- 
ciple. 

Since all the terms of an equation can be trans- 
posed, it follows as a corollary of this principle, that 
the signs of all the terms of an equation can be 
changed at any time. 


The same result is reached by multiplying both 
members of the equation hy —1, 
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Principle II. To clear an equation of fractions multiply 
each member by the L. OC. M. of the denominators of the 
fractional terms. 


Thus, clear of fractions = + 5 ss -= . 
Multiplying each member by 12, 
the L. C. M. of the denominators, 

we have (axiom 3) 9x + 6a + 2c=d 


Principle III. To make the coefficient of the unknown 
quantity unity, divide both members of the equation by the 
coefficient of the unknown quantity. 

Thus, make the coefficient of « unity in the equa- 
tion(a+b)x=c. 

Dividing both members by a + b, we have (axiom 4) 
oe. 

Ses 

By the aid of the foregoing principles, and the 
performance of indicated operations whenever con- 
venient, all simple equations containing one unknown 
quantity may be reduced to the desired form: 


x 


ed} 


in which the value of the unknown quantity is made 
manifest. 

We may take then the following as the general rule 
for solving any simple equation with one unknown 
quantity. 


RULE. 


1. Reduce each term to its simplest form; cancel fuctors 
common to the two members, when readily discernible and 
composed of known quantities only; collect terms whenever 
convenient. 
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2. Clear the equation of fractions. 


3. Transpose the unknown terms to the first member of 
the equation, and the known terms to the second member. 

4. After reducing each member to its simplest form, 
resolve the first member, or conceive it to be resolved, into 
two factors, one of which shall be the unknown quantity. 

5. Divide both members of the equation by the coefficient of 
the unknown quantity, and reduce the result to its simplest 
form. 

It will be found convenient in many examples to 
vary the order given in the general rule. Other steps 
than those mentioned can sometimes be taken to 
advantage. The student must always bear in mind 
the ullimate purpose of his work and direct all bis 
thought to such application of algebraic principles as 
will secure the desired result by the shortest and most 
elegant method. 

The illustrative examples and remarks on particular 
processes should be studied with care before the 
general examples are taken up. Both should be care- 
fully reviewed after some experience has been gained 
in the solution of examples. 


143. Illustrative Examples. 


es pote 
1. Solve the equation esr saci 
3 7 
__ 2e¢—5_ 8x 
es PL 


Placing the denominator 7 under each term of the 
second numerator, we have, 

2 SA a Se ae 
(4) se on — 4 21 
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Collecting terms and partially clearing of fractions 
by multiplying by 21 


35 16 21 (2a—5) _ g 
(3) 2% — 39 + 6a — Nee esr edie... 
Cancelling terms and dividing by —7, 


62—-15 | 
(S$) 8 + eee a 
Clearing of fractions, 
(5) 15e—20+ 64—15=0 
Transposing terms, 
(6) 2Zle=—d5 


2. Solve the equation 1 1 
2(x—a) 38(x+a) 
EP Oe as 
 6(@ 402) at—at 
1 1 x+ 5a a 


(1) Z(x—a) 3(a+a) 6(e#+a?) at — at 
Adding the first two terms, 
2 -+ da Eee 
4) 6(— a?) 6(2i' 407) 2 —a* 
Clearing of fractions, 
(3) (% + 5a)(a2? 4+ a?) — (a + 5a) (a — a?) = 63. 
Collecting the coefficients of (a + 5a), 
(4) 2a? («1+ 5a) = 6a3. 
Dividing by 2a?, 
(9) «+ 5a = da. 
(6) «x«=—2a. 
3x—8 %w—11 
ik a eee 
du—22 4x%—38 
e—4 7 Go 


3. Solve the equation 
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ox — 8 2e—11l  dx— 22 47 — 38 
(1) a Lo ee ro. 


Dividing each numerator by its denominator, 
4) D ) = 5 2 
OW 
ee 
“e—9 


Removing parentheses and cancelling same quanti- 


ties in both members, 


5 : 2 Q 
OQ) gre ge a 


x gy — DB 2 noe he 


Adding fractions in each member of the equation, 
10 - e 10 
(4) Goi) @—3) (@—4) (@—9) 


Dividing by 10 and clearing of fractions, 


(5) 2 — 130 + 36 = 2? — 4c 4+ 3. 


Transposing and collecting terms, 
(6) —9x = —38a. 


Remarks on Examples. 


1. Two methods of dealing with the negative appa- 
rent. sign of a fraction have been already explained 
(7122). These methods, together with the princi- 
ples upon which they are based, should be carefully 
recalled to mind. 


2. No neat artifice for shortening the solution of an 
equation should be overlooked. The following are 
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the principal devices employed, each of which is ex- 
emplified in the illustrative examples: 

(a) Cancelling, during the progress of the work, 
factors common to the two members of the equation. 

(b) Uniting terms before clearing of fractions, 
providing the terms can be readily united. 

(c) Clearing the equation of fractions by succes- 
sive steps, clearing it of the simpler denominators 
first, and collecting the integral terms when possible. 

(d) Indicating the multiplication whenever there 
is a probability of this step leading to the discovery 
of a factor common to the two members of the equa- 
tion. 

(e) Writing the denominator of a fraction under 
each term of the numerator before collecting terms. 

(f) Reducing the fractions to their lowest terms or 
to mixed quantities. 


3. An equation which appears to be of a higher 
degree than the first, is sometimes reducible to the 
first degree through simplifying the terms of the equa- 
tion or by the elimination of the terms of higher degree 
during the process of reduction. 


4. The successful student must learn to distinguish 
known from unknown quantities, discern and apply 
principles and employ concise methods of operation 
under different and confusing conditions. It is in 
part for this reason that examples are introduced in 
which the unknown quantities are represented by other 
than the last letters of the alphabet. These examples 
also prepare the way for similar work to be hereafter 
required of the student. 
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5. In preparing work for explanation in the class 
room, the student should obey implicitly the following 
directions : 

(a) Number each equation. 

(b) Avoid the common error of connecting by the 
sign of equality expressions that are unequal. 

(c) Arrange the equations neatly, in order, with 
the work sufficiently elaborated so that the steps taken 
can be readily understood. 

(d) Consider carefully the statement to he made of 
the steps taken in passing from one equation to another, 
and determine from their importance the equations to 
be read in full, and those which need to be referred to 
by number only or perhaps omitted entirely in the 
explanation. 


- EXAMPLES, 
L, eee a find x. 
Pg eg find x. 


3. 1— (wx— 3)? +5 (44+ 4) = 26—-2 [5— 
(2—2x)]; find 2. 


5 2e—(4—Tx) « «| nae 
b 2 8 g——— E—) Fy (G4), 
find x. 


et Ga) 


¢ d 
(;—1) («—)= 0; find x; 
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x+l 
6 1 reuse 3— 2 
pee paet Syesan 5 find x 
Bee eee ee 
eta —b 


8. 6 (2a — 3] (3a— 3) = de ete 


1 2x 
3 (104 — Ser) (a— =) find «x. 


pa? + ne a8 — 3, 
o. ee eas) = 1; find av. 


10. 4a — [38a — 4 $10 — 2a — (5 — 6a — 15) ] 


= 11; find a. 
2% + 53 1—liz_ ,, 15 + 9x 
i. eee eae ' = OE ee 
find x. 
12 : ae find 
2 : 3 ars. nd w, 
a : 
of 6+2 
2 oe 1 RON Se ae 
13. Bed Pee eter eo 
Bee: 
14. atin te ee 


x? + (in — p)x&—mp 


15. 


16. 


17. 


18. 


19. 


20. 
21. 
22. 


23. 
24, 


25. 


SIMPLE EQUATIONS. 145 


3(a—5) 
re 4 x—3 


SAAC 


8 f 


=a+l 

| 2(x + 16) 

Sie = oe 
6 


8x 


; find x. 


1 1 
@—4)@—8)  @— a) Gee) = 
1 


(¢—x) (d—x) a5 (a—a)(x—d)? find x. 
[1—(1 +27-1)41]-1 = 1; find z. 


b—m _b—m—1 b—m—2 
b6—m—1 6—m—27 §'—m—3 


b—m—3 
Tf mae find d. 


1 1 
5ax-+5ac 46x —4be q? — 2? find x. 


Solve 19 for a, when 6, c, and’ are known. 
Solve 19 for 6, when a, c, and x are known. 


Solve 19 for c, when a, 5, and x are known. 


D _ 2m 2 Gnd 
m(m+ax)? x Sate a 
m> — max? 


ax + (aa — ba!) (6 —a)1 = bo — 
a1 (a—b)—a-; find x. 


m__ 4(2m—3)—2(4m—2) _ 
5 t(m—4) 


a@ 


2 ( m? 3 me 
5 tara ae es 


10 


72 — 29a 
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CHAPTER X. 


PROBLEMS LEADING TO SIMPLE EQUA- 
TIONS OF ONE UNKNOWN QUANTITY. 


144. In a problem the relation of the unknown to 
the known quantities is expressed in ordinary lan- 
guage. The student is asked to express this relation 
in algebraic equations and by their solution determine 
the value of the unknown quantities. 


145. The unknown quantities in a problem are the 
coefficients of the given units. Thus it is the number 
of books, the number of days, the number of dollars, 
the number of some given unit, that is required. The 
algebraic symbolism employed in the solution pertains 
to the abstract coefficients. The operations upon 
these symbols are operations upon abstract quantities. 
The result is an abstract number. It is, however, the 
coefficient of a given unit and must be joined to that 
unit in order to be rightly interpreted. The inter- 
preted result is the ascertained coefficient times the 
given unit. 


146. To solve a problem is to find the value of the 
unknown quantity involved. The solution naturally 
separates itself into three steps: 


I, Symbolizing the quantities dealt with. 
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II. Expressing the given relations between the 
known and unknown quantities in terms of 
equations. 


III. Solving the equations. 


In the problems considered in this chapter only one 
of thé quantities involved is unknown, or if there are 
more than one, they are so related as to permit of 
their being readily expressed in terms of some one 
unknown quantity. 


147. I. Expressing the quantities by symbols. 
After a thorough study of the relation of the quanti- 
ties to each other, the student should choose as the 
fundamental or independent unknown quantity such 
one as stands in the simplest relation to the others to 
be considered. It is sometimes advisable to choose 
as this quantity one not directly mentioned in the 
problem, but one which is so related to each of those 
to be treated as to permit their values to be readily 
expressed in terms of this basal quantity. This quan~ 
tity is generally represented by one of the last letters 
of the alphabet, as 2. 

The following examples give the student practice in 
choosing this basal quantity, and in deriving from it 
expressions for the quantities whose relation to it are 
known. 


EXAMPLES. 


1. The wheel of a carriage has a circumference of 
5 feet. How many revolutions will it make in going 
a certain number of rods? 


Let « = the number of rods passed over. 
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163% = the number of feet passed over. 


163x% 33x 
== Jo = the number of revolutions in going 
a rods. 


2. A farmer paid $300 for a certain number of 
cows; he sold them for $5 apiece more than he gave; 
what was the selling price? 


Let « = the number of cows, 


cana a number of dollars paid for one cow, 

2 

300 ae ; ‘ 

——+ 5 = number of dollars in the selling price 
a 


of a cow. 


3. A certain room is square; another is a feet 
Jonger and 6 feet narrower; what would express the 
difference in the areas of the two rooms? 


Let « = the number of feet in the side of the square 
room. 


a? = the number of square feet in the area of the 
square room. 


« + a = the number of feet in the length of second 
room. 


*«—6 =the number of feet in the width of the 
second room. 


a” + (a—b) x — ab = number of square feet in the 
area of second room. 


(a —b) x —ab = difference in area of the two 
rooms. 
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4. A man walks the distance between A and B at 
a fixed rate, in 5 hours. Find expressions for the dis- 
tance and rate. 


5. What must be added to any number to make p? 


6. Find an expression for the rate at which a man 
will walk if he goes 20 miles in a certain number of 
hours. 

7. I spent a number of dimes and 3 times as many 
quarters. How many cents have I left out of $4. 


8. A boy spent m dollars more than half his money 
for a cap and then two-thirds of the remainder for a 
book. Find an expression for the amount of money 
he had left. 


9. I loined $75 at a certain rate per cent. What 
was the interest at the end of 4 years and 6 months? 


10. I have n dollars which I divide among a certain 
number of people. If I divided m more dollars among 
a less people, what would each receive? 


11. Find an expression for the area of 1 room which, 
if it were 2 feet shorter and 3 feet wider, would be 
square. 

12. A crew rows at 3 times the rate of the stream. 
How long will it take to row 20 miles up stream ? 


13. Write an expression for a number whose digits 
increase by 1 from left to right. 


14. Two men doa piece of work inc days. Find 
expressions for the part of the work done by each in 
1 day. 
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15. If it takes m pieces of a certain kind of money 
to make a dollar, find an expression for the value of 
a fixed number of these pieces. 


16. The minute hand and hour hand of a clock are 
together. Find expressions for the distances passed 
over by each hand at a certain time. 


17. One man walks a certain distance in 12 minutes, 
another in 10 minutes. How many rods does one gain 
over the other in 1 hour? 


18. Two gamblers A and B have equal amounts. 
A wins from B the 4th part of his money and then 
B gains from A the +th part of what he then has. 
Find expressions for what each has in the end. 


148. Il. Formation of the equation. The con- 
ditions given in the problem wilf always enable the 
student to build up two algebraic expressions for the 
same or equal things, which expressions united by the 
sign of equality will give the equation desired. In 
many problems the student has a choice as to what 
particular thing or what particular pair of equal things, 
among those given, he will use in forming the equation. 
To decide upon the quantities available, make the 
choice mentioned, and deduce correct expressions for 
the members of the equation, often demands of the 
student a high degree of patience, courage, ingenuity, 
and good judgment. Success requires a thorough 
knowledge of the quantities to be handled and their 
relation to each other. The equation must be thought 
out, not built up mechanically. 

The following problems will illustrate the necessity 
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of choosing at the beginning of the solution, the par- 
ticular thing or pair of equal things, which expressed 
symbolically shall constitute the members of the equa- 
tion; they also show that different things or different 
pairs of equal things, may be chosen and thus the 
same problem lead to several equations, any one of 
which, when solved, will give the correct answer to 
the problem. 


Illustrative problems. 


1. A man traveling has 50 minutes to wait for a 
train. How many blocks may he walk at the rate of 
30 blocks in an hour in order to return by a street 
car which goes 4 times as fast, allowing 10 minutes to 
wait for a car? 

If the members of the equation represent the time 
spent in walking and riding the following will be the 
solution of the problem: 


Let «=the number of blocks he can walk. 
=the number of minutes required to walk 
1 block. 
2x =the number of minutes required to walk 
x blocks. 
+ =the number of minutes required to ride 1 
block. 
5 = the number of minutes required to ride x 
blocks. 
2x + =the number of minutes spent in riding and 
walking. 
40 = the number of minutes spent in riding and 
walking. 
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(1) 2x + 4% = 40 
(2) 5a = 80 
(3) © = 16 


If the distance he walked and the equal distance he 
rode are fixed upon as the members, the solution will 
be as follows: 


Let «=the number of hours spent walking. 
20x = the number of blocks walked. 
3 — x= the number of hours spent riding. 
$—z2x) 120=the rumber of blocks he rides. 
(1) 80x =(}—~2) 120 
(2) 30x = 80 — 120x 
(3) 150x = 80 
(4) x= 5 
30% = 16, the number of blocks walked. 


2. Divide 84 into two such parts that the greater 
divided by the less will give 2 as a quotient and 12 
as a remainder. 

To this problem tuere are three solutions accord- 
ing as the members of the different equations repre- 
sent different quantities. 


1. Each member represents the greater part divided 
by the less. 


2. Each member represents the greater part. 
3. Each member represents the entire number. 


1. Let « =the lesser part. 
84 — x = the greater part. 
84— «x 


= result of greater divided by the less. 
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12 
2+— = result of the greater divided by the 


2. Let « = the lesser part. 
84 — x = the greater part. 
Divisor times quotient plus remainder equals divi- 
dend, therefore 
2x + 12 = the greater part. 
84— x = 2x+4+12. 


3. Let x = the lesser part. 
Then as above 2x + 12 = the greater part, 
3a + 12 =the number, 
, 84= the number, 
oa + 12 = 84. 


149. III. Solving the equation. This is done in 
accordance with the rules already explained. 


150. Remarks. 


1. While the solution of a problem is divided into 
parts, the problem should at first be studied as a 
whole. A clear perception of the quantities to be 
used in the solution and their relation to one another 
is necessary to a wise choice of the basal unknown 
quantity, but the quantities to be thus used cannot be 
fully decided upon until the question as to what the 
members of the equation shall represent has received 
consideration. Thus the student must have thought 
his way through to a mental mastery of the problem 
before taking up the first step in its written solution. 
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2. The student in his work should look forward to 
an equation which he can analyze. Simplicity in form 
should be sacrificed to simplicity in logical construction. 
The student should never be satisfied with an equation 
which he cannot explain. 


3. Quantities of the same kind in an equation 
should be expressed in terms of the same unit. Dis- 
tance for instance may be expressed in terms of feet, 
yards or miles, but only one unit should be used. 


4. It is an excellent practice for the student to test 
the answer, obtained, by noting whether it will satisfy 
the conditions of the problem. The answer is, of 
course, simply the discovered value of the unknown 
quantity in the problem. If the same operations are. 
performed upon the symbol representing this unknown 
quantity as are performed upon the answer in verify- 
ing it, the equation from which the answer is derived 
will be produced. This is in fact one of the desirable 
ways of forming such equation. 


-151. Additional illustrative examples. 


1. A farmer sold a cow for a certain sum, a sheep 
for } as much as the cow, and a horse for 4 times what 
he received for both the cow and the sheep. He 
received in all $160. For how much was each sold? 


Let « =the number of dollars received for a cow, 
then } x = the number of dollars received for a sheep. 
42 =the number of dollars received for a cow 

and a sheep. 
16*=the number of dollars received for a horse. 


wah 5 
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(1) 282 = 160, 
(2) 20x = 480. 


(3) a= 24, 
bo = 8. 
1§* = 128 


2. Two men and a boy can do a piece of work in 
5 days. One man does twice as much in a day as the 
boy and the other three times as much. In how many 
days can the boy alone do the work? 


Let « = the number of days in which the boy alone 

can do the work. 
then 3 =part of the work which the boy does in one 
day. 

2= part of the work which one man does in 
one day. 

3% = part of the work which the other man does 
in one day. 

&= part of the work which two men and the 
boy do in one day. 

+= part of the work which two mei and the 


boy do in one day. 


(1) $=. 
(2) «= 30. 


PROBLEMS. 


1. Divide 72 into two such parts that one-fourth of 
the first part may be equal to one-fifth of the second. 


2. A boy had a certain sum of money. He spent 
one-tenth of it for marbles, one-fourth of it for a 
knife, and one-half of it for a book and found he had 
45 cents remaining. How much had he? 


- 
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3. A man employed three workmen. To the first 
he gave @ dollars more than to the second; to the 
third 6 dollars less than to both the others. They all 
together received ¢ dollars. How much was given to 
each? 


4, A contractor paid his 5 workmen $2 per day 
and found he had $40 profit. If he had paid $3 a 
day he would have lost $30 on the transaction. How 
many days did it require to do the work? 


5. A boy said to his sister, your age and mine 
together make 21 years; in 2 years you will be as 
old asl. How old was each? 


6. A man has a note which was to run 16 years. 
+ of the time past, is 4 years less than 2 of the time it 
still has to run. When wil! it be due? 


7. A grocer mixed 3 kinds of tea. Of the first 
kind he had 4 pounds more than 4 the whole; of the 
second, 1 pound less than + the whole and of the third, 
11 pounds less than % the first kind. How many 
pounds were there of each? 


* 8. A boy in playing with blocks finds that if he 
arranges them in a square, he has 4 left over, but that 
if he has 2 more in the length and one less in the 
width than he had before, the blocks will all be used. 
How many blocks had he? 


9. A man bought one variety of apples at 6 for 5 
cents and another variety at 5 for 7 cents. He sold 
them all at the rate of 3 for 4 cents and. made 20 
cents by the transaction. How many were there of 


us 


iit 


+2" 
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each kind, if there were 12 more of the second than 


_ of the first kind? 


10. Having a certain sum of money, a man invested 
it as follows: + of it and $50 he invested in a city lot, 
with 3 of the remainder and $500 he -built a house, 
and put $ of the remainder and $200 in the bank 
which exhausted his money. How much had he at 
first ? 


11. A man has $8.75. He has twice as many half 
dollars as dollars, three times as many quarters as 
halves, four times as many dimes as halves and 
quarters together, and as many nickels as all other 
pieces. How many has he of each? 


12. A tank is being filled by three pipes. The first 
alone fills it in 2 hours, the second in 3 hours and the 
third in 3 hours and 36 minutes. How long would it 
require all to fill it? 


13. A man has a house, a lot and $300 in the bank. 
The house and the money in the bank are equal to 4 
the value of the lot; and the lot together with the 
money in the bank, equals 1,4, the value of the house. 
What is the value of the house and of the lot? 


elk & man in going from his house to his place of | 
business, 19 blocks away, stops first at_a grocery and 
then at the post-office. The distance from his home 

) to the,grocery is to the distance from the grocery to — 
the p st-office in the ratio of 3 to 4; and + of the dis- . 
tance from his home to the grocery is equal to + of 
the distance from the post-office to his place of busi- 
ness. How far apart are the places? 


eee? * 2 
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15. My age now has the same ratio to my age a 
yeurs ago that my age 6 years hence will have to my 
age 6 years ago. What is my age? 


* 16. Find four numbers each larger by two than the 
next lower, such that the amount that the least is 
below 12, divided by the amount that the greatest is 
above 5, gives 1 as a quotient and 3as a remainder. 


17. The hour hand and minute hand of a clock are 
together at 12. When were they last together? 


18. A man loaned a certain sum of money from 
which he gained 5%. He invested $ as much in an 
enterprise from which he lost 10%, and $1200 in 
government bonds at 4%. He found at the end of a 
year that his losses just equaled his gains. What 
sum had he loaned, and what sum invested in the 
losing enterprise? 


19. A number is composed of three digits, of which 
the one in units place is twice the one in hundreds 
place, and the one in tens place is half the sum of the 
other two. If 178 is added to the number, a number 
will be formed which will have the tens digit of the 
original number in both units and hundreds place, 
and for a tens digit the hundreds digit of the original 
number. What is the number? 


20. A man wishes to go by rail from one city to 
another, and return by a road which is one and one- 
half times the distance by rail. If he drives 8 miles 
aun hour and the train goes 24 miles an hour, what is 
the distance by rail from one city to the other, if the 
round trip requires 1 hour and 50 minutes? 


160 ALGEBRA. 


21. Divide 6 into 4 such parts that if the first is 
increased by 1, the second diminished by 2, the third 
multiplied by 3, and the fourth divided by 4, all will 
be equal. 


22. A man engaged to work a days at m dollars 
per day and his board which was reckoned at $1 per 
day. At the end of the a days he received n dollars 
having been obliged to pay his board the days he was 
idle. How many days was he idle? 


23. A man has 4 wine casks, one full and three 
empty. He pours into the first empty cask, half the 
wine and half a gallon over ; then into the second, one- 
third the remainder and one-third of a gallon over ; and 
lastly into the third, one-fourth the remainder and 
one-fourth of a gallon over, when he has 11 gallons 
left in the original cask of wine. How much was in 
this cask at first? 


24. A man has acertain amount of money invested. 
His expenses are a dollars per year. At the end of 
‘each year he adds to his stock } of the amount of his 
money not thus expended, and at the end of 3 years 
finds his property is increased by one-third the original 
amount. How much had he at first? 


25. A man invested an *th part of his money at 


d% and the remainder at e%. His income is m dol- 
lars. _How much money had he? 


26. The hour hand, minute hand and second hand 
of a clock turn on the same center. The second hand 
and minute hand are together at 12 when the hour 
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hand points to 6. When will the second hand be half 
way between the other two? 


27. A park is surrounded by a circular walk one 
and one-half miles in length. B’s step is ? as long as 
A’s, but A takes 4 steps while B takes 5. Starting 
together and walking in opposite directions, how 
many steps will each have taken when they meet, if 
A’s step is two and one-half feet? 


28. A, B, and C engage to do a piece of work. A 
alone can do it in m hours. A and B together in n 
hours. C does as much in a day as both A and B. 
A begins work at 8 in the morning and works until 
12. B commences at 1 o’clock and works until 
relieved by C who finishes the work at 5 o’clock. 
When did C begin to work? 


29. A dog is m rods behind a rabbit which is run- 
e¢ miles an hour. At what rate per hour is the dog 
running if it catches the rabbit in 5 minutes? 


30. A train leaving Chicago at 10 p.:m. reaches 
Omaha at 2 p.m. the following day, while a train 
leaving Omaha at 5 p. m. reaches Chicago next morn- 
ing at 8. How far from Chicago will the trains meet 
which leave Chicago and Omaha on the same evening, 
if the distance between Chicago and Omaha is 496 
miles? 


31. Two towns A and B are 16 miles apart. A man 
mukes the round trip from A to Band return ona 
bicycle at the rate of 10 miles an hour, while another 
starts at’ the same time to drive from B to A and re- 
turn at the rate of 6 miles an hour. 

11 
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(a) Find the distance from A of the first point of 
meeting. 

(b) Find the distance from A of the second point 
of meeting. 


32. Two boats on a river are going in opposite 
directions. The one going down stream is 54 feet 
long and simply floats with the current, the other 78 
feet long passes it in 18 seconds. What is the rate of 
the current and at what rate is the boat moving up 
stream, if the boat up stream is moving at one and 
one-half times the rate of the one down stream? 
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CHAPTER XI. 


SIMULTANEOUS SIMPLE EQUATIONS. 


152. We have found that any simple equation con- 
taining one unknown quantity can be solved and the 
value of the unknown quantity ascertained. Only 
one value can be found which will satisfy the equa- 
tion; the equation can be said to determine this value. 


158. An indeterminate equation is one in which the 


unknown quantities involved may have an indefinite 
number of values. 


Take for example 3y — 4x = 20. 


Ifx=1 y =.8, 
Ife=4 y = 12. 
Ifa = 8 y= 14. 
Ife=n y ——, in which any value 


may be assigned to n. 


It is thus seen that the unknown quantities may 
have an infinite number of sets of values which will 
satisfy the equation. The same is true of any equa- 
tion containing more than one unknown quantity. 
Such equations are therefore appropriately called 
indeterminate. 


154. Let us consider the equations : 
(1) Se + 2y.= 8. 
(2) 5e+4+ Ty = 17. 
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These equations are independent of each other in 
the sense that one cannot be derived from the other. 


They can be put in the form, 
(3) y= a and 
17 — dz 
@) ja 
Assigning values to « the corresponding values of y 
in each equation can be obtained. Ifa be given the 
value 2, y will in each case equal 1. This is the only 
pair of values which will satisfy both equations; for 
it is evident that any value of x which will make y in 
the two equations equal, must make the second mem- 
8—3e 17—d5% 


cs . The 
2 7 


only value of « which will satisfy this equation will 
be found upon solution to be 2, but = 2 cannot give, 
in either of the original equations, any other value 
than y = 1. This pair (x = 2, y = 1) is therefore 
the only pair of values common to the two equations. 
It follows then that if the condition be imposed upon 
these two equations, that the values of the unknown 
quantities in the one shall be the same as in the other, 
these values are fixed and determinate. These equa- 
tions are independent simultaneaus equations. 


bers of (3) and (4) equal or 


155. An independent equation is one which can 
not be derived from others in a given group by reduc- 
tion or combination. 

156. Simultaneous equations are those in which 


the values of the unknown guantities are limited to 
the set or sets which will satisfy all the equations. 
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157. The problem here considered is to find the 
value of the unknown quantities in a given group of 
independent simultaneous equations. It is evident 
that if from the equations given, one simple equation 
containing one unknown quantity can be deduced, 
the value of this unknown quantity can be found. It 
will be shown, directly, that by proper substitutions, 
the values of the other unknown quantities can then 
be readily discovered. It is clear that to reach the 
single equation desired, all the unknown quantities ex- 
cept one must be eliminated. Inthe illustrative ex- 
ample already considered, two equations were given 
containing two unknown quantities. The unknown 
quantity y was eliminated leaving a single equation 
containing x. One unknown quantity was made to 
disappear, and at the same time the number of equa- 
tions to be dealt with was reduced by one. 

Let us consider the case of three independent simul- 
taneous equations involving three unknown quantities : 


(1) 2e+2y— z2=17 
(2) 3x—y —3z=8 
(8) 2—8y+ 5z=—2 
Multiplying(2) by 2, (4) 6%—2y— 6z2=—16. 
(1) 22-4 2y — 2z=17. 


Adding (4) and (1), (5) 8x — 7z= 33. 

Multiplying (2) by 38, (6) 9%— 3y— 92 = 24. 
(3) w—3y + 52z=—— 2. 

Subtracting (3) from(6),(7) 8x —— 142 — 26. 


Now considering (5) and (7), ; Se ——: Ta= 33 


8x — 14z=— 26 
we have two equations containing two unknown quan- 
tities ; that is, starting with three equations containing 
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three unknown quantities, one unknown quantity (7) 
has been eliminated and the equations to be dealt with 
reduced in number from three to two. By treating 
these two remaining equations in the manner em- 
ployed in the first illustrative example the unknown 
quantity «can be readily eliminated and the desired 
equation with its one unknown quantity (z) obtained. 
As in agroup ofthree, so in any group of inde- 
pendent simultaneous equations, combinations can be 
made which will eliminate one of the unknown quan- 
tities, and at the same time lessen by one the number 
of equatiuns to be considered. If the number of un- 
known quantities involved is the same as the number 
of equations in the group, it follows that by the succes- 
sive elimination of unknown quantities and the conse- 
quent reduction in the number of equations, there will 
always result a single equation containing one un- 
known quantity. It is evident that in such a group 
there will be but one set of values for the unknown 
quantities which will satisfy all the equations. 


158. Elimination is the process of combining sim- 
ultaneous equations so as to cause an unknown quan- 
tity to disappear. 

There are three methods of elimination in common 
use: 

I. By addition or subtraction. 
Il. By substitution. 
Il]. By comparison. 


SIMULTANEOUS EQUATIONS WITH TWO UNKNOWN QUAN- 
TITIES. 


The methods of elimination will first be applied to 
simultaneous equations of two unknown quantities. 
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159. I. Elimination by addition or subtraction. 


RULE. 


1. Multiply each equation by the least multiplier which will 
make the terms containing the unknown quantity to be elimi- 
nated, numerically identical. 


2. Add or subtract the equations as necessary to cause 
these terms to disappear. 


Remarks on the solution of examples. 


1. The value of the second unknown quantity can 
be found by substituting the value of the one first ob- 
tained, in any one of the equations employed in the 
solution. The simplest equation should be chosen. 


2. It is often advisable to obtain the value of the 
second unknown quantity, not by substitution, but by 
eliminating the first unknown quantity from the origi- 
nal equations. 


3. When the equations are fractional and the un- 
known quantity appears in the denominators, it 
is usually best to eliminate, before clearing of 
fractions. 


4. Those terms should be eliminated which can be 
made numerically equal with the least difficulty. 
They are generally those containing the unknown 
quantity having the simpler coefficients. 


5. The unknown quantity remaining, after the 
elimination, should appear in only one term of the 
resulting equation. Its coefficient, if a polynomial, 
should be inclosed in a parenthesis. 
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ilustrative Examples. 

( 1) an —— Ty os a, 
(2) Su+y =16. 
Multiplying (2) by 7, (3) 85a + Ty = 112. 


1. Solve the equations ; 


Adding (3) and (1), (4) 38x = 114, 
Dividing by 38, (5) x= 3. 
Substituting in (2), (5) > 18. 4+ 9— ih, 
(> ek 
2. Solve the equations, 
Lee ee 
(1) an ee Sate, 
(2) ze fee M— TN. 
m—n ' eC 


Clearing of fractions, 
(3) (m—n)u+ (m+n) y=c (m+n) (m—n), 
(4) cx + (m—n) y=c (m—n)?. 
Multiplying (3) by ¢ and (4) by m—n, 
(9) e(m—n)xte(m+n) y=e(m+n)(m—n), 
(6) ¢(m—n) «+ (m—n)?* y=c (m—n), 
Subtracting, 
(7) [e(m+n)—(m—n)*] y= 
c(m—n) [e(m+n)—(m—n)?*]. 
Dividing by the coefficient of y, 


(8) y =c (m—n). 
Substituting this value of y in (3), 
(9) (m—n)u+e(m—n) (m+n) = 
c(m+n) (m—n). 
(10). (m—n)x=0. 


(11) eo0) 
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eee 
(a) ~——=2, 
ay 
3. Solve the equations < ae 1 
| (2) —~+—-=20. 
mt y 
3 6 
Multiplying (1) by 3, (3) ey 6 
3 1 
Subtracting (2) from(3), (4) as f —— 14, 
Y 
(9) —l4y=—7 
(6) y=. 
Eliminate y in the same manner: 
a se 
(1) ee meme te 
nae 
‘olyi Se 40 
Multiplying (2) by 2, 18 1s oo we 
7 
Adding (1) and (7), (8) == 42. 
(9) 42x = 7, 
(10) 1 ee 


160. If. Elimination by substitution. 


RULE. 


Derive in either equation an expression for the value of 
the unknown quantity to be eliminated ; substitute this expres- 
sion for the unknown quantity in the other equation; the 
result will be a single equation containing only one unknown 
quantity. 
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Remarks on the solution of examples. 


1. The student should carefully note that substitu- 
tion in algebra is the replacing of one quantity by 
another algebraically equal to it; in other words, it is 
striking out the first quantity and putting in its place 
- asecond, of equal algebraic value. Thestudent, over- 
looking the full significance of this operation, some- 
times strikes out not only the first quantity but the 
sign preceding it, and thus it occurs that in completing 
his work he introduces a quantity numerically, but not 
algebraically, equal to what he has stricken out. 

o—2£ 


Thus in the equations, y = 7 and «= — 2y, the 


careless student will conceive —x to be erased and 


5—2 
— 2y put in its place, giving y= 7 7; when, to 


make the substitution correctly, he should erase only 
x, giving y= ee or y= seit 

2. Remembering that the purpose of substitution in 
this work is to obtain a single equation containing 
only one unknown quantity, it will be found that this 
can sometimes be done to advantage by substituting 
the value of an entire expression rather than that of 
the unknown quantity itself. See second illustrative 
example. 


Illustrative Examples. 

(1) 3y — 4x = — 10, 

(2) x«+5y=>=—9. 

Solving (2) for x, (3) we == —9— By. 
Substituting in (1), (4) 3y—4(—9 —5y) = —10. 


1. Solve the equations ; 
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Removing parenthesis, (5) 3y+ 35 + 20y =—10. 
(6) 23y =— 46. 
(7) y= — 2. 
Substituting in (3) (8) w=—9+10=—1. 
( a, inthe 
2. Solve the o font eT 
equations | a ie sa i 


fe: aes aa eee 
. a, 
Solving (1) for re. 


3 ee el ry 
(3) Prete Ny 
Substituting this value of poe int), 
5 “x—y+b 
a c a c 
Og hy) atte 
ate ate 
(6) Bee 
Substituting 7 ea e 
ea, 8? ope Saas 
a,b 
(8) ee es 


161. ILL. Elimination by comparison. 


RULE, 


Derive from the two equations expressions for the value of 
one of the unknown quantities in terms of the other, and place 
the expressions thus derived equal to each other. 
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Note. It is sometimes best to solve the equations 
for identical expressions, as in the second illustrative 
example. 


Illustrative Examples. 


1. Solve the equations § (3) Se 4 Beas. 
3+4 

Solving (1) for x, (3) = . y 
34 — 32 

Solving (2) for x, (4) © = —; y. 


Placing the values of x 5) 3+4y 34—3y 
equal to each other, ‘ fe : 


3 5 
Clearing of fractions, (6) 15+207 = 102—9y. 


Transposing and uniting, (7) 29y = 87. 
| (8) y=8. 
3+12 
Substituting yin(3), (9)2= = = 0. 
(yee 
2. Solve the d atl “«+y+1 
equations | 3 2 om 
etltae+ytl 
Solving (1) for the expression aeat 
2 1 
3 = : 
(9) i des tgs <P Ope" me 
Solving (2) for the expression —_——. 
(2) P Re 
2 3 


CC) get ee 
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Placing the two values of a equal to each 
a 


y+ 
other, i Na 3 
(>) e+ saan pe ss 
Transposing and collecting, 
4 
(6) ays Oey 2. 
Clearing of fractions, 
(7) 4=27-+2. 
(8) 23 == 2. 
(9) g—=1. 
ep ae ae 2 1 
Substituting in (3), (10) “er ae 
(11) 4=y+2. 
(12) y = 2. 


162. The student should make himself familiar 
with the different methods of elimination by solving 
a number of examples under each method. In the 
majority of examples the method of addition and 
subtraction will be found to be most convenient. 


163. Simultaneous equations with three or more 
unknown quantities. 


It has been shown in article 157 that a number of 
equations containing the same number of unknown 
quantities can be so combined as to produce a second 
group of equations, one less in number and involving 
one less unknown quantity. This second group can 
be operated upon in a similar manner with a similar 
result, until by a series of such operations, one equation 
containing one unknown quantity can be derived. 
Hence the rule. 
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RULE. 


1, Decide upon the unknown quantity which can be most 
readily eliminated. 


2. Decide upon the equation which can be most easily com- 
bined with the other equations. 


3. Eliminate the unknown quantity between this and each 
of the other equations. 


4. Dealina similar manner with the new group of equa- 
tions thus formed, and with the resulting groups in succession, 
until a single equation, involving one unknown quantity, is 
obtained. Solve this equation for the unknown quantity. 


5. Substitute the value of this unknown quantity in the 
simplest of the equations containing two unknown quantities, 
and solve for the second unknown quantity. Substitute the 
values of the two quantities found in the simplest of the equa- 
tions containing three unknown quantities, and solve for the 
third unknown quantity. Continue in a similar manner 
until the value of each of the unknown quantities is deter- 
mined. 


164. Remarks on the solution of examples. 


1. The student should notice that he can eliminate 
the unknown quantities in any order and use any 
equation as the eliminating equation. 


2. The unknown quantity chosen for elimination 
should be, in general, the one which appears in the 
least number of equations, or has the simplest 
coefficients. 


3. The equation chosen for combination with the 
others, should be the one through whose use the elimi- 
nation can be effected by the simplest multiplications 
or the least number of operations. It sometimes oc- 
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curs that by a wise selection of such equations, two 
unknown quantities, can be eliminated by a single com- 
' bination. 


4. It isa helpful drill for the student to select the 
unknown quantity to be eliminated, decide upon the 
eliminating equation, note the combinations to be 
made, and make record of the unknown quantities con- 
tained in each of the resulting equations. The steps 
to be taken in the solution can thus be traced, even to 
the final equation, in advance of the actual work of 
combining the equations. This drill is especially 
helpful in giving the student a clear understanding of 
the method of procedure. 


5. In combining equations in the process of elim- 
ination the student should be especially careful that 
each unknown quantity appears in only one term of 
the resulting equation. He should also be careful, 
when occasion offers, to cancel common factors in 
equations used. 


6. Practice and experience will enable the student 
to avail himself of many devices for shortening the 
solution of particular examples. He should always be 
on the alert to discover and make use of any such 
artifice. The following are examples of devices some- 
times employed: 

(a) Selecting as an eliminating equation, one ob- 
tained by adding the equations given. 

(b) Treating complex expressions involving un- 
known quantities as single quantities and deriving 


their values. A new group of much simpler equations 
is thus obtained. 
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(c) Selecting one unknown quantity and omitting 
one equation, combine the other equations in such 
manner as to express the value of each of the re- 
maining unknown quantities, in terms of the one 
selected; then substitute these values in the omitted 
equation. 


165. Illustrative Examples. 


1. Solve the oe sale cae Pe 
equations (#) ay E ? 
(3) %&—2y+ 3z2=8. 
We choose (2) as the eliminating equation. 
Multiplying (2) by 3, (4) 9x + 3y— 3z2= 57, 
(1) e+ 3y+ 22 =—1. 
Subtracting, (5) 8x — dz= 58. 
Multiplying (2) by 2,(6) 6% + 2y—2z=838. 
(3) 22% —2y+3z2=—8. 


Adding (6) and(3), (7) 8x +2 = 46. 
(9) 8% — 5z2= 58. - 
Subtracting (8) 6z = — 12. 
(9) 2=—2. 
Substituting in 7, (10) 8x — 2 = 46. 
(11) 8x = 48. 
(12) x = 6. 
Substituting these values 
of « andzin (2), (13) 18+y+2=19- 
(14) y¥=—l. 


((1) «—3y —4z2 + 5u= 21, 
2. Solve the 4 (2) x— yt+22+u=3, 
equations ) (3) 2x —y+ 32+ 2u=2, 

{ (4) 4e + 67 — 382 —5u= — 15. 


- 
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The best moves in an example like the above can be 
mentally marked out as follows: 

Choose (2) as the eliminating equation, both because 
it has the simplest coefficients and because between 
(2) and (3) # and uw can be eliminated at one move. 
We will take x as the quantity eliminated. 

Combining (1) and (2) we have (5) containing y, 
2, and wu. 

Combining (3) and (2) we have (6) containing y 
and z. 

Combining (4) and (2) we have (7) containing y, 
zand uw. 

Combining (5) and (7), eliminating u, we have (8) 
containing y and z. 

Combining (6) and (8) and eliminating either ¥ or 
z, we have an equation from which we may derive 
the value of the other unknown quantity. . 


3. Solve the equations 


{ x - &@ yd 2 

Ect) oar tapings apa wer Ua sa maas 
a a ease tb c 
L a—b a? — }?  @—6 a+b 


Clearing of fractions, 
(3) (a—b)x+a?+ ab=(a—b) y—abt B+ 


(a + 6)x. 
(4) (a+6)x—a?+ 3ab4+ 20? =(at+b)ytab+ 
Y?—(a—b)x. 
Collecting terms, 
(5) — 2bu — (a —b)y = — a? — Yah + B?. 
(6) 2ax— (a+ b)y = a? — Yab — B. 


Multiplying (5) by a, 
(7) —2abe — (a? — ab)y =— a® — 2a + ab?. 
12 
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Multiplying (6) by 8, 
(8) 2abu — (ab + b?)y = a% — 2ah? — 33, 
Adding (8) to (7), : 
(a) — (a? + b?)y =— a® — a — ab? — 82, 
(10) y=atd. 
Substituting this value of yin (6), 
(11) 2ax—a’?— 2ab — b?= a?~— 2ab — 9. 


(12) 2az = 2a?, 
(13) v=. 
{ ety+t2z z—-2 1 
OP Ral resies coming poag ae 
4. Solve the Z—xX  y¥—z 1 
equations (2) 4 = a Be ae 
yY¥—2z wextyte 1 


It will be noticed that these equations involve three 
different expressions. These can be treated as single 
quantities and eliminated as follows: 

Subtracting (2) from (1), 


YyY—z ie ws 1 
(8) ey Bere 
Adding (4) and (3), 
(5) etytze=—6, 
Subtracting (4) from (3), 
4 i oe 
(ok or y—z=1. 
Substituting the value from (5) in (1), 
2—w@ 


(OCS) Ot ee 
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(5), (6) and (7) are a simpler set of simultaneous 


equations than (1), (2) and (3), and may be readily 
solved by the method suggested in Remark 6, (c) 


thus: 
(5) etytz=6. 
30) y—z=1. 
GS 2—x=—2, 


Selecting the unknown quantity z, and omitting 
equation (5), we have: 


From (6), (8) 
From (7), (9) 
Substituting these values in (5), 


(10) 2+2+2+1+42=6. 

(11) b2==3, 

(12) 2=1, 

Substituting this value in (8),(13) y= 2. 
Substituting in (9), (i4)  o==3; 


y=2z+1. 
e=24+2. 


EXAMPLES. 


Solve the following equations: 
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tl it it ct ai ei i Ni i i ee 


ALGEBRA. 
3y—de w—d3y—3 y 1 
[5 pene GR ge A 
ee a ban ot 3(2y 9+ ox 
[ ie 2 )-34( 3 6 
= “pees 3n 
ih le ae 
eee 
( 2 
Qu itis 1 
{ RES e 
a. eoiet 
Parc h ath bee 
eee ee! 1 
| a+6 ob = Be 
Reet. eee 
ache 
x 
ae 
% —2—b 
¥ 
L b 
f —1 1 
| 2ax +by- ee 
2 
lees 
Ge Y 2a 
(3 eee 
jz=1 Prenat 
oe re cig 
bal g 9 “ 


83 


6 


SIMULTANEOUS SIMPLE EQUATIONS. 181 


at) 
is 
4 
_ 


feet 
Led 
& 
—~ 
no! 
& 
ae 
eo 
bo 


&|_— bo 
++ 


y—%@t3 


—_ 
pees 
ec, a, 
no 
8 & 
oe 
<< 
ay 
tn 
8 
<< 
—" 


— 
ee 


—" 
W—{ ——*~— —-— 
318 
3 
3 
= 
S 


(at+b)a (a—hb)y 1 1 \>5 
ED Tego ee, =(—4-—) . 


(x+y) (a?+-6?) = 2a* — 262+ 2ab (x+y). 


SIs 
8 
oe 
< 
— 


@ 15. x+3z2= 10. 


| 8a — 2y = —1. 


fotytz2=12. 

16. ety+u=s. 
;ebetu=s, 
Lyte+u=t. 

Suggestion. Add the equations. 


f 5 (tty) —xe=1. 


1 1 3 
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2—%2 
be 
aie B(@+l) 4 
be =" («@—y—2) 
(2a a, _ 
oe. 
19. oe ad ne he ee 
y z ay 
/ 
SA te 
ce a aay 
so 
20. < m(x—y)—(n+ p)z=py —nm. 
| pu — ny + mz = 4m’. 
[ay + ate =a". 
21. ¢ w+ay+afe=—a). 
(oa oe 
6 
( (x + y)—2— “= 8. 
22. ete 


yz a—e2_ 19 
Tor ees 


23. - 
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+t+e= 
oe, 
94, j FH iu 
t—ywtat 
La+2-+ 3 = 18}. 
u+ 2a-+ 3y + 42 = 20. 
95. my hee 
ee z= 22. . 
[ Bu — Se— iy + = — 5. 
(a+b+e+d=2, 
36 — 2c — 3d = 22 
26. } Rage a3 os sie ; find a, 6, candd, 
oe oe a ny when « is known. 
| 2a —b—c—d= 4x. 
Seige pa cah 
97 y + 8z2—3u=—1. 
, 3x + y+ 2u= 13. 
[a Ob Oe eS Ae 
soe i 
28. y 2 ab be ac 
a 1 1 1 


8,9 ale gia 


166. Problems leading to simultaneous equations. 
In the solution of problems, it is often a matter of 
judgment as to the number of basal unknown quanti- 
ties which it is best to use. A careful study of the 
problem should be made before the number is decided 
upon. The conditions given must be sufficient to 
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determine as many independent equations as there are 
unknown quantitieschosen. Inthe problems which fol- 
low, it will be convenient to employ at least two basal 
unknown quantities, and in some cases three or more. 


Illustrative Example. 


For $1 I can buy a pounds of tea and b pounds of 
coffee, or ¢ pounds of tea and d pounds of coffee. 
What is the price of each per pound? 

Let x = the price of tea per pound, 

and 7 = the price of coffee per pound. 

ax = the price of a pounds of tea. 
by = the price of } pounds of coffee. 
ax+by = the price of a pounds of tea and } pounds 
of coffee. 
$1 = the price of a pounds of tea and b pounds 
of coffee. 
(1) ax + by=1. 
cx = the price of c pounds of tea. 
dy = the price of d pounds of coffee. 
cz-+dy = the price of ec pounds of tea and d pounds 
of coffee. 
$1 = the price of c pounds of tea and d pounds 
of coffee 
(2) cx + dy = 1. 


b—d 
Solving equations (1) and (2), a= mae and 
c—a 
4 ~be—ad’ 


PROBLEMS, 


1. A man has for sale a number of sheep, horses 
and cows. The sheep being valued at $4 apiece, he 
offers 2 cows and a sheep for 4/5 the price of a horse, 


2 
t 


‘) 
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or 2 horses and 5 sheep for the same as 6 cows. 
What is the price he asks for a horse and for a cow? 


2. Two men together have $1500; the one who has 
the greater sum invests his share at 6%, and the other 
his share at 7%. At the end of one year and 3 months 
they have $1620. How much had each at first? 


3. A, Band C have among thema dollars. If A 
had + of B’s money he could buy a house worth 6 
dollars. It would then be necessary for C to borrow 
4 of what B has remaining in order to buy a team and 
carriage worth ¢ dollars. How much had each at 
first ? 


4. A man bas three farms. He sells 34 of the first 
at $50 per acre, + of the second at $40, and + of the 
third at $25, and receives $14000. He then sells 
from the second as many acres as there are remaining 
in the first farm and has 150 acres still in the second. 
Finally he sells + of all he has at $30 per acre and 
receives for this 2} times as many dollars as he had 
acres in the three farms at first. How many 
acres had he originally in each farm? 


5. If you subtract the tens digit of a certain number 
from the hundreds digit you have 1 more than the 
figure in units place; if you add the units digit to the 
hundreds digit, you have 13 minus the tens digit, and 
if you divide the number by the sum of the digits, 
you have 57 as aquotientand 1 asaremainder. What 
is the number? 


6. Aman has a horse, a carriage and a harness 
which he offers to sell at $300. He is offered a horse 
of the same value as the one he already has, for the 
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carriage and harness. He accepts the offer and after- 
ward sells the two horses for six times the difference 
between the value of the carriage and harness. What 
was the value of each? 


7. A man and a boy are in step, and walking in 
the same direction at the same rate. They are not in 
step again until they have together taken 22 steps. 
If the man’s step is 1} the boy’s, how many steps has 
each taken? 


8. A store room has been filled by having packed 
in it 12 barrels and 5 boxes of uniform size. After 4 
barrels and 3 boxes have been removed, it is % filled. 
How many barrels will the room hold? How many 
boxes? 


9. A and B start from a station M to walk to N, 
B starting 20 minutes after A. At the same time that 
A starts, C leaves N for M. <A walks d miles an hour, 
B, d+ 1 miles, and C, d + 2 miles. They all meet at 
the same instant. -How far has each walked? 


10. On a passenger train from A to B, 80 miles 
apart, it was found that 7 of those who traveled first 
class paid 80 cents more than 8 of those who traveled 
second class. There were 5 more second than first 
class passengers, and the fare collected was $76. At 
C, 20 miles from A, 4 first class and 3 second class 
passengers boarded the train for B, in consequence of 
which $11.70 additional fare was collected. What 
was the number of first, and of second class passengers, 
and what was the first and second class fare from A 
to B? 


11. Two boys, John and Henry, together hoe a 
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garden in 7} days. If they work separately, John 
working 9 days and Henry 4 days, the work will be 
completed. How long will it take each separately to 
hoe the garden, if each hoes $ more in a day when 
working alone? 


12. I loaned a sum of money at a certain rate per 
cent for 4 years and 6 months, and three months later 
I loaned } the amount of the first loan at 2% more per 
annum. Both loans were paid when the first loan ex- 
pired, at which time principal and interest amounted 
to $2575. If I had loaned both sums at first at the 
lower rate, I would have received as interest $540. 
What was the amount of each loan, and the rate of 
interest ? 


13. A grocer has two grades of coffee of which he 
makes one mixture consisting of 9 pounds of the bet- 
ter to 5 pounds of the poorer, and another mixture 2 
pounds of the better to 5 pounds of the poorer. 
How much must he take from each mixture in order 
to have thus taken out 5 pounds of each grade of 
coffee? 


“™. = =14. A tank which holds 120 gallons of water has 3 
pipes opening into it. If the first pipe is opened, 
then 2 minutes later the second, and 2 minutes after 
that the third and all are left opened until the last 
has been flowing 6 minutes, the tank-will contain 108 
gallons. If all are opened at the same time and flow 
for 3 minutes, there will be 39 gallons in the tank, 
The first and third together fill the tank in 12 min- 
utes. How long willit take each separately to fill it? 


15. If a man had $2.50 in pieces of a certain 
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denomination he would have m pieces; if in pieces 
of another denomination he would have n pieces. 
How many pieces of each of the above denomina- 
tions must be given him, that he may have $5 in 7 
pieces ? 


16. A man played a certain number of games, 
betting $4 to $3 on every game. At the end he 
had $2 more than at the beginning. If he had 
won one less game, his losses would have exceeded 
his gains by half as many dollars as the number of 
games played. How many games did he win? How 
many did he lose? 


17. A dog 160 rods behind a rabbit keeps up a cer- 
tain speed for 10 minutes, and is then obliged to 
slacken to 2 its previous rate, but at the same time the 
rabbit slackens to 4 the rate at which it has been run- 
ning, so that the dog catches the rabbit in 5 minutes. 
If they had both kept up the first rate of speed 2 
minutes longer and then slackened as before, it would 
have required 16 minutes for theentire race. What 
was the first rate of each in miles per hour? 


—_— 


18. A man rowing at a certain rate makes the round 
trip from A up stream to B, 24 miles distant, and 
return in 5 hours. Having 6 hours at his disposal, 
he starts to make the trip, but when 16 miles from 
A, the boat springs a leak which causes him to land. 
In so doing he loses 40 minutes, but by walking 
at 3 the speed the boat would have carried him, he 
is able to spend an hour in B and reach home at 
the required time by a train moving at twice the 
speed which the boat would have moved down stream. 
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What is the rate in miles per hour of the man row- 
ing in still water and what is the rate of the current? 


19. On a double track from M to N which are 
8 miles apart, a freight and a passenger train are 
running. The freight starts 576 rods ahead of the 
passenger train, but the latter reaches N 34 minutes 
before the former. On another day, running at the 
same rate between these stations, the freight starts 
9 minutes before the passenger train and reaches N 
when the passenger train is ? of a mile from that 
station. What is the rate of each train in miles 
per hour? 
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CHAPTER XII. 
DISCUSSION OF PROBLEMS. 


167. Indeterminate Problems. It was shown in 
article 153 that any single equation containing two or 
more unknown quantities is indeterminate ; that is, an 
indefinite number of sets of values of the unknown 
quantities can be found which will satisfy the equation. 
If the number of unknown quantities in any group of 
simultaneous simple equations exceeds the number of 
equations, it is evident that the process of elimination 
will result ina single equation containing more than 
one unknown quantity. Thus, four independent 
equations involving five unknown quantities will lead 
to one equation containing two unknown quantities ; 
and in general m independent equations involving 
m + n unknown quantities will give an equation con- 
taining n + 1 such quantities. Since this final equa- 
tion is indeterminate, it is clear that an infinite num- 
ber of sets of values of the unknown quantities can be 
found which will satisfy the original . equations. 
These equations are therefore indeterminate. 

It follows from this discussion, that if the conditions 
in a problem do not give rise to as many independent - 
equations as there are basal unknown quantities, then 
such unknown quantities may have an indefinite num- 
ber of values, and the problem is indeterminate. 
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Consider the following problem: 
A newsboy had three different papers for sale, 
‘s Herald,’’ ‘*Times’’ and ‘* Tribune.’’ He sold 
half as many copies of the ‘* Herald’’ as of the 
‘¢ Times ’’ and ** Tribune,’’ and as many copies of 
the ‘* Tribune ”’ as of both the ‘* Times’’ and ‘* Her- 
ald.’’ How many copies had he of each? 
Let « = The number of copies of the ‘* Herald.”’ 
y = The number of copies of the ‘* Times.’’ 
z = The number of copies of the ‘* Tribune.’’ 
The conditions of the problem give the following 
equations: 


y+2 
(l) «= 5} 
(2)2=a+y 


Clearing of fractions (3) 2a—y—z=0 
(4) x+ty—z=0 

Subtracting (4) from (3) (5) «— 2y = 0 or x= 2y 

Any value may be assigned to 7: 

If y = 1 then x = 2 andz = 3. 

If y = 2 then x = 4 and 2 = 6. 

If y = 3 then x = 6 and z = 9 etc. 

Thus not one set of values alone but an indefinite 
number will satisfy the equation. Hence the prob- 
lem is indeterminate. 


168. Impossible Problems. Ifthe number of un- 
known quantities involved in a group of equations is 
jess than the number of equations, a set of values 
for such quantities can be found by simply using as 
many independent equations as there are unknown 
quantities. The remaining equations may or may 
not be satisfied by the values obtained. Those that 


192 ALGEBRA. 


can be deduced from the equations used, either by re- 
duction or combination, will be satisfied. They will 
thus be shown to express a relation between the un- 
known quantities not inconsistent with the relations 
expressed by the equations employed. Such equations 
are however unnecessary, and may therefore be called 
redundant. Those of the omitted equations, which are 
not satisfied by the derived values, are shown by such 


failure, to express conditions in conflict with those ex- . 


pressed by the equations used in obtaining these 
values. 

If the conditions of a problem when expressed 
algebraically give a greater number of equations than 
are necessary to determine the set of values for the 
unknown quantities involved, the excess equations, as 
we have seen, are redundant or inconsistent. Redun- 
dant equations represent simply unnecessary condi- 
tions in the problem; inconsistent equations, condi- 
tions which are in conflict with others given, and which, 
therefore, cannot be fulfilled. In the latter case the 
problem is impossible. 

Consider the following problem: 

Find two numbers whose sum is 25 and whose dif- 
ference is 5, such that if you divide the greater by 
the less you have 2 as a quotient and 1 as a re- 
mainder. 

The conditions of this problem lead to the following 
equations : 


(1) “+ y = 25. 
(2) c—y=od. 


1 
3 tome pike 
©) ¥ y 


* a 
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Here we have three equations containing two un- 
known quantities, « and y. Values for these quantities 
derived by combining any two equations will not sat- 
isfy the third, as for example: 

Solving (1) and (2), we get 2 = 15 and y = 10. 
These values when substituted in equation (3) will not 
satisfy it. 

This shows that only two of the three conditions 
expressed in the problem can be fullfilled. The 
solution of the problem is therefore ¢mpossible. 


169. Special and General Problems. Formulas. 


If the known quantities in a problem are numerical 
the answer will be a numerical quantity. Such prob- 
lems are special problems. 

If any known quantities are literal the answer will 
be a literal expression. The problem is then, as re- 
gards these quantities, a general problem. 

If all the known quantities are literal the result ob- 
tained is called a formula. By substituting for the 
quantitative symbols in the formula their values, 
occurring in any special problem of this class, the 
answer to such problem can be obtained. 

Consider the problem: 

What number must be added to a in order that if 
this sum is divided by 4 the quotient will be c with d 
as a remainder? 

Let x = the required number. 

The conditions of the problem give rise to the fol- 
lowing equation: 

eae 

Solving this equation, we have a = be + d —a. 


19 
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This answer is a formula which can be employed 
to find the answer to any special problem of this class. 

Take the special problem: 

What number must be added to 5 in order that if 
this sum is divided by 4, the quotient will be 2 with 3 
as a remainder? 

In this problem a=5, }=4, c=2 and d=3. 
Substituting these values in the formula 


x =bc+d—a, 
eo=4 K 9-45 5 
Dena | Ye 


170. Negative Results. The values of the known 
quantities ina problem may be such as to give a nega- 
tive result. 

Take the special problem: 

What number must be added to 13 in order that if 
this sum is divided by 3, the quotient will be 1 with 
2 as a remainder? 

In this problem a = 13,5=3,c=1 andd =2. 
Substituting, as before, in the formula 


x«=be+ d—a, 
cong M1 + 2.13 
x=— 8, 


How is this answer, —8, to be interpreted? 

In interpreting this result it must be borne in mind 
that while in arithmetic only positive quantities are 
dealt with, in algebra both positive and negative 
quantities are considered. Both classes are subject to 
the same operations, such as addition, subtraction, ete. 
In the special problem considered, the negative quan- 
tity —8 when algebraically added to 13 gives as a re- 
sult 5 which divided by 3 gives the quotient 1 with 2 
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as a remainder. This algebraic quantity then meets 
fully the conditions of the problem. 

Since arithmetical quantities are always positive 
and no positive quantity can be found which will ful- 
fill the conditions of this problem, it follows that this 
problem is an impossible problem, when considered in 
an arithmetical sense. The negative sign indicates 
this. 

Noting that the algebraic addition of a negative 
quantity is equivalent to the arithmetical sudtraction of 
a positive quantity of the same absolute value, it is 
evident that the problem can be readily changed so as 
to be true in an arithmetical sense. It will then read: 

What number must be subtracted from 13 in order 
that if this difference is divided by 3, the quotient will 
be 1 with 2 as a remainder? 

Consider the problem : 

Two trains are running, one from B east to A at the 
rate of 3 miles an hour, the other from A west to Bat 
the rate of 4 miles an hour. How far east of Cs 
town half way between them, will they meet, if A and 
B are 28 miles apart? 


Let x = the distance east of C at which they meet. 


14 + x = the distance east of B at which they meet. 


14 — ~ — the distance west of A at which they 
meet. 


14+ 4% : 

us = number of hours the east-bound train 
travels. 

ee = number of hours the west-bound train 


travels. 
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14+ 14—-2 
ee 4 
From which x =— 2. 


The negative result shows, in this example as in 
the other, that the problem, considered in an arith- 
metical sense, is impossible. It contemplates a pos- 
itive answer representing distance east of C. From 
the opposite nature of positive and negative quantities, ~ 
the negative result must indicate distance west of C. 
Algebraically interpreted this answer satisfies all the 
conditions of the problem. 

Since such interpretation shows us that the unknown 
quantity in the problem is distance wes¢ instead of east 
of C, we have simply to change east into wesé in the 
problem to make it true in an arithmetical sense. 

Hence we conclude: 


1. A negative result indicates that the problem as 
stated is impossible in an arithmetical sense, but is 
capable of algebraic interpretation. 


2. If the statement of the problem be so modified 
as to make the unknown quantity involved of directly 
opposite nature, then the problem will be true in an 
arithmetical sense. 


171. Interpretation of a J fa and Similar 
ag: aes | Be 


Forms. 


Algebraic quantities are often divided into two 
classes, constants and variables. 


172. A constant quantity is one whose value 
remains the same until changed by the will of the 
operator. 
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173. A variable quantity is one whose value is 
changing. When such change ceases the quantity 
becomes a constant. 

Constant quantities are generally represented by the 
first, and variable quantities by the last letters of the 
alphabet. 


174. We can conceive a variable quantity to be so 
increased as to become greater than any assignable 
quantity. Such quantity is called an infinite quan- 
tity, an infinite, or infinity. It is represented by the 
symbol «. 

This infinite can be increased until a second infinite 
is obtained whose value will be infinitely great as com- 
pared with that of the first; each resulting order of 
infinites can be dealt with in a similar manner, and 
since the mind refuses to entertain any limit to the 
possible increase in a variable, infinites of a first, sec- 
ond, third and higher orders can be conceived. The 
relation of these orders will be such that an infinite of 
any order multiplied by an infinite of the first order 
will give an infinite of the next higher order. 

Let « = an infinite of the first order, 
then will «2 = an infinite of the second order, 
x? = an infinite of the third order, and so on. 


175. An infinitesimal is a quantity which is less 
than any assignable quantity. 


. ° a : : . 
Let us consider the equation — = y, in which a is 
a 


regarded as a constant, x as a variable, and y as rep- 
resenting the varying value of the fraction. As x 
increases in value, y will decrease until, when x be- 
comes greater than any assignable value, y will become 
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less than any assignable value. This infinitely small 
quantity is called an infinitesimal, and is_repre- 
sented by the symbol 0. 

This infinitesimal will continue to decrease in the 
same proportion as the infinite denominator of the 
fraction increases. Infinitesimals of the first, second, 
third and higher orders are thus developed which bear 
to each other the same relation as exists between the 
corresponding orders of infinites. 

Representing infinites of the several orders as before 
by x, x, x3, etc., then will 


a 
Be = 0, an infinitesimal of the first order, 


oes 0, an infinitesimal of the second order, 


“ —(, an infinitesimal of the third order, and so on. 
7? 


Quantities can thus be separated into orders ranging 
from the higher order of infinitesimals to finite quan- 
tities and thence on through the successive orders of 
infinites. These orders are distinct in that you cannot 
pass from one to the next higher except by an infinite 
multiplier and hence quantities in the one order have 
no appreciable value as compared with those in the 
higher order. Infinitesimals of the first order, for 
instance, possess no value compared with finite quan- 
tities while finite quantities are valueless whea com- 
pared with the first order of infinites. 


175. Speaking then from the standpoint of finite 
quantities the following important principles may be 
enunciated : 
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Principle I. A jinite quantity is not increased or dimin- 
ished by the addition or subtraction of an infinitesimal. 


Thus, 4+ 0 (an infinitesimal) = 4. 


Principle Il. The remainder obtained by subtracting a 
Jinite quantity from itself is, in general, an infinitesimal. 


Thus, 4 — 4 =0 (an infinitesimal). 


176. Definition of Zero. Zero represents an in- 
finitely small quantity or an infinitesimal. It may be 
obtained by division or subtraction. In either case 
it represents absence of value as compared with finite 
quantities. 


177. Let us consider the value of = 
a 
Take ae 


in which a is a constant and x and y variables. If x 
decreases, ¥ will increase. If x continues to decrease, 
y will continue to increase, until when x becomes 
infinitely small or an infinitesimal, y will become 
infinitely large or an infinite. 


This may be written, 
a 
0 = Oy 
and read a divided by zero equals an infinitely large 


quantity or an infinite. 


178. Let us consider the value of : 
x 
Take ay 


in which as before, a is a constant and x and y vari- 
ables. As x decreases, the value of the fraction repre- 
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~sented by y will decrease until, when x becomes an 


infinitesimal, y will also become infinitely small. 
The equation can then be written, 
0 
ere ’ 
and read zero divided by a finite quantity equals zero. © 


0 
179. Let us consider the value of rie 


Shen co ies a, 
y 


in which « and y are variables and a represents any 
finite quantity. If « and y be each divided by 2, 
the value of the fraction will still equal a. Continu- 
ing to divide both numerator and denominator by the 
same number an infinite number of times, the terms 
of the fraction will each reduce to an infinitesimal 
while the value of the fraction will remain unchanged. 


The equation may then be written : =a, and read 
zero divided by zero equals any finite quantity. 

The expression » is thus shown to be indeterminate. 
In certain cases, it will be found that this indetermi- 
nateness can be made to disappear. 

EXAMPLES, 


1, Determine the value of = 


2. Determine the value of 


Qe, 
a 
3. Determine the value of >. 


< 
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) 
4. Determine the value of —- 
5. Determine the value of 7" 


180. Problem for discussion. Two men travel in 
the same direction from two places a miles apart; 


‘the one at the rate of m miles an hour and the other at 


the rate of nm miles an hour. When will they be 


together? 
Let «=the number of hours before they will be 
together. 
ne = the number of miles traveled by the one 
pursued. 
mx == the number of miles traveled by the one 
pursuing. 


ML — NX = a 


a 
C= number of hours. 
M— 


In this answer a, mand 2, are arbitrary constants 
to which any values may be assigned. 


1. By assigning a = 0, the answer will reduce to 


the form 


, or zero divided by a constant. We 
m——n 


have learned that the value of a fraction of this form 
is zero. A careful reading of the problem will reveal 
that the answer is a correct one. 

2. By making aa finite quantity and m=n, the 
a 
" 
by zero. The value of this fraction, as we have found, 


answer will reduce to —, ora finite quantity divided 


_ is an infinite; the answer can readily be interpreted 


in connection with the problem. 


= 
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3. If a = 0 and m =n, the answer will reduce to 


the form of . This form, we have learned, repre- 


sents in general any value, and such value will meet all 


the conditions imposed upon the problem. 
The student is asked to solve and discuss the follow- 
ing problems: 


1. A grocer has two kinds of tea, one worth a cents 
per pound, the other 4 cents. How many pounds of 
each must be taken to form a mixture of n pounds, 
which shall be worth ¢ cents per pound? 


2. The fore-wheel of a carriage is m feet, the hind 
wheel n feet in circumference. What is the distance 
passed over when the fore-wheel has made p revolutions 
more than the hind-wheel? 
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CHAPTER XIII. 


INEQUALITIES. 


181. An inequality is the symbolic statement that 
one quantity is algebraically greater or less than 
another. 


182. The inequality sign is an angle with the 
opening toward the greater quantity. 


Thus, 
7 > 5, read seven is greater than five. 
a <b, read a is less than 0. 
5 > 0, read five is greater than zero. 
—7 < —2, read —7 is less than —2. 


183. The members of an inequality are the quan- 
tities connected by the inequality sign. The first 
member is on the left and the second member on the 
right of the sign of inequality. 


184. Inequalities subsist in the same sense when 
the greater quantity in each is to the left or to the 
right of the sign of inequality. 

Two inequalities subsist in a contrary sense when 
in one the greater quantity is to the right and in the 
other to the left of the sign of inequality. 


185. Properties of inequalities. The following 
properties of inequalities are readily deduced from 
the definitions given. The student is asked to give 
and demonstrate them. 
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1. An inequality will continue to subsist in the 
same sense: 

(a) After the same positive quantity has been 
added to or subtracted from each member. 

(b) After each member has been multiplied or 
divided by the same positive quantity. 

(c) After the addition of an inequality subsisting 
in the same sense. 

(d) After multiplication by an inequality subsisting 
in the same sense, provided the members of both 
inequalities are positive quantities. 


2. An inequality will subsist in a contrary sense 
after each member has been multiplied or divided by 
the same negative quantity. 


The following are easily developed from the fore- 
going properties: 


Corollary I. Any term may be transposed from 
one member of an inequality’to the other by changing 
its sign. (From Property I (a)). 


Corollary II. The signs of all the terms of an 
inequality may be changed by reversing the sign of 
inequality. (From Property 2.) 

There are other properties of inequalities, relating 
to powers and roots of the members, which can be 
readily derived by the student after involution and 
evolution have been considered. 


186. It is important in handling inequalities to bear 
in mind that the square of a quantity, either positive 
or negative, is greater than zero. Thus, x?, (a — b)?, 
a*— 2zy+y? are each positive quantities and thus 
greater than zero, 
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187. Suggestions. 


The ordinary operations connected with inequalities 
may be classified as follows: 

(a) Those involving no change in sign of inequality. 

(1) Transposition of terms. 

(2) Clearing of fractions when multiplier is pos- 
itive. 

(3) Cancellation of common positive factor from 
the two members. 

(4) Addition of inequalities subsisting in thesame 
sense. 

(5) Multiplication of positive inequalities subsist- 
ing in the same sense. 

(b) Those requiring a reversal of the sign of in- 
equality. 

(1) Changing signs of all the terms. 

(2) Clearing of fractions when multiplier is 
negative. 

(3) Cancellation of common negative factor from 
each member. 

(c) Those in which the change in the sign of in- 
equality is dependent upon the relative value 
of the quantities dealt with. 

(1) Subtracting inequalities which subsist in the 
same sense. 

(2) Dividing inequalities which subsist in the 
same sense. 


Illustrative Examples. 
3 12a — I 4 


1. Find the limit of % in 2% — — > - tae 
Multiplying by 35 70a — 21>60a —5-+4. 
Transposing and uniting terms 10x> 20. 


Dividing by 10. > %>2. 


LS EE OO 


the sense of the inequality, therefore 
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2. If x and y are different numbers, 


2 
is att >or =or<axy? 


a 2 
Assume a4 Sor == ores 
Multiplying by 4 4x?+ y?>or = or<4ay. 
Transposing 4xy 4a? — dary +-y?>or =or<0. 


Since every square is positive, we know 
4? — 4xy + y? or (24 —y)?>0. 


Since the operations performed have not changed 


Dr Ys ny. 
4 
EXAMPLES, 
1, Wend the Rank of & te Slee i 


2. What integral values of x will satisfy the two in- 
equalities, 4x-+3>2x+7 and 5a —4<31 — 2x? 
3. Find the limits of « and y in 


22 — 7—2 
4 — am ee 4 and 2y = 32. 


4. If x, y, z and u are positive quantities, and x>y 
and z>u, determine whether 


xz > or= or < yu, 
—xz > or = or << — yu, 


x a 
— > or= or ou. 
Zz u 


—*sSor=or<—¥%. 
z u 
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5. Between what values must « lie in order that 
x + a > cand 6% — 6b < 5ax— 5ab, if m>n 
“and a<s, m and n being positive? 
6. What would be the limits in the above problem 
if m<n and a> iS 


3a 


2 


7. For what value of x is 


12 2 
ee aD 
4 ra 3 
8. If mn>21 and m<3 and is positive, show that 
n>T, 


9. Show whether the sum of a positive quantity and 
its reciprocal is > or = or < 2. 


10. Prove that the sum of the squares of two quan- 
tities is greater than twice their product. 
2 
11. Show that . > 2a —y, y being positive and a 
not equal to y¥. 
12. Show that 9x°--122-+-11 cannot be less than 7. 


13. Which is the greater mnu—?+-m—n or m—-+-n-—, 
when m and nv are both positive and different ? 


31 4/8 
14. Which is greater wT or x+y, when x and y 
- 


are positive ? 


15. Arrange according to value, = , Vab and 


2ab 
at+é 


, when a and 0 are positive and different. 
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16. Determine whether 


ey pe 242 
ey tmz, 
oak is > or = or 


< «xy+mz —1. 


17. If m?+n?=2 and y?+z2?=6, prove that 
my+nz < 4. 


18. If «?+y¥?+2?=1, when a, y and z are different 
quantities, show whether xy -+ae-+y2> or = or = 1. 


avl Zon a and bd 


19. Show that if % <1, th 
ow that 1 5c og Bo 7 


being positive. 


20. The distance between two towns, A and B, can 
be expressed as an integral number of miles. A man 
drives from A to B at the rate of 6 miles an hour and 
is more than 4 hours in making the journey. He 
returns at the rate of 5 miles an hour, stops 48 min- 
utes on the way, and is less than 6 hours in com- 
pleting the journey from Bto A. How far apart are 
Band A? 


21. A farmer has 4 as many horses as sheep. If 
he had 1 more sheep and 8 more horses, he would have 
more horses than sheep. After he sold 3.sheep and 
bought two more horses, he had more sheep than 
horses. How many had he of each at first? 
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CHAPTER XIV. 


INVOLUTION. 


188. Involution is the process of raising a quantity 
to any power. 


189. The power of a quantity is the product ob- 
tained by taking that quantity any number of times 
as a factor. 


190. The exponent of the power is a number or 
letter written to the right and a little above the 
quantity. 


191. In determining the meaning of an exponent, 
three cases arise: : 


1. When the exponent is a positive integer. 
2. When the exponent is a negative integer. 


3. When the exponent is a positive or negative 
fraction. ~ 

Only the first two cases will be discussed under in- 
volution, the third will be treated under evolution. 


Case I. When the exponent is a positive integer. 


It is clear in this case that the exponent simply 
indicates the number of times the quantity is taken 
as a factor. 

Thus, 

In a®, a is taken 5 times as a factor. 

In a”, a is taken n times as a factor. 

14 —- 
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In (a+ 0)", a+ 6 is taken r times as a factor. 

In (a?)®, a? is taken 6 times as a factor. 

In [(x + y)?]"» («+ y)* is taken m times as a 
factor. 


Case II. When the exponent is a negative integer. 


It is evident from the principle of negative expo- 
nents that the exponent in this case indicates the 
reciprocal of what it would signify. if positive. 


Thus, 


1 
a~* = ~ 55 OF the reciprocal of a. 


ic 
(a2)"* = (aye? OF the reciprocal of (a?)”. 
1 
(—3)?= (= 3)” or the reciprocal of (—3)?. 


In involution the following laws are important : 


192. I. Law of Signs. Even powers of a quantity 
are positive, while odd powers have the same sign as the 
quantity itself. 

This follows from the fact that the quantity is re- 
peated as a factor an even or an odd number of times 
as indicated by the exponent of the power. 


1938. IL. Law of Factors. In raising a quantity, com- 
posed of factors, to any power, each factor must be raised to 
the required power. ; 

In obtaining the power by the process of multipli- 
cation, each factor of which the quantity is composed 
will be repeated as many times as the quantity itself 
is used as a factor, and will consequently be raised to 
the indicated power. 


Ae 
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Thus, (ab)? =ab X ab=a’l’. 

(a> (x + y)§= a7 (w@ + y)? Xa (w+)? X 
a(a+yP=a4 (2+ y) ? 

(2ed )” = 2cd X 2cd X 2cd.... ton factors = 2”c"d". 


194. Any integral power of a factor consisting of a 
base with any given exponent, may be found by the 
following rules: 


FIRST RULE. 


Multiply the exponent of the base by the exponent of the 
power and attach the result as an exponent to the given base. 


It is plain that this rule simply shortens the work 
of obtaining the power by actual multiplication. 


Thus, 
(a2)? = a?Xa?X a = ab, 
(a3)" = a?Xa?Xa....to n factors = a™. 


[(ay)?]* = (zy PX (ay)? X (ay )PX(xy)? = (xy)F. 
[(a + b)]}* = (a+6)?X(a+b)?....to s factors = 


(a+3)", 
1 Pith ek 1 
2 3 — —_— —. — +e ie ——_— | 
[2?] (a2y3 = 22% aor a 
1 1 
[(a + b)?] = fade 4a +o to n fac- 


1 
tors = (a+ b)™ =(a+b6)-™. 


Find the powers indicated in the following: 

i gut nil ne a) Simian Coe i aay | 
(a*)* (b%) 6 tea Whey [ (2% + yyT? 
ee ee et yy 
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SECOND RULE. 


Raise the base to the required power and attach to the 
result as its exponent the exponent of the original base. 


First Proof. 

By the second rule in multiplication, factors whose 
bases have like exponents are multiplied, by multiply- 
ing the bases and attaching to the product the com- 
mon exponent. Employing this rule, the result will 


_be the power of the base, with an exponent the same 
as that of the original base. 


Second Proof. 

(a”)" =a" by first rule. 

(a™)” =a" by the first rule. 

. *.(a*)* = (a™)", hence the rule. 


Illustrative Examples. 


The third power of 2! = 8. 

The second power of 2° = 4°. 

The second power of (a+ 6)? =(a? + 2ab + 67)?. 
The third power of 3-? = 27~. 

The second power of (ab)"=(a? 6)”. 

The nth power of (xy)™ = (a"y”)”. 


The foregoing rules are the only ones by which 
factors or quantities can be raised to a power. 
Convenience should determine the one to be used. 
The law of signs and the law of factors are, of 
course, always to be remembered, and employed in 
connection with the application of either of the rules. 
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Find the value of the following: 
LC oe Byres 2. (— 7a? b? c+ x)’, 
Sc (gabe yy). 4. (— 4a? x y?)>. 
5. (— bab aw). Rita ey. 
t. (en yO. SB. (— Bey *§ te) *. 
Fee: Sige | Wo er 10. (da bc"). 
W. em)”. 12. (— 1bxy-)", 
13. (5 (a+ y)*). 
14. (— 3 (x—y)™ (@ + ay"). 
is. {—ta-* o* (2+ yy"). 
16. (— 2a y j2—[a—c]*{)”. 
From the rule for the multiplication of fractions it 
can readily be seen that to raise a fraction to any 


power, both numerator and denominator must be 
raised to the required power. 


EXAMPLES. 
Find the value of the following expressions: 
2\3 3\5 
i: & 2. (—;5) 
at Ae bert: 
In the following free the results from negative 
exponents: 


tia b2 4 xy * 3 
= (Ss ) 5 . (—=4 ) : 
5. (==): 6 Pace sy. 
be y? " \8b(a@—y) 
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- (—S2te —b)-3 ip 
; 5e4 (a + 6)? 
ax? (x — a) ” 

3 (— SWE) 

195. Powers of Polynomials. Any polynomial 
may be regarded as a quantity consisting of a base 
with an exponent 1. Its power is the power of the 
base with the same exponent, 1. It thus fits under 
the second rule. The required power of the base may 
be found by continuous multiplication. 


EXAMPLES. 


. Find the square of 2a--30?. 


. Find the square of a+m—n. 


> 


. Find the cube of 2a2+-3a—1. 
ax — by 


1 
2 

: 1 
3. Find the cube of a5" 
4 
5 . 
ay — bx 


. Find the square of 


By noticing with care the process of multiplication, 
the steps taken in certain cases may be stated in the 
form of rules of considerable practical utility. 


The following are illustrations: 


Square of a Polynomial. The square of a polyno- 
mial is equal to the square of each term, together with 
the sum of the products of twice each term into each 
of the succeeding terms. 


Cube of a Polynomial. The cube of a polynomial 
is equal to the sum of the cubes of its terms, plus three 
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times the product of the square of each term by each 
of the other terms, plus six times all the possible 
products which can be formed by multiplying together 
any three of its terms. 


EXAMPLES. 


. Find the square of a—0b-+ ¢. 
. Find the square of a+ b—c+d—f. 
. Find the square of 1 + 2x + 382’. 


Find the square of 1— 2 + 2? — 2’. 
Find the square of a — 2) + 3ab — m. 


. Find the square of 3x° — 2a? — a + 4. 


Find the square of « ++ 5x7— x + 2. 


. Find the cube of a+ 60+ c. 

. Find the cube of a —b + c—d. 
10. 
pi Bl 
12. 


Find the cube of 2a? — 3x — 1. 
Find the cube of 1 + «+ 2? + 2°. 


Find the cube of 2%? — 2x’? + 24% — 3. 
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CHAPTER XV. 
EVOLUTION. 


196. Evolution is the process of finding any root of 
a quantity. 

197. The root of a quantity is one of the equal 
factors into which the quantity is conceived to be 
resolved. 

If we conceive the quantity to be resolved into two 
equal factors, one of the factors is the square root; if 
resolved into three equal factors, one of the factors is 
the cube root; if resolved into m equal factors, one of 
the factors is the zth root. 

The root is indicated by the radical sign, V__ 

V denotes the square root. 

% denotes the cube root. 

V denotes the nth root. 


198. The letter or figure to the left and a little 
above the radical is called the index of the root. 


199. If the root can be exactly extracted the quan- 
tity is called a rational quantity. 


V4 and 18 are rational quantities. 

200. If the root cannot be exactly extracted, the 
quantity is an irrational or surd quantity. 

V3 and 79 are irrational quantities. — 
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201. A second method of indicating the root of a 
quantity is by means of a fractional exponent. 


at is one of the two equal factors of a, .*. a 


is 
: 1 
the square root of a, or algebraically expressed a? = 
Va. 
1 1 
a® is one of the three equal factors of a .-.a* = %q, 
x 1 
a” is one of the n equal factors of a ... a" = {%q, 
m m 
anis one of the n equal factors of a” ...a™ = py qm, 


We know now that a” equals the nth root of the 


mth power of a. an also equals the mth power of 
the nth root of a, .*. the nth root of the mth power 
equals the mth power of the nth root; that is, ina 
fractional exponent, the numerator denotes a power 
and the denominator a root, and the value of the 
expression is the same po matter in which order 
these operations are conceived as performed. 

Thus we reach an interpretation of that case neces- 
sarily omitted in involution, viz., the meaning of that 
power of a quantity denoted by a fractional exponent. 


We can now say: 


m 
an means that one of the » equal factors into which 
we conceived a to be resolved is taken m times, or 


m ; 
an is one of the n equal factors into which a@ raised to 
the mth power is resolved. 


202. We are now prepared, as a preliminary step 
to deriving rules of evolution, to prove that the two 
rules of involution hold true in this omitted case, and 
are therefore general in their application. 
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Proof for Rule 1. 


(a?)n is the nth root of (a?)™; but (a?)”™=a™, 
hence the nth root of afl Te becomes the nth root of 


a’™, which may be written a and therefore (a? yn = 


pm 
a”, and it is proven that the first rule covers the case. 


Proof for Rule IL. 
pm 


By the above (a? ye ao Sh 
a od Sati 
By ae sa rule ¢é " ey ran 


“(a?)® = — (an) and the second rule covers the 
case. 
The rules of involution are thus proven general. 


203. Evolution is the converse of involution. In 
involution the equal factors of roots are given to find 
the product or power; in evolution, the product or 
power is given, to find the equal factors or root. 

The power and the root are correlative terms; 8 is 
the third power of 2, and 2 is the third root of 8. 


The laws and rules of evolution must then be the converse 
of those of involution. 


204. In involution the even powers of both pos- 
itive and negative quantities are positive while the odd 
powers have the same sign as the quantities themselves. 
Since in evolution the converse is true, we have the 
following as the 


Law of Signs. Even roots of any positive quantity may 
be either positive or negative, while odd roots will have the 
same sign as the quantity. 
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205. In raising a quantity to any power, each of 
its factors is raised to the required power. The con- 
verse of this gives us in evolution the following as 


the 

Law of Factors. In extracting the root of a quantity 
composed of factors, the required root of each factor must be 
extracted. 


206. Taking the converse of the two rules in in- 
volution relating to factors, we have as the two rules 
for extracting the root of any factor the following: 


FIRST RULE. 


Divide the exponent of the base by the index of the re- 
quired root and attach the result as an exponent to the given 


base. 
SECOND RULE. 


Extract the required root of the base and attach to the 
result as its exponent the exponent of the original base. 


These two rules taken in connection with the law of 
signs and factors, will solve all examples. Care 
should be taken in the choice of rules in each 


example. 
EXAMPLES. 


1. Find the square root of 64a)‘, 

2. Find the square root of 196a7b‘c%x’, 
3. Find the cube root of 125a°)°. 

4, Find the cube root of —216x°,’. 
5. Find the fourth root of 16a‘d®c”, 
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10. 


11. 


24. 


25. 
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. Find the fifth root of — 32a%(a+y)*. 
. Find the nth root of 3”a?"b*". 


. Find the cube root of 2°”*5y,°"**, 


‘ 25atctx® 
. Find the square root of Ginin® 
a 9a~*b4 
Find the square root of 16am’ 
27a%e& 
Find the cube root of Sma” 
3},9-12 
. Find the cube root of — ee 
216c%y? 


. Find the square root of 64a—40?x°. 

. Find the cube root of —512a*)—c—. 

. Find the fourth root of 256a—y-%:-®, 

. Find the fifth root of — 32a—)—¢5. 

. Find the square root of 64a-2"b-, 

. Find the nth root of a~”"y”. 

. Find the mth root of a-™"y™2-™- 

. Find the nth root of abc“. 

. Find the square root of (a?+2ab+0’)’. 

. Find the square root of (9a? — 12xy--4y")”. 


. Find the square root of 


16a—4b?( 25m?-+- 10mn-+-n?)’. 
Find the square root of 
36a*( a-+b)4( a? — 2ab-+- 0"). 
8la-*b*(a— y )4 


Find the square root of 492 16a9-+ 44-3)" 


EVOLUTION. 221 
207. Roots of Polynomials. 


Any root of a polynomial may be considered as 
coming under the second rule, the polynomial being 
regarded as a quantity consisting of a base with the 
exponent 1. In finding the root of the quantity, the 
steps to be taken are simply the converse of those by 
which the power was obtained. It is by noting with 
care these latter steps and reversing them that we 
obtain the rule for extracting the root. 


208. Square Root of Polynomials. 


The square of a + bis a?-+- 2ab + 6?, in which a 
and 6 represent any quantities. Calling a + 0 the 
root and a? + 2ab + 6? the power, we may say that 
the power equals the square of the first term of the 
root, plus twice the product of the first term by the 
second, plus the square of the second term. 

Reversing the steps by which the power was 
obtained from the given root, the root may be obtained 
from the given power. 


(a + b)? =a? + 2ab + BW? (Power) 
a? -+ 2ab + 6? (a + 6 (Root) 
a? 
2a + 0b 2ab + b? 
2ab = Ms 


The following are the steps taken, with the reason 
for each: 


Arrange the terms of the power according to the 
descending exponents of some letter. 
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Reason. This-is simply for convenience. It is the 
order in which the terms of the power appear when 
the power is obtained from the root by continuous 
multiplication. 


2. Extract the square root of the Jirst term of the power 
and it will give the first term of the root. 


Reason. The square of the first term of the root 
equals the first term of the power; therefore the 
square root of the first term of the power equals the 
first term of the root. 


3. Subtract the square of the root already found from the. 
power. 


Reason, This step is taken in order to obtain the 
remainder of the power. If the remainder is 0 it 
shows that the exact root has been found. 


4, Divide the first term of the remainder by two times the 
Jirst term of the root and it will give the second term of the 
root. 


Reason. In forming the power, its second term, 
which is the first term of the remainder, was obtained 
by multiplying two times the first term of the root 
by the second ; therefore, if we divide the first term 
of the remainder by two times the first term of the 
root, it will give the second term of the root. 


5. Add to twice the first term of the root, the second term 
of the root, multiply their sum by the second term of the root, 
and subtract the product from the first remainder. 


Reason. This will give the remainder of the power 
after there has been taken from it the square of 
the root already found, The remainder could have 
been obtained by simply squaring the root and sub- 
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tracting it from the original power. Since, however, 
the square of the first term of the root has already 
been subtracted, the desired result can be obtained by 
subtracting from the jirst remainder, the remaining 
partof the square of the root, viz. 2ab-+-? or two times 
the product of the first term of the root by the second, 
plus the square of the second term of the root. The 
same result may be reached by subtracting from the 
jirst remainder (2a+6)b or the product obtained by 
adding to twice the first term of the root the second 
term of the root, and multiplying their sum by the 
second term of the root. 

This is the method generally adopted. The purpose 
of this step is to find what remains of the original 
power after the square of the square root found has 
been taken from it. The step accomplishes this end, 
and is therefore a proper and correct step to take. 

If the remainder is 0, the root found is the exact 
square root of the power. Attention is called to these 
various steps in the following example: 

9a?+ 24ab-+ 1607|3a-+- 4d 
Ya? 
6a+-40)24ab-+ 168? 
24ab-+- 160? 

If there are three monomial terms in the roof, the 
power may still be regarded as the square of a bi- 
nomial; representing the terms of the root by a, } 
and ¢, the root may be put in the form of (a+)-+-c, 
a binomial consisting of the terms a+b and ec. 
The square of this binomial, under the rule for 
squaring binomials, will be (a+0)?+2(a+6)c+c’or 
(a?+ 2ab+0?)+2 (a+b)c+e. 


ee? La 
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By the steps already noted, the binomial term (a+) 
can be obtained. 


The work, then, will stand as follows: 


(a?-+ 2ab-+b?)+2 (a+b) e+e | (a+b). 
a?+-2ab-+- 0? 
2(a+b)|2(a+b)c+e. 

The remainder of the work will be a repetition of 
steps 4 and 5, simply regarding and speaking of 
(a+b) as the jirst term. 

Extract the square root of | 

at — 2a®x+3a? x? — 2ax?+24. 


at — 2a°x-+ 3a°x? — 2ax?+-x4 |a? — ax+2? 
4 
a 


9a? — ax | — 2a®x+ 3a*x? — 2ax*+ x4 


a Qa®x+ a*a? 


2a? — 2ax+a? | 2a%x? — 2ax*?+24 
| Qa%x? — 2ax?+ xt 


If there are four monomial terms in the root, rep- 
resented, say by a, b, cand d, the power can be con- 
sidered as the square of a binomial, (a+0-+c) +d, and 
treated accordingly. The power can thus always be 
considered as the square of a binomial, no matter 
how many monomial terms there are in the root. 

In certain cases where the square root of a poly- 
nomial cannot be exactly obtained, one or more 
terms of the root may be found. In such cases the 
square of this root, plus the last remainder, will equal 
the original quantity. 
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EXAMPLES. 


Find the square root of the following: 
1. 4a* — 12x? + 25x? — 24e + 16. 
2. at— 6a*x + 13a°x?— 12023 + det, 
3. 9ary? + 249°y — 30xy*® + 16x? — 40xy? + 2574, 
4. 6bx* — 12m — 4m?x? + xt + 90%2?-+ 4m. 
d. 10a*b? + a® — 4a°> — 20a°b? + 165° + 25a2b! 
— 24ab°. 
6. at Bab + 284 yn BBD 
7. 2?” + QoeMyF 1 Qunmz 5 y? + Qytee + 2a 
8. 16 —40xt + 49x? — 30x* + 9. 
7 2 1 
9. adie 4a3 - oplare s - 


10. 4a + 12a—16 — 118? — 30ab? + 25a%!, 
209. Square Root of Numbers. 


Any number may be regarded as an algebraic poly- 
nomial composed of units, tens, hundreds, etc. The 
square of a number is therefore built up in the same 
way as the square of an algebraic polynomial. Thus, 

(tens + units)? = the square of the tens, plus twice 
the product of the tens by the units, plus the square 
of the units. 

(60 + 3)?=60? + 2 X 60 X 3 + 3? = 3969. 


The terms which make up the square of a number are 
always blended together, as in the answer to the above 
example. It is necessary, therefore, in finding the 

15 


ee Stel 
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root, to first separate the power into terms. This 
necessitates the step designated as separating the num- 
ber into periods. ‘The step is explained as follows: 

The square of any figure in units’ place will contain 
simply units or units and tens, thus, 3?=9, 9?= 81. 

The square of any figure in tens’ place will contain 
hundreds or hundreds and thousands, thus (30)? or 3 
tens squared = 900 or 9 in hundreds’ place; (90)? or 9 
tens squared = 8100 or 8 in thousands’ place and 1 in 
hundreds’ place. 

Squaring any figure in tenths, place will give 
hundredths, or tenths and hundredths, thus, .2?= .04, © 
.o = .64. 

In the same way (.03)?= .0009 and (.09)? = .0081, 

By the formula for squaring a polynomial, it was 
made clear that the square of a number contains, 
among other terms, the square of each figure in the 
number or root; it is now shown that the power hav- 
ing been divided into periods of two figures each, 
counting in both directions from the decimal point, the 
square of each figure of the root will be found ina 
particular period of the power; that is, the square of 
units will be found in the first period to the left of the 
decimal point, the square of tens iu the second period, 
and so on; the square of tenths in the first period to 
the right of the decimal point, the square of hun- 
dredths in the second period, and so on. | 

If the power, then, be separated into periods, as 
indicated, it will make known the number of figures 
in the root and their position relative to the decimal 
point. It will also show us where to look for the 
square of each root figure, 
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EXAMPLES IN DIVIDING INTO PERIODS. 
1. Divide in'o periods 243726. 
2. Divide into periods 32724. 
3. Divide into periods 327.45. 
4, Divide into periods 675.4. 
5. Divide into periods 42732.567. 


G6. Put into the form of a decimal and then divide 


os “od ca, ad 1 
Di VOLIOUS 3-8 eae meee 
a) Pp ( 3 a 


Let it now be required to extract the square root of 
7569. The process may be illustrated as follows: 


tens? + 2 tens X units + units® | tens -+ units. 
tens? ee Tee noe, 


2 tens + units | 2 tens X units + units? 
2 tens < units + units’. 


tens units. 
75,69 | 8 + Pat 


tens units 64 
IKG-- 7 1169 
1169 

The following are the steps taken with the reason 
for each step: 

1. Separate the number into periods of two figures each 
beginning at the decimal point. 

Reason. As already shown, this step divides the 
power into periods corresponding to the figures of the 
root, thus determining the number of figures in the root 
and their position with reference to the decimal point. 


In the example given, there are two figures in the 
root, tens and units. 


a ee ore SS RT eT RRR © 
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2. Extract the square root of the greatest square in the left 
hand period of the power, and it will give the tens or the first 
jigure of the root. 


Reason. The square of tens or the first figure of the 
root appears only in the first period of the power; 
therefore, if we extract the square root of the greatest 
perfect square in the first period of the power, it will 
sive the first figure of the root. 

3. Substract the square of the first figure of the root from 
the first period of the power and bring down the next period. 

Reason. This will give the remainder of the power 
after substracting the square of the root already 
found. 

4. Divide this remainder by twice the first figure of the root 
and it will give the second figure of the root. 

Reason. The remainder contains twice the product 
of the tens by the units, plus the square of the units. 
These two terms cannot be separated, but as the first . 
is much the greater, it is probable that if we divide the 
remainder by twice the tens, it will give the units. 

5. To twice the first figure of the root, considered as tens, 
add the second figure of the root, considered as units; multi- 
ply their sum by the second figure of the root and subtract the 
product from the remainder. 

Reason. The purpose of the step is to find out 
what remains of the original power after subtracting 
from it the square of the root already found. This 
could be done by squaring the root and subtracting it 
from the power. The square of tens has, however, 
already been subtracted. There remains twice the 
tens by the units, plus the square of the units, to be 
subtracted; or, what is the same thing, the sum of 
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twice the tens plus the units, multiplied by the units. 
This product, subtracted from the first remainder, 
gives the remainder sought. 

If thereare three or more periods in the power, the 
following addition to the rule as already given is 
necessary. 

6. In proceeding to find each new figure of the root, con- 
sider the root already found as tens and the figure sought as 
units. Then repeat steps 4 and 5. 

Let the square root of 568516. be required. The 
greatest square contained in 5685 may be found by 
the rule already explained for finding the square root 
of a number composed of two periods. 

The work up to this point would stand as fol- 


lows: 
56,85,16( 75 
49 pe 
145| 785 
725 
6016 
Having now found the greatest square in the first 
two periods and subtracted it from these periods, we 
may regard the root already found as 79 tens and 
proceed to find the next term by repeating steps 4 
and 5. 
The entire work would then stand as follows: 


tens units. 
56,85,16 | 75 + 4 


49 . 
145 | 785 
tens units fae 
2X75+ 4 6016 
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By continuing this process, the square root of a 
quantity containing any number of periods can evi- 
dently be found. 


EXAMPLES. 


Find the square root of the following: 
1. 183184. 

404291449. 

39.9424, 

8.1. 

39505.5376. 

.00123. 


TF oT ew 


3 to 5 decimal places. 
4489 
90601 ~ 
1 
Bs 3 to 4 decimal places. 


10. to 4 decimal places. 


7 
128 
35 : 
if. y to4 decimal places. 


210. Cube Root of Polynomials. 
Let a and 4 represent any quantities, 
(a+b')? = a?+ 307b+ 3ab?+83. 


The second member of the equation is the power; 
a-+-b is the root. The power is equal to the cube of 
the first term of the root, plus three times the square 


EVOLUTION. 231 


of the first term of the root by the second, plus three 
times the first term of the root by the square of the 
second, plus the cube of the second term of the root. 

The steps by which the cube is built up are thus 
made clear; reversing these steps, the root can be 
readily obtained from the power. 


power root 
a’+ 3a7b+ 3ab?+b? la+b 
a? 
da?+ 3ab+ 0? 3a7b-+ dab? b° 


3a°*b+ 3ab?-+ b? 


Stating the process in the form of a rule and giving 
the reason for each step taken, we have the following: 


1. Arrange the terms according to the descending expo- 
nents of some one letter. 


Reason. For convenience, and because this is the 
order in which the terms naturally appear in the 
power when it is derived from the root by continuous 
multiplication. 


2. Extract the cube root of the first term of the power and 
it will give the first term of the root. 


Reason. The cube of the first term of the root 
equals the first term of the power; therefore the cube 
root of the first term of the power will give the first 
term of the root. 


8, Subtract the cube of the root already found from the 
power. 


Reason. By this step we obtain the remainder of 
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the power. If the remainder is 0, it shows that the 
exact root has been found. 


4. Divide the first term of the remainder by three times 
the square of the first term of the root and it will give the 
second term of the root. 


Reason. In forming the power, its second term 
which is the first term of the remainder was obtained 
by multiplying three times the square of the first term 
of the root by the second; therefore, if we divide the 
first term of the remainder by three times the square 
of the first term of the root, it will give the second 
term of the root. 


5. Add to three times the square of the first term of the root 
three times the first term of the root by the second and the 
square of the second term of the root; multiply this sum by 
the second term of the root and subtract the product from the 
Jirst remainder. 


fteason. The object of this step is to find what re- 
mains of the power after there has been subtracted 
from it, the cube of the entire root already found. 
This remainder might have been obtained by cubing 
the root and subtracting it from the power. Since, 
however, the cube of the first term of the root has 
been already subtracted, the desired result can be 
obtained by subtracting from the first remainder the 
remaining part of .the cube of the root, viz., 3a°b + 
dal? + 6°. This is equivalent to subtracting from the 
first remainder (3a? + 3ab + b?)b, which translated 
gives us step 5. (Student translate. ) 

If the remainder thus obtained is 0, the exact root 
has been found, 
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Note these various steps in the following example: 


Find the cube root of 8a°+-36a*b-+54ab?+- 270%. 
8a3+ 36a7b+ 54ab?+ 276? | 2a+-3b 
8a? : 

12a?+ 18ab-+ 90? 3607) + 54ab?+ 276° 

. 36a7b+ 54ab? + 27? 

If there are three monomial terms in the root, the 
power may still be regarded as the cube of a binomial; 
for representing these terms by a, 6 and ¢, the root 
may be put in the form (a+6) +e. 

[(a-+d)+e]§ =(a+6)?4+-3(a+-6)?c+8(a+6) +c. 

By the steps already given, the first binomial term 
of the root, (a+) can be obtained. 

The work will then stand as follows: 

(a+b)? +3 (a+6)? c+3 (a+6) +e |(a+0) 
(a+b)? 
3(a+6)?e+3 (a+b) c?+c?. 

The remainder of the work will be a repetition of 
steps 4 and 5, simply regarding and speaking of 
(a+b) as the first term. 

If there are more than three monomial terms in the 
root, the work connected with the finding of each of 
the remaining terms of the root will be a mere repeti- 
tion of the steps 4 and 5, regarding in each case all 
previous terms of the root as one term. 


EXAMPLES. 
Find the cube root of the following: ” 
1. a&’—6a5d +15a4b? — 20a3b3 + 15a°b4— 6ab5-+ d6. 
M 2. 3b°+b6 — 5b3 — 143d. 
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“3. 2748 — 5405+ 9244-2843 — 3a? — 6a —1. 


4. 132a+ — 18223-+ 2725+-1+ 6a8+ 81a2+ 
xv — 15x” — 827 — 4926, 


vV -5. 1— 3e+ 6x? — 10x84 1294 — 12454 
10a6 — 627+ 3a8 — 99, 


or] 


m&+- Im y — 185m3y3+-729my> — 7296. 


7. Baby? + 6Osxtcy?z — 12a>y? + 125c323 + 150x2yc2e! 
— «8 — T5ex2?+ baty+ licu*z — 60a3ycz. 


5 


a + 63a ?— 
7 9 


21a 44-Fia 


9. (x+a)%?y— 6dy*bm(a+a )s?+ 
120°!" (x-+-a)*¥y — 80863". 


bol 


_ 1 
Ban) iat apy 


10. 1—a, finding three terms. 


211. Cube Root of Numbers. 


The cube of any number is built up in the same way 
as the cube of a polynomial, thus, 


(tens + units)? = tens? + 3 X tens? X units + 3 x tens X units2 + nnits3, 
(54)3= (50 + 4)3= (50)3 + 3 (50)2X4+3% 50 x 42 + 43= 15764, 


As in the square of a number, so in the cube, the 
terms of which it is composed are blended together. 
They must be separated in order to find the root. 
This process is called separating the number into 
periods. 
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2? — 8 (20)? = 8000 .23 = .008 
33 = 27 (30)? = 27000 33 = .027 
93—729 (90)? = 729000 93 = .729 


It is evident from the above that if the cube be 
separated into periods of three figures each, beginning 
at the decimal point, the cube of the unit figure in the 
root will be found in the first period to the left of the 
decimal point, the cube of tens in the second period, 
and so on; while the cube of tenths will be found in 
the first period to the right of the decimal point, the 
cube of hundredths in the second period, and so on. 
It follows that for each period in the power there will 
be a figure in the root, and that each period and the 
corresponding root figure will be similarly situated 
with reference to the decimal point. 


Divide into periods the following: 
. 526435. 

. 1425329. 

. 4329.546. 

29.5. 

35274, 


6, * > and * after reducing each to decimal orm. 


ao em Ww ww eH 


After separating the power into periods, the re- 
maining steps in extracting the cube root of num- 
bers are the same as in extracting the cube root of 
algebraic polynomials. 
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The process, when there are two figures in the root, 
will be as follows: 


tens3+3xtens?xunits+3xtensxunits2+ units? | tens+ units 
tens3 
3x tens2+ 3 X tens X units+units2 3x tens2Xunits+3xXtensXunits2+unliss 
3xtens?xXunits+3xtensxunits2+ units3 
eee 


Let it be required to extract the cube root of 
13,824. 


13,824 [24 
8 
3 X tens? = 3 (20)? =3(400)=— 1,200 “5824. 
3 X tens X units = 3 (20) (4) = 240 
units* = 4? ces 16 


1,456 5824 


The steps taken, with the reason for each, can be 
stated as follows: 


1. Separate the number into periods of three Jigures each, ~ 
beginning with the decimal point. 


fteason. We thus obtain the number of figures in 
the root and their position with reference to the deci- 
mal point. 


2. Extract the cube root of the greatest cube in the left-hand 
period of the power and it will give the first Jigure, tens, in 
the root. 


Reason. The cube of the first figure of the root, 
tens, appears only in the left-hand period of the 
power ; therefore, if we extract the cube root of the 
greatest cube in the left-hand period of the power, it 
will give the first figure of the root. 


3.» Subtract the cube of the first figure of the root from the 
left-hand period of the power and bring down the neat period, 
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Reason. This will give what remains of the power 
after we have subtracted from it the cube of the root 
already found. 


4. Divide this remainder by three times the square of the 
jirst figure of the root, regarded as tens, and it will give the 
second figure. of the root. 


fteason. The remainder contains three times the 
square of the tens by the units, plus three times the 
tens by the square of the units, plus the cube of the 
units. These terms cannot be separated, but the first 
is much the greatest, hence it follows that if we divide 
this remainder by three times the square of the tens 
we will probably obtain the units. As this division 
does not, however, always give the units correctly, 
three times the square of the teus is called the ¢rial 
divisor. If the first trial with this divisor leads to a 
wrong unit figure for the root, the subsequent work 
will reveal it, and the error can be corrected. 


5. Tothree times the square of the tens, add three times the 
tens by the units and the square of the units, multiply this 
sum by the second or unit figure of the root and subtract the 
product from the first remainder. 


Reason. By this step we seek to find what remains 
of the power after subtracting from it the cube of the 
entire root found. The cube of the tens was sub- 
tracted in a previous step. We now subtract the re- 
mainder of the cube which factored consists of (3 X 
tens? + 3 X tens X units + units?) X units. Hence 
the step as stated. 

If there are more than two figures in the root, we 
may, in finding the third or any succeeding figure, re- 
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gard the previous figures as fens and repeat steps 4 
and 5. 

Thus, in extracting the cube root of 44,361,864, we 
may at first deal simply with the first two periods, 
44,361, and find the first two figures of the root 35. 
Subtracting the cube of 35 from these periods and 
bringing down the next period, we will have as our 
remainder 1486864. In finding the next figure of the 
root we may regard 35 as ¢ens, and the figure sought as 
units. The following shows in full the work of find- 


ing the third term: 
tens units 
44361864 | 35 + 4 


42875 
3X tens? = 3 (350)? == 367500 | 1486864 
3xtensxXunits = 3x350«4 == 4200 
units? = 42 — 16 
871716 | 1486864 
EXAMPLES, 


Find the cube root of the following: 
1. 77854483. 
2. 1070599167. 
17576 
* 79507 
4, 39.651821. 
5. .08 to four decimal places. 


6. 2. to four decimal places. 


4 : to four decimal places. 


13 
8. | to three decimal places. 
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212. Higher Roots of Polynomials. 


The rules for extracting the higher roots of polyno- 
mials are derived in the same way as are those for 
finding the square and cube root of such quantities. 

A careful examination into the manner in which the 
power is built up from therooé will, ineach case, reveal 
the steps by which the root can be found, when the 
power is given. 

The student should bear in mind that there are two 
ways of finding the remainders. He has become ac- 
quainted with one of these, in the work in square and 
cube root; the other, which if used at all must of 
course be used as often as a new term in the root is 
obtained, consists in raising the entire root found up 
to that point, to the required power and subtracting 
the result from the original power. 


EXERCISES. 
(a+b)* =at+4ab + 6a°b?+- 4ab3+ bt, 
(a+b)> = a+ dath+ 10a2b?-+- 10a7b3 + 5ab4+-b5, 
(a+b )§ = a6+ 6a5d+ 15a4b?+- 20a203+ 15a2ht + 6ab5 
+06, 


Give and explain fully each step taken in extracting 
the following roots: 


1. The fourth root of algebraic polynomials. 

. The fifth root of algebraic polynomials. . 
. The sixth root of algebraic polynomials. 

. The fourth root of numbers. 

. The fifth root of numbers. 


. The sixth root of numbers. 


a oa —- &w W 
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SUGGESTIVE QUERIES. 


1. In finding the different terms of any higher root 
of algebraic polynomials, what part of the divisor in 
eacb cise is used? 

2. What relation exists between the parts used of 
the different divisors ? 


3. What is meant by Ist remainder, 2d remainder, 
etc.? 


4, Which of the two methods of obtaining the dif- 
ferent remainders involves the least work ? 


5. By what other method can the fourth and sixth 
roots be found? 


EXAMPLES. 


1. Find the fourth root of 16a* — 96a°x+ 216a2x? — 
216ax3-+ 812%, ° 


2. Find the fourth root of 13107.9601. 


3. Find the fifth root of «!®° — 10z°+ 30x28 — 120a°+ 
48n°-+ 2402! — 240x? — 1602 — 32. 


4. Find the fifth root of 36936242722357. 


5. Find the sixth root of 729° — 14582°+ 12152 — 
54027 -+ 1352? -— 182+1., 


6. Find the sixth root of .009474296896. 
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CHAPTER XVI. 


RADICALS. 


213. It was stated in evolution: 


1. That any root of a quantity may be indicated by 
the radical sign and its index. 


Thus, )/a, ~/ab, (’5ac, P/2abc are indicated roots. 


2. That when the root can be exactly extracted, the 
quantity is called a rational quantity. 


3. That when the root cannot be exactly extracted, 
the quantity is called an ¢rrational or surd quantity. 

214. The degree of a radical is indicated by the 
index of the root. 4 

Thus, {Ya is a radical of the nth degree. 


215. An entire radical is one that has no rational 
factor outside the radical sign. 


216. A mixed radical is the product of a rational 
factor aud a surd factor. 

Thus, 3a7,/be and 4;/2a are mixed radicals. 

217. Like radicals are those which have the same 
radical sign and the same quantity under the radical. 

Thus, 3a 2b and 204% 2b are like radicals. 


In like mixed radicals, the radical is always a com- 
mon factor. 


16 
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218. It was shown in evolution that any root may 
be indicated by a fractional exponent. It follows: 

1. That any radical quantity may be changed to an 
equivalent expression in which a fractional exponent is 
used. 

2. That any expression with a fractional exponent 
may be put’in the radical form. 


EXAMPLES. 


Change the following to equivalent expressions with 
fractional exponents: 


s gs ates: 

s tae 8 6. “ee 11. Pp’ c™ab”. 

2. mi. 7 abe 12 a+b. 

. . . Na . . 
ce 1 AeA: 

3. Va™. 8. mi 13. /e+d. 

4. Va™." 9. Vabe 14 < : 

. Va. - Vabe. ay bare > 
ne Sas I 

5. Wes 1S, Se 


Change the following to equivalent expressions in 
radical form: 


1. a’. 6a a. at bic, 
z ne 1 
A vg 7 12. (a+6)*. 
1 m mM» 
3. yin. 8. agn. 13. (w—y)*. 
24m i 2 
Se ee 9. mye”, 14, (c+d)*(a#—y)*. 
x? : 5 3 iL 2 
by a’. 10. m?n?p?. 15. (wx—a) *. 
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219. Since an integer may be reduced to an equiva- 
lent fraction having any desired denominator, it is 
clear that an algebraic quantity with an integral ex- 
ponent, may be put in the form of an equivalent radi- 
cal of any desired degree, 


Thus, 
een a ab = (ab)? =/Y(aby= Ye? 
a=a = va ab =(ab)n = 7 (ab)"*= f’a"b" 
a=an = fa" (a+b)=(a+b)u =p (a+b) 


EXAMPLES. 


1, Reduce ax? to a radical of the second degree. 

2. Reduce 2a*bx? to a radical of the third degree. 
3. Reduce —2 to a radical of the third degree. 
4 


. Reduce 3a — 2 to a radical of the second degree. 


« 


2 
5. Reduce ; to a radical of the third degree. 


6. Reduce _22¢ toa radical of the fourth degree. 
ieee! 


220. It is evident from the foregoing that all alge- 
braic quantities can be reduced to the radical form, 
and that in this form they are subject to the same 
laws as when the quantities are expressed by the aid = 
of integral and fractional exponents. 


It follows that: 


The rules of operation for radical quantities are the same 
as those for quantities not expressed in the form of radicals. 
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REDUCTION OF RADICALS. 


221. To reduce a radical is to change its form 
without altering its value. 


222. Preparatory to considering particular methods 
of reduction, the student is required to state in review : 

1. The first rule for raising a factor of a quantity to 
any power. 

2. The second rule for raising a factor of a quantity 


to any power. 


3. The first rule for extracting any root of a factor 
of a quantity. 

4. The second rule for extracting any root of a fac- 
tor of a quantity. 


223. These rules when applied to factors consisting 
of basesaffected with fractional exponents, give rise to 
the following: 


(a) Rules for raising a factor to any power. 


1. Multiply the numerator of the fractional exponent of the 
base by the exponent of the power. 


or 2. Divide the denominator of the fractional exponent of 
the base by the exponent of the power. 


or 3. Raise the base to the required power and leave tts 
exponent unchanged. 


EXAMPLES. 


1. Raise to the second power, by each of the three 
rules: 


3 
a 


colon 


2 (a2)? (3a)? (a+b)*. 
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2. Raise to the third power, by each of the three 
rules : 
2 


2 1 2 nie 
Yl Ca )*.. (4x)°. (x+y)*?. 
In the following, choose the rule most convenient: 


1 
3. Required the second power of 2°. 


2 
Ss 


4. Required the third power of (a*)”. 
2 
5. Required the fourth power of 3, 


i 
6. Required the second power of (a+ )*. 
(b) Rules for Extracting any Root of a Factor. 


1. Divide the numerator of the fractional exponent of the 
base by the index of the required root. 


or 2. Multiply the denominator of the fractional exponent 
of the base by the index of the required root. 


or 3. Extract the required root of the base and leave its 
exponent unchanged. 


EXAMPLES. 


1. Extract the square root of the following, by 
each of the three rules: 


5 
& 
3 


4 (at).  (9x2)*. (a2 2a+B2)5, 
2. Extract the cube root of the following, by 
each of the three rules: 


2 
S 


; 2. 6 
(27)*. (a8)™", (8x3)7, (08-+3a2y+ 3ay2+y3)°. 
In the following, choose the rule most convenient : 


1 
3. Required the cube root of (3a?)*. 
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4. Required the fourth root of (81a4 ys. 
5. Required the square root of (a? — 6? ‘ 


224. Remembering that the index of the radical 
corresponds to the denominator of the fractional ex- 
ponent, these rules of involution and evolution, when 
applied to radicals, can be stated as follows: 

(a) Rules for Raising to any Power. 


1. Multiply the exponent of the basal quantity under the 
radical sign, by the exponent of the power. 


or 2. Divide the index of the radical by the exponent of the 
power. 


or 8. Raise the basal quantity under the radical to the re- 
quired power, and leave its exponent and the index of the 
radical unchanged. 


EXAMPLES. 
Find the required power of the following, by each 
of the three rules: 
1. The 3d power of 7 (2a}°. 
2. The 5th power of |’ (3m'n)’. 
3. The 2d power of | (x+y)'. 
4, The nth power of "(4a%b)’. 


Find the required power of the following, by the 
rule which is most convenient : 


1, The 4th power of //g+z. 
2. The 2d power of y9?4 2ey+7?. 
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3. The 3d power of (mm — n)®. 
4. The nth power of 1/Q.qr fm, 


(4) Rules for Extracting any Root. 


1, Divide the exponent of the basal quantity under the 
radical sign, by the index of the root. 


or 2. Multiply the index of the radical by the index of the 
root. 


or 3. Extract the required root of the basal quantity under 
the radical sign, and leave its exponent and the index of 
the radical unchanged. 


EXAMPLES. 
Extract the required root of the following, by each 
of the three rules: 
1. The square root of ~/(a? + Quy + 7?)*. 
2. The cube root of 7(8a*b*)”. 
3. The 5th root of }”(32a"*)”. 
4. The nth root of 1/(3%a""y" )"". 


Extract the required root of the following by the 
rule which is most convenient : 


1, The cube root of x + y. 

2. The 5th root of 7/(2m?n)®, 

3. The square root of {”4a?(m?—2mn-+ vn’). 

4. The nth root of 7/[(2"(a+ x)" ]”. 

225. It is evident that if a quantity with a fractional 


expouent be raised to a power by any one of the three 
rules of involution, and the root of equal degree, ex- 
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tracted by any one of the three rules of evolution, the 
final result will have the same value as the original 
quantity. 

The order in which these steps are taken is a mat- 
ter of convenience to be decided by the student. 


EXAMPLES. 


Change the form of each of the following, without 
altering its value: 


1. (6)¢. 4. [(a? + Qny + y?)mT*. 
s 1 

2. (402)? 5. [aa (m—n)*]?. 

3. (16a‘m*")?. 6. [4axty (m +2) ]. 


226. Quantities expressed in the radical form can, 
in a similar way, under the rules given, be raised to 
any power and the corresponding root then extracted. 
Radical quantities can thus be changed in form with- 
out altering their value. This method of reducing 
radicals gives rise to the following cases: 


Case I. In which the degree of the radical is not changed. 
EXAMPLES. 


Involving the multiplication of the exponent of the 
basal quantity: 


1. ¥ (4a°b%c?)?. Ans. ¥ (2abc)!. 
2. V (8a°l%c®)s, 3. 74 ( 32a ich)”, 


aCe Came oS 1-9. cue ee 
4. (See) 3. ce et y)'| ; 
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ri 


4 s 
5} — m®n8 (a?+ 2ab-+-l? 
Re ( yy 
7. V a? — 2ab+8%. 
8. V af (x*+ 8a7y+ 3axy"-+y*). 


9, iene: 10. V (xdmyrz etn 
81 
1 se Vv [ary™ cm (a meal, b ) 208 


Involving the division of the exponent of the basal 
quantity : 
1. (2ab%c)s. 
Ans. 1) (4@b'2), or PY (8a°D'A), or V G4a"C. 


4, V (ay? (a+b) )°. a. V [amy (c+d)™]": 


tee In n |" 
6, Le? te et ] ; 
ie ae Cae ye 


Case If. In which the degree of the radical is multiplied. 


EXAMPLES. 


Reduce each of the following to equivalent radicals 
of degrees which shall be equal to the degree of the 
original radical multiplied by 2, 3, 4, and n respec- 
tively. . 

1. 7/(2ab)". Ans. for 4th degree ;(2ab)* or 
1’ (4a°*b")’. 
2, y/3ab*. 7 3. put y. 
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4. # 2a? bx (m+n). a. Yd3a"z, 
6. 7 4b2? (2 —a)?- 


7. p —8abm™ (a + xy (a—a)™. 


Reduction of Radicals to a Common Index. The 
reduction of radicals of different degrees to equivalent 
radicals of the same degree comes under this case. 


EXAMPLES. 


Reduce to a common index the following: 
1. 7/a, fa, a. Ans. ba’, tat, fa’. 

V 2ab, y/8ab}, 1/5ab%. 

Wa", /— 5b, /— Bem. 

V 2ax, Way, 1 bx. 

. a, Vac, ax, Lace. 

. 2a (a+b), Ya—b. 


Va+e2, Y(a—x). 


Vai—y, Paty, Yo—y. 


jn 
ad 


V/ 2a (m? —n?), 5c (m? + n?), 1/26 (m—n). =, 
1 
ll. Ya —y, Waty 
Where the radical is preceded by a coefficient, this 
coeflicient should not be changed. 


12. 2cy/x, 5a jv 2z. 
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13. aj/a—x, bWe+u. 

14. 26)/a@ate, 3cp/bxe. 

15. 4p dex?, 24 2am, 10a7/3ba. 

Case III. Jn which the degree of the radical is divided. 


In this case the resulting radical with the lower in- 
dex is considered to be in simpler form than the 
original radical, 


EXAMPLES. 


1. (lea )= Ans. p/(4ab)™ or (iba 


2. V 4a? 3. 1 81m 
4. (Oba? p> 5. la 
No 
6. {16 ie (2 
25 N ax) 
8. ,/ 25a” 9. 7 — 8a 
36a? 
10. 8a a? — Quay + y? 11. (a—2x) "Va" b™ 
12. J(2—5)? 13. [sara ty 
(x +3) N 2727/7(2—y)° 


15. Ta + 12ab FOP 
64 
16. Verb (a—y) 17. 1 (3a Uy” 


2 
14, Va a2y—8qin 


18. 7 —27a8 (a + y)* 19. (4a? + 4a +1) © 
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i“ Reduction of Radicals to their Simplest Form. 


227. A radical is in its simplest form when it is of 
the lowest possible degree, and has under the radical 
sign, no factor which is a perfect power of the same 


degree as the reduced radical. 


228. Case I. In which the degree of the radical is de- 


creased. 


This is the same as case J/Z under reductions 


effected by the rules of involution and evolution. 


229. Case IL. In which the radical ts separated into 
two factors and the root of one of the factors extracted. 


This is simply doing in part what cannot be done 
asawhole. If the exact root of the entire quantity 
could be obtained, it would be well; since the root of 
one of the two factors can be extracted, this much is 
done and the root of the second factor indicated. 


One of the factors should be the highest perfect power 
of the degree corresponding to the index of the root. 
In separating into factors, the radical sign of proper 
degree should be placed over each factor. 3 


EXAMPLES. 


1. 12508 = 250 V5a = 5aV 5a. 


2. V294ab2. 3. 7V 80ab3. 
4. Vai—a. 5. Vax? — bax + 9a. 
6. V 8a%2™. 7. V (a? —y?) (a+y). 


8. 56a°0°, 9, 9 * — 54atbic?. 
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10. 7290x8542, 11. 11715a™™5™, 
12. 2c’ 768. 13. 6 Yaka 
14,7 aye6" 41, 

15. (a—b) V 2a%)+4ab?-+ 20’. 

16. Vamtor, 

17. ae V a®*c™— ac", 


A fraction, under the radical sign, should be reduced 
to an equivalent fraction whose denominator is a per- 
fect power of the same degree as the radical, before 
the quantity under the radical is separated into fac- 
tors. Care should be taken to resolve the numerator 
of the fraction into its proper factors. 


Tllustrative Example. 


E> ae b. 
5 25 ae 5 


EXAMPLES. 
ee bee eee 
3 ins 
1 b 
3. ni 4, a, 
83 a 
5 (a—b),/2 +2. 6 A ae 
a—b Natt? 
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y, O12? | 10, (eae. 
125n? (2 -+ a)*x 
11, %  |®&— 20% +a 
pe a ees 
12, 3.422" 18. Sh aad 
ei nn 


ADDITION OF SURDS, 


230. The addition of surd quantities, whether ex- 
pressed in radical form or by fractional exponents, 
presents no new principles. 

The surds to be added should first be reduced to 
their simplest form; the remainder of the work is the 
same as in the addition of rational quantities. 


Hence the following 


RULE. 


Reduce each surd to its simplest form, prefix to the high- 
est common factor of the resulting surds, the algebraic sum of 
tts coefficients. If there is no common factor, connect the 
surds by their proper signs. 


EXAMPLES, 

Find the sum of the following: 
1 

I. ba? and az?. 


2. abe® and (c+ d) 8, 
3. (2+m) (a—bys and (a—b)>, 


0 
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g 1 

4. cy? and dy?. 
3 5. i 
5. (m+n) (m—n)*, (m—n)? and2mn(m—n)?. 


6. Gas a2)? and eae + a?)? 
7. ae (1—atyF, 7 “z(1— 28 ¥ and 7, (1-2)? 


8. 1/97; V48 and 7/75. 

9. 41/72, 31/128, and 1/j62- 
10. f’a™b, and j%c™b. 

ll. (94 and 781. 

12. / 1sais*? and 1/50qZ3. 

13. 61 4a, 27/2a and VW 8a) - 


14. 24/55 aN 84, 21, and As 


15. 2cV my — m®z, 4mV ey — cz and 
3V Cn dy — enez. 
16. V45a2m — 120abm+806?m and 
V 807m — 40bm-+5m. 


7 Ate a ea ) ACES and ( Iq? — a ee 


H 


18. Vm? and V mey*z™. 
19. Wd4a*98, 16x and P 2x7", 


20. VW AUB Pvt8enyt5, 1 Bupiy—nv 3 CVF 5 and V Wercx, 
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A ym+2h3 
21. A aaa o* and a x 20nd? — 800 *961+-800"4%0. 


Subtraction of Surds. 


231. Subtraction of surds does not differ in princi- 
ple from subtraction of rational quantities. 


We have then the following 
RULE. 


Conceive the signs of all the terms of the subtrahend to be 
changed and proceed as in addition of surds. 


EXAMPLES. 


1 1 
1. From az? subtract dx*. 


1 1 
2, From b(m—n)® substract cx(m—n)?. 


ales 


3. From (a’c?— Beta) subtract Salman 


4. From (a®—al?+ ab — 0’ 2 subtract 
1 
(a®— 3a* + 3ab? — b*)?. 


5. From 448 subtract V/112. 
6. From 2V 50 subtract V 18- 
7. From 2%” 320 subtract 31 40- 
8. From 63a2x — 84abx + 280'x subtract 
V Tex + 42aba + 630% . 
5. ¥ rom 34/104 104 subtract a. a 
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ZF 
545 


11. From see 245 subtract Pt ini 


es b™y, + Em lan as b” a™x — a” wakes q'” 
12. From a (2— (x— 1)" subtract ee ae cee 


Ay 
MULTIPLICATION OF suRDS. 2%” 


232. Thegeneral rules for the multiplication of mo- 
nomials, govern in the multiplication of monomial surds. 


8 


10. From ya| ety ee subtract 


Let it be required, in review, to state: 

1. The first rule for the multiplication of the factors 
of monomial quantities. 

2. The second rule for the multiplication of the 
factors of monomial quantities. 

Monomial surds are either entire or mixed. In 
multiplication, the latter case includes the former. In 
its solution, the rational and the surd factors should 
be multiplied together separately. The product of 
the surd factors can always be found by the second 
rule for the multiplication of the factors of mono- 
mials; for under principles already established, these 
surds can be reduced to equivalent expressions with 
common fractional exponents, or, in the radical form, 
to 2 common index. 

Illustrative Example. 


Find the product of (3ab)? X (2cd)?. 
(8ab)® = (8ab)*=[( Bab )*]® = (270°), 
(2cd)* = (2ed)*=[(2ed)]® = (42)? 


Product, = ( 108a°e2d? )®, 
17 
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The foregoing example, written in the radical form 
would read as follows: 


Find the product of )/3ab X # 2cd. 
V 8ab = {/ 27°. 
~/2cd = 1 4ed? 

Product = 7° 108a°b%c?u? 
EXAMPLES. 


Find the value of the following expressions: 


1 1 
1. 5a? X 3a®. 


a4 ig che 
2. daty*® X acty*. 


2 
3 


1 3. (4a%)3 X (2a)3. 


A. (272°)? X (2y)?. 


1 2 ae 
D. (xy)* X (xz)* X (yz)*. 


3 
4 


6. (w—y)> X (@+y)*. 
7. 3)/8 X 2//6. 
. 8 Ya—xzX Yate. 
9. 1/2X -3. 
10. 2ax~/4a? X 3bay/ 2a. 
11. 5a;/3a X bya Xxlea. 


12. 4a;/ac X 3cp’3cb X 2a abe. 


13. 
14, 
15. 
16. 
bi. 
18. 
19. 


20. 


21. 
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ax+bh lap ax one. a 
y \exae xX bx 


5bx7/ 2uy 4 Qey yr wy? 


(a —z) 5 X (a +a) PRP X (a? + a?)a] 1, 
07 
Quy?fa X Bury fay. 
«{/16)? (22): 
VE) *N\ea} 
(Y (4al?)* X (2a@)*. 
PeRXrcxve- 
Ng XN gx? re 
alread iy ee : 2 ees 
Va oe xy (a—zx)°® 


MULTIPLICATION OF POLYNOMIAL RADICALS. 


By combining the preceding rules with that for 
the multiplication of polynomials, we may multiply 
together radical expressions etl tigie of any num- 
ber of terms. 


EXAMPLES. . 


gh 
2 


1. Multiply arty? by 27 — yi. 


¢ 2. Multiply af Oa" at by a 


i 
2 


—- Bat +9. 
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BE i 
2 2 


5 
3. Multiply @ —ata? — ea —a+a?—1 by 


é ate 
4. Multiply V2 + lby V2—1. 
5. Multiply /2— V3 by V2— V3. 
. 6. Multiply 3/5+2V3 by 8V5 1 2V3. 


7. Multiply V2+1— Ve —1 by 
Vel > Ve 8 
8. Multiply 12+ 7/19 by W12—y19. 


9. Multiply Va ted by Va — eb. 
10. Multiply «22— «V271 by atav 2+, 


11. Multiply 5+/2+2” 2 by V2T 2. 


DIVISION OF SURDS. 


233. The principles employed in the division of 
monomial surds are the same as those used in the 
division of rational monomials. 


Let it be required to give: 


1. The first rule for the division of the factors of 
-monomial quantities. 


2. The second rule for the division of the factors of 
monomial quantities. 

Monomial surds ean always be reduced to equiva- 
lent expressions with the same fractional exponents, 
or, in the radical form, to a common index. The 
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second rule for the division of the factors of monomi- 
als is therefore always applicable. 

Care should be taken to reduce the quotient to its 
simplest form. In radicals of the second and third 
degree, the quantity under the radical should not be 
left in a fractional form. In radicals of a higher 
degree, the fractional form under the radical is gener- 
ally retained. 


~ Illustrative Example. 
Find the anniek of (2ab)? a (ato) 
(2ab)? = (2ab)® =[(2ab)]* = (8a°O)*, 
(4a% )® = (4a%)® = [(40°)?]® = (160B?)®. 


1 


Quotient = (<-)’. 
2a 


The foregoing example, written in the radical form, 
would read as follows: 
Find the quotient of 1/2ai + 4a. 
V 2ab = V 8a5d® 
4a) = W lath? 
ae 


ient = 
Quotien a 


EXAMPLES. 


Divide the following: 


‘ ahs x by athe. 


2. os by 2(ab)*. 
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3. ba(a2y)s by a(ay?)®, 

4. 47 by 22. 

5. (16a? — 12a%x)® by 2a. 

6. be( ain? yi by c(ax ye, 

7. (a’c)" by (ac). 

8. 81/108 by 2 7/6. 

9, 15a5x* 54a? by 3a%e P/ Ba. 
10. 42?m?j¥ 12 by 2um?1/3. 
11. 120%? //4a54* by 2% q%. 
12. Ta*by/abe by abj/abc- 


13. ~/s%2—az by )/xz. 


14. 3 my b | a 
Ine l6nyz 


1S. a : ve 
Pe Pe 


By combining the preceding rules with that for the 
division of polynomials, we may divide one radical 
expression by another when each contains any number 
of terms. E 

EXAMPLES. 


2 
1. Divide at —6a®+25 by a®——4dar+5. 


1 
. 2. Divide a? +64b2 by at-4p8, 


a Oo -F 


10 


by Fe 
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_ Divide a® — 8a%b by a®-+2a%5*+45%, 

. Divide 3V5 +72 — 1/8 by V2. 

. Divide 8/2 — 16% 2+41 2 by 21” 2. 

. Divide 2V ac — 2V cy +3V ax — 3V xy by 


Va—Vy. 


. Divide 2+” 32 —V¥.3 — 1128 by V24+P 2- 
. Divide 64+3/V3—2%2—W108 by 3—V z- 
. Divide x+Vay + y by V2+ Way + Vy. 


2 —TV 2% “Va 
A re 4 by fe oer mais 
*2—5Va—14 Vxr+2 
Ve- Mx V2 
(2— V2" )i/z Veta 


Divide 
Divide 


INVOLUTION OF SURDS. 


4 234. The involution of monomial surds gives rise 
to two cases: 


I. 


When the surd is entire. 


II. When the surd is mixed. 


Case I. The different methods of raising an entire 
surd to any power have been already explained in 
article 224. ' 


Case II. The rational and surd factors must each 
be raised to the required power. 

The final result should be written in its simplest 
form.” 
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EXAMPLES. 
1, Required the fourth power of sat. 
2. Required the sixth power of (a+b)3, 
3. Required the second power of 3(% — y)2(a +b ye, 
4. Required the second power of 3)/3. 
5. Required the fourth power of sa p/ 6a. 


.6. Required the fourth power of 2ax; 3a‘d. 


a 


7. Required the third power of ee 
8. Required the fifth power of — a | be 
ay ay 
: 9. Required the second power of 3abyj¥ 2ac?. zi 
10. Required the eighth power of x 


(e«—z) Py (w—z)’. 
11. Required the second power of 3 — 7/2. 
; Aes, ee 
812. Required the third power of 7/2 — 1/3. 


13. Required the second power of 
l+e |l—@ 
\ 9-1 Nae 


EVOLUTION OF SURDS. 


¥ 235. As in the evolution of rational quantities, the 


root to be extracted may be indicated by a fractional 


~~ he 
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exponent or the radical sign. This will, in general, 
involve two fractional exponents or two radicals in 
the same expression. A translation of the first frac- 
tional exponent or first radical into common language, 
often serves to bring more clearly before the mind 
the work required. 


Translate into common language the first fractional 
exponent or first radical, in each of the following: 


ame Pee | 1 
1. (at ys) 2. [(a—b)*] . 
8. VV tak. 5, 


In extracting the root of surds two cases arise: 
I. When the surd is entire. 


Il. When thé surd is mived. 


Case I. This case has been already explained in 
article 224. 


Case If. The extraction of any root of a mixed 
surd involves evolution, multiplication, and reduction. 
A change in the order of these steps will not affect 
the final result. In general, it is found most conve- 
nient to proceed under the following 


RULE. 


Extract the root of the rational factor if possible, use it as 
the coefficient of the root of the surd factor and reduce the 
result to its simplest form. If the exact root of the rational 
factor cannot be obtained, indicate the required root of this 
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factor, multiply the result by the root of the surd factor and 
simplify the product; or, reduce the mixed surd to an entire 
surd, extract the required root, and write the result in its 
simplest form. 

EXAMPLES. 


1. Find the square root of 9(3)8, 
2. Find the fourth root of SI a, 
3. Find the mth root of 5(a +b)? 


4. Find the third root of (6x?— 22°)?. 


Ms 2 wy’ 3 
5. Find the sixth root of a} . 


; 1 
6. Find the cube root of an?. 
7. Find the cube root of 64a3x°I% 2722. 
8. Find the sixth root of mn°V 272°. 
9. Find the cube root of ae 


10. Find the square root of 3271 108. 


4 /4 
. Find the fourth tof — ~/—. 
11 in e fourth rooto 95 V 25 


12. Find the sixth root of 729a1" 822. 
13. Find the 18th root of 1 a™?, 


IMAGINARY QUANTITIES. 


236. Algebraic quantities are broadly divided into 
two great classes, real quantities and imaginaries. 
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237. A quantity which can be conceived as positive 
or negative is a real quantity. 


Thus, 


a. a”, fa and 7 a are real quantities. 
5 ’ 


238. Quantities which cannot be conceived as posi- 
tive or negative are imaginary. 


Thus, 
V—4 is imaginary ; — 4 is real. 


239. Every algebraic quantity conveys the two 
ideas of numerical magnitude and quality. The former 
may be represented by the length of a line; the latter 
by its direction. Any direction may be taken as posi- 
tive; the opposite will be negative. Lines represent- 
ing real quantities must lie in one or the other of these 
directions ; quantities represented by lines lying in any 
other direction are imaginary. 


COMPLETE REVERSALS. 


240. Assuming distances measured to the right as 
positive, let us represent any quantity, a, by the line 


OB. 
C O B 


We can conceive this line to be revolved about the 
point O, either in a direction contrary to the hands of 
' a clock or in the same direction. Custom has fixed 
upon the former as positive revolution. If the line 
OB is revolved until it takes the position OC, this will 
constitute a complete reversal of direction. It evidently 
amounts to multiplying a by —1, and gives us the 
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negative line, —a. A second reversal will complete 
the revolution or multiply —a by — 1 and give us the 
original line, a. 


Therefore, 


Multiplication by (—1)° signifies no reversal. 

Multiplication by (— 1) signifies one reversal. 

Multiplication by (—1)? signifies two reversals. 

Multiplication by (— 1)? signifies three reversals, 
and so on. 

It is plain that multiplication by (—a)°, (—a), 
(—a)?, (— a), will effect the same reversals and in 
addition multiply the length of the line by a9, a, a? 
and a® respectively. In all cases, the complete re- 
versal of a line representing a real quantity, positive or 
negative, will give a line representative of a real quan- 
tity, but with a contrary sign. 


PARTIAL REVERSALS., 


241. Multiplication of a line by —1 reverses its 
direction; since the V —1 squared equals —1, mul- 
tiplication by the VY — 1 must necessarily revolve the 
line to such position that a second multiplication by 
the Y—1 will completely reverse the line. Multi- 
plication by the VY —1, of lines representing real 
quantities, either rational or surd, must consequently 
give lines perpendicular to the direction of real lines. 
Considering real quantities to be represented by hori- 
zontal lines, 4” —1, for instance, will be represented 
by a vertical line 4 units in length, extending upward, 
and —4V —1, by a vertical line of the same length, 
extending downward. Since all imaginary quantities 
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of the second degree can be factored into a real quan- 
tity multiplied by V —1, each such imaginary can be 
represented by a vertical line. 


CONSTRUCTIONS. 


Construct lines representing the following imaginary 
quantit.es : 


see iy aetna Weer fo Ses, pe a Au 
SIV ee 
oe Ven ae. 


ee 8 a. n/a, 


ADDITION AND SUBTRACTION OF IMAGINARY 
QUANTITIES. 


242. It is evident that lines that are neither in the 
same nor opposite directions cannot be united into one 
line; neither can the quantities they represent be 
united into one term. All imaginary quantities of 
the second degree are, however, represented by lines 
lying in the same or opposite directions. They can, 
therefore, be added and subtracted, the same as real 
quantities. ° 

EXAMPLES. 


1. Simplify ad —Y —a + 2V —a + 3ab. 
2. Subtract 2a + 3V —b from 7a — 5V — b. 


3. Subtract 8’ — 1 from —12V —1. 
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ts 


. Simplify V —9 + VY —16 + 2VY — 95, 


or 


. Simplify 3 1 AOI Se Te a a a Wy agent. FS 2 


oo 


. Simplify 2)/ — ga3p + 3a)/—] gai. 


~] 


. Simplify 4x1/— 93 — @2h + 2a) — 9x2 — bad 
MULTIPLICATION OF IMAGINARY QUANTITIES. 


2438. Two cases arise: 
Case I. When an imaginary and a real quantity are mul- 
tiplied together. 


In this case it is clear that the line representing the 
imaginary quantity is changed in length, but that its 
direction either remains unchanged or is entirely re- 
versed. This is the same as in the multiplication of 
real quantities. The processof multiplication is there- 
fore similar. 


Hence the 
RULE. 


Multiply as in the multiplication of real quantities. 
EXAMPLES. 


. Multiply /—T by 3. 
. Multiply 1/18 by 1/9. 


ts 


. Maltiply 1/—2q@ by 8a. 

. Multiply a+ V —6 by V8. 

. Multiply 3axV —4 by 6a2y136. 

. Multiply (a —x)V — 3d by (a + x)V 30. 


ao GW Fe Oo 
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Case II. When one imaginary quantity is multiplied by 
another. 


In this case the multiplicand and multiplier can each 
be separated into « real factor multiplied by V —1. 
The multiplicand signifies ‘that the line representing 
its real factor has been subjected to one-half of a com- 
plete reversal. Multiplication by the given multiplier, 
evidently multiplies the length of the line by the real 
factor of this multiplier, and subjects the resultant 
Ine to another half reversal. The final line, then, is 
ev dently the line representing the product of the two 
real factors, subject to one entire reversal, or in other 
words, multiplied by — 1. 


Illustrative Examples. 
Multiply V — 3 by V —2. 
V0 VSV—1 
V8 =Vi y—1 
V6xX—I=>— 6. 


Draw a line to represent the multiplicand in the 
above example, and show what resultant line is ob- 
tained by multiplication. 


Multiply 1/ —3a by 7/ — 2d. 
VY —3a=—//3a / —1 
V — 26=1/% yy —1 


V bab X —1 = — 1/6ab. 


No multiplication of imaginary factors is correct 
that does not take account of the reversal involved in 


Se ee tS 
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such multiplication, or, in other words, multiply the 
product of the real factors by — 1. 

In multiplying together either two real factors or 
two imaginary factors, the double sign of the product 
is not generally used. If, for any reason, the double 
sign is employed, in a particular example, it must be 
noticed that if the quantities multiplied together are 
imaginary, the double sign arising from the multipli- 
cation of the real factors in these quantities is subject 
to reversal, or multiplication by — 1. 


Thus, 7/12 X 7/3 gives + 1 ‘36 
/—12X / —3 gives + 7/36 X —1= + 36. 
RULE. 


Separate the multiplicand and multiplier each into a real 
factor multiplied by ./ —1; multiply the factors together, 


remembering that ~/ —1X  —1=—1; then write the 
result in its simplest form. 


EXAMPLES. 

1. Multiply 7/—3 by y —5 
2. Multiply V —9 by V — 16. 
3. Multiply 1 — a? by Vv — 2. 
4. Multiply 31’ — 5 by —2V —2. 
5. Multiply together a ye ee and 
1 —). 

6. Multiply ——1 by Y—1. 

7. Multiply 2a — 3 by 5b/—a. 
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8. Multiply S@ tv» ipo 
2p 
3/—a2—y Vatby — So 


9. Multip] = 


By combining the preceding rule with that for the 
multiplication of polynomials, we may multiply to- 
gether radical expressions containing any number of 
imaginary terms. : 

10. Multiply a+W—b by a—j/—bd. 
11. Multiply 21/—3—3)/ —2 by 41/— 3+ 6)/_2. 
12. Multiply 1/5+2/—3 by 2 — 1/3. 
13. Multiply V/a+)/—c by j/—a+Ve. 
14. Multiply 1/—3+V—4+V—5 by V—3B. 
15. Multiply 2/—27+38/Y—3+V—5 by 3’—2 
oe aoe egal 
16. Find the square of /— 2+1/—3. 
17. Find the square of 2 —3 — 31 —4. 
a 
vo 


18. Find the cube 


19. Find the cube of _ 
— 3+3)/_3 
— 
—3— 3V —3 
—_ 


22. Find the cube of 1 — VY —3:- 
18 


20. Find the cube of 


21. Find the cube of 


wee ee 


274 ALGEBRA. 


DIVISION OF IMAGINARY QUANTITIES. 


244. Two cases arise corresponding to the two 
cases in multiplication. 


Case I. In case I in multiplication, two factors, 
one areal and the other an ¢maginary quantity, were 
multiplied together, giving an imaginary quantity as 
the product. In the corresponding case in division, 
the product or dividend, which is imaginary, is divided 
by one of these factors, giving the other as a quotient. 
Since the process of multiplication in case I is the 
same as in the multiplication or real quantities, it fol- 
lows that the converse steps in division will be the 
same as in the division of real quantities. 


Hence the 
RULE. 


Divide as in the division of real quantities. 


EXAMPLES. 
1. Divide 3/ —6 by V3. 
2. Divide 4Vv — 8 by 2’ — 2. 
3. Divide 7/ — 44+4/Y — 10 by 2V — 2. 
4. Divide 8V — 8+4V 2— 6Y —3 by 2V3, 
5. Divide x2V — ab+axV — be by aV b. 
6. Divide am3V — ca — m2n2V — cyz by m2V —c. 


Case 11. Incase II in multiplication, two imag- 
inary quantities multiplied together produced a real 
quantity as the product. In the corresponding 


ee ee 
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case in division, the product or dividend which is 
real is divided by an imaginary quantity, giving 
an imaginary quantity as the quotient. In the 
case in multiplication, the imaginary factors of 
the multiplicand and multiplier (’—1 and V —1) 
multiplied together produce the factor —1 in the 
product. In division this factor, —1, in the product 
or dividend must be separated into V—1 XV —1. 
The divisor should also be separated into a real 
factor multiplied by V —1. 

All factors common to dividend and divisor (or 
numerator and denominator, if the division is ex- 
pressed in fractional form) should be discarded. 
The result will be the quotient desired. 

Hence the 

RULE. 


Express the division in the form of a fraction; separate 
the numerator into two factors, one of which shall be —1 and 
replace — 1 by its factors, V— 1 X V—1 ; separate the de- 
nominator into areal factor X V—1; strike out all factors 


common to the numerator and denominator and write the 
result in its simplest form. 


EXAMPLES. 


1. Divide V6 by V—2. 
VO yb M1, 4/69/11 


a, 
— —_ --- -pTNW[TV€w#DT[@uM_M@M@llA—l%°—°—~“T—""-“ 


—4/37//—1 = —1/ — 8. 
2. Divide 1 by j/—1. 3. Divideaby )/—a. 
4. Divide 1/84 by )/—7. 
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5. Divide 2 by )/ —3. 
6. Divide — 7/25 by |/—5. 
7. Divide x by )/ — 22. 
8. Divide a by )V —1. 
9. Divide 28 — )/— 10 by — /—2. 
10. Divide 5 — ;/ —3 by 7// —3. 
11. Divide ;/15 + 7/5 — 17 — 10 by )/—5. 
12. Divide 9a2b 1/12 + 3ax3 1/ — 4 — 6a°b1/6 


by 3a py —2. 
13. Divide 3a;/xu? — y? + 246 (x2 + y) 
by 814 ee 


RATIONALIZING FRACTIONS. 


245. Any algebraic expression containing a surd is 
called an irrational or surd quantity. 

An irrational numerator or denominator can be 
rationalized and the value of the fraction not changed, 
by multiplying both terms of the fraction by the 
proper multiplier. Since an irrational divisor is, in 
general, more troublesome than an irrational dividend, 
it is usually the denominator which is rationalized. 


Three cases will be considered: 


246. Case 1. When the denominator is in monomial 


form. 
RULE. 


Multiply both numerator and denominator by some quan- 
tity that will render the denominator rational. 
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A convenient method of determining this multiplier 
is to express the denominator in the form of a quan- 
tity affected by a fractional exponent. The required 
multiplier will evidently be this same quantity affected 
by an exponent, which added to the exponent of the 
denominator, will equal the integer next in value above 
that fractional exponent. This multiplier can then be 
expressed in the radical form. Let the denominator 


7a aie 2 
to be rationalized be 72. 02 = 6°; the multiplier 
1 
is evidently 5% and the rational product 6. In radical 
form the multiplier is 7”. 
EXAMPLES. 


Rationalize the denominators in the following: 


2 08 3 
ee me Bere 12, 2V? 
V3 vac+od 3ap4 
2 4 /3 
i es oie: le aa poe 
bye YY (% —y)? 213 
Bax aD ne 
Meech Oh es nD oto aie 
3// 2b V0 Vv —da 
a2 4 ion V 2 
4. Riis 
9 * eee n/Z 
Be ee 
vy Vv 16x03 yor 
9 
cee 
f’ 2ax 


247. Case II. When the denominator can be put in the 
form of a binomial containing surds of the second degree 


only. 


— 


Cy er Ea 


a ae 


Sa a 


~~ 


278 ALGEBRA.’ 
RULE. 


Multiply both terms of the fraction by the denominator with 
the sign between the terms of the binomial changed. 


When the denominator is composed of several mo- 
nomial terms, care should be exercised to put it into 
such binomial form that the resultant denominator, 
obtained by a single multiplication, will contain as few 
radical terms as possible. For instance, when the 
radical appears in only one term, this term should 
constitute one of the terms of the binomial. Repeated 
multiplications, however, are necessary to rationalize 
a denominator containing several monomial radicals. 


EXAMPLES. 


Rationalize the denominators in the following: 


1 V2 _ VvViGtysa) sere 
iva =v @Fva) 92 
3VY9+2 
“a ae 
9 Vata 5 ore 
V5b—V?2 (atyVo6 


4, V@—1—Vet1 , VatTVv—s 
Ve—ltYes+l ya—v—e 


6 Mae tee = Ll-+et+ 71 — 2 
'VY—4—V—6 “1l+a—Yi—2 
5 1 g VE v are 
Vatvarl  Vatva—vs 
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248. Case III. When the denominator is a simple 
binomial containing radicals of a higher degree than the 
second. 


RULE. 


Write each term of the denominator in the fractional ex- 
ponent form and then raise these terms to the power indicated 
by the lowest common multiple of the denominators of these 
fractional exponents. Connect the results by such sign as 
will render the binomial thus formed, exactly divisible by the 
denominator (Art. 90); perform such division, and multiply 
both terms of the fraction by the quotient. 


EXAMPLES. 


Reduce each of the following to an equivalent frac- 
tion having a rational denominator. 


Vat+wvo 
Va—Vb 
In this example the multiplier is tan as ees 
Rise 
a — 6 ape lee peer Bi 8 re dik | 
as Baas =a?+o%?+a%b8 +ab+a2b* +0". 
a? —b® 
1 | ag 
Very ree 
V2+ 3 : 1 
oe Gore he  Vatvb 


249. The utility of rationalizing the denominator 
is apparent when we attempt to compute the numeri- 
cal value of a fractional surd. 


eS Soy ll at. 


—— 
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EXAMPLES. 


Compute the value of each of the following to 
four decimal places: 


(es 3, 8—y2 
Ve 1 34/2 
Mg elt eaten 
3 v3 p2 


SQUARE ROOT OF A BINOMIAL SURD. 


250. A quadratic surd is a monomial surd of the 
second degree. 


251. A binomial surd is a binomial, one or both of 
whose terms are quadratic surds. 


Thus, 2 + 7/3 and 7/3 — 1/7 are binomial surds. 
252. The square of a binomial surd, of either form, 
is equal to a rational quantity plus or minus a surd. 
Thus, (2 +Y3yP=4+ 4/3+3=7 a ee 
a rational quantity + a surd. 
(V3—V7)P=3—2ya7+7=10—2 9], 
a rational quantity — a surd. 


It does not follow that every rational quantity, plus 
or minus a surd, is such a square. Representing, 
however, the rational term of the general example by 
aand the surd term by 1/6, such square can be ex- 
pressed by a+ 7/6, in which a and b represent only 
those values which render the expression as a whole 
the square of a binomial surd. It is plain that the 
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square root of such a square will be a binomial surd 
containing a rational, and a surd term, or having 
both terms surds. As the rational term can be written 
in the radical form, the square root can, in either case, be 


written in the form 7/x + )/y, in which, when the 
values of and y are found, the required square root 
will be known. 

Evidently, in squaring a binomial surd of either form, 
the square of the sum of any two terms will be the same 
as the square of the difference of the same two terms, 
except that in the first case, the sign before the surd 
term ofthe square will be plus, and in the second case 
minus. It follows that the sign between the two terms 
of the root will be plus or minus as the sign before 
the surd term inthe square is plus or minus; and that, 


whenever we have Va+ 7/b = }/x+ 7/y, then we 


will also have Va —1/b = j/a—1/y, where a, b, x 
and y have the same values in the two equations. 
Summarizing these results, we have the following 


PRINCIPLES. 


1. The square of any binomial surd can be represented by 
a+ /b; inwhich aand b have only such values as render 
the expression the square of a binomial surd. 


2. The square root of such a square is equal to Vat vV Y; 
in which x and y represent unknown quantities, whose values 
are to be found in each example. 


3. The sign between the two terms of the root will be plus 
or minus as the sign before the surd term of the square is plus 
or minus. 

These principles will enable us to find the square 
root of the square of any binomial surd. 
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Let us first take the general example a + j/0. 
We have (1) Yat Yb=VYeHryy, 
or separating into 
two equations, (2) Yat y6 =y/rt+7/y, 
(yee 
Regarding (2) and (3) as two equations containing 


the two unknown quantities, x and y, we proceed to 
their solution. 


Eliminating Vs (4) Yat yot+Va—Vb=2 V2. 


Squaring both 
members , (5)a+Vb+2Va?— db+a— 


V b=42. 
Collecting terms, (6) 2a+2)/a2—b = 4a. 
a 7 7 
Solving for x, (7) «= a 
= ves 
VE a ae 


Eliminating x in equations (2) and (3) we can, ina 
similar way obtain 

_a—Vat—b- 
= 


Vy taV es 
aaj es 


y 


Substituting these values of Vz and Vy in equation 
(1) we have, 


VaLyin Vi 
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or, separating the two answers and denoting the first 
by A and the second by B, we have, 


races OREN ES yas PEL, Bie 
(A) Vatvob =) : : \2 “3 ea 


ele He se ige——d a ae 
(B) oa Ne : oa b 
Any particular example can be solved by substi- 
tuting in the answer to the corresponding gencral 
example, the values of @ and } given in the particular 
example. Care must be taken, in determining O,1tp 
put the coefficient of the surd term in the square, 
under the radical sign, before comparing the particu- 
lar with the general example. 


EXAMPLES. 

1. Required to find the square root of 4-2 3. 

Put in the proper form for comparison, this equals 
4+V12. : 

Comparing this with the general example, a+V od, 
a= 4, 6 => 12, 

Taking formula (A), 

—. _ ,ja+ Va—b 2= Va —b 
Veer ene + ; 

and substituting in this formula the values of a and 6 
for this particular example we have 


Vas9V8=V4A4+V 12 
Leathe 9 Jia v= 
SO ee ee ea a a. SELB RE 
2 2 
=VY3-4+1. 
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This answer may be tested thus, (Y¥3+12= 
8+2V84+1=4+42YV3. 


Find the square root of the following: 


2. 33— 20 V 2. 3. OY 7 ¥ 72. 

3 ns ee 
4.54 V2. 5. 49— 87 1742. 
6. (a+ 6)?—4 (a—b) Vab. 
yf Bee an ne OEE. 4, Seely 
9 a? Rony = 

4 a 9 V at—c 

ne 3a Late 4ai A. 

b bd2 d+ 


11. 62—ab + 7 + 7 4ab3 — 8a2b2 + aap: 


253. The square root of a binomial surd, when such 
binomial is a perfect square, can also be found by 
inspection. 

The binomial is first reduced to a trinomial with its 
terms so arranged that the second term is twice the 
square root of the first and third. The square root of 
this expression is evidently the square root of its first 
and third terms connected by the sign preceding the 
second term of the trinomial. 

This process, stated in the form of a rule, will be 


as follows: 
RULE. 


1. Write the surd term so it will have the coefficient 2. 


2. Separate the rational term into two terms whose product 
shall equal the quantity under the radical sign of the surd 
term in ils new form. 
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3. Extract the square root of each of these terms and con- 
nect the results by the sign of the surd term. 


EXAMPLES. 


Find the square root of the following: 


1. 1446V5 = 144+2V 45 = 942V45+5. 


Ans. 83+V 5. 
2. 74+2V10. $. 104-2 31. 
4, 14— 4/6. 58 — VY 60. 
6. 20+3/ 44. 7. 2m+2V m2 — n2. 
8. Sa+e+7V aloe. 9, —2—21— 15. 


SOLUTION OF RADICAL EQUATIONS CONTAINING ONE 
UNKNOWN QUANTITY. 


254. The steps to be taken are in general similar to 
those in the solution of equations composed of rational 
quantities, except that there is the additional work 
of rationalizing the terms containing the unknown 
quantity. 


Remarks on Examples. 


1. Whenever an indicated operation, such as divi- 
sion, multiplication, etc., can be performed to ad- 
vantage, perform it. 


2. It is sometimes helpful to rationalize the denomi- 
nator of a fractional term. 


3. Care should be taken, during the progress of the 
work, to cancel all factors common to the members of 
the equation. 
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4. If the equation contains but one radical term, 
place that by itself on one side of the equation and 
involve both members to a power denoted by the in- 
dex of the radical. 


5. If the equation contains two or more radical 
terms, successive involutions will, in general, be nec- 
essary. After each involution, the terms should be 
collected and, in general, a single radical term (usu- 
ally the most complicated one) placed by itself in one 
member, before the next involution is performed. 


6. In many examples the method of procedure 
and the best arrangement of terms can be determined 
only by careful inspection and trial. 


Illustrative Example. 
Solve 3— V 2112—V29+2= 242. 
Placing the more complicated radical in one member, 
we have 
3— Vite = Ve te Vee 
Squaring both members, | 
9—6V2+2+2+a = 21+a—V2+z. 


Collecting terms, —5V2+x = 10. 
Dividing by — 5, ie 8, 
Squaring again 2+x = 4 
oe , 
EXAMPLES. 


Solve the following equations: 


1. V 94 —4— VY 224+ = — 1. 


16. 


) & 
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ioe ehsvew oa 36 
Vdx+V da—9 = Wout ia. 


. 32+64+4=7. 


Vote Ve Iie — 5 = 6. 


~mba= Vm + eV 2 +22. 
ee Oe = 1 


tS re 
. (2+ 3)" — (92? — 10x + 17)™. 


VILVI4V 32 =3. 


s V 3q2— V 3a4 +Y3 a8—V 2aléx =a. 


x—m _ Vi—Vm 
a OE ork Acie Danae oma 
‘| 2 "| 3 =i ee 
: fe 4— 9 V16—2" 
Vet3s+Va 


vec =e. 


.VVae+a—VVe—a= V 2V2. 
. V(2+a)2+(2—a)a+V (2—a)y?+(2+4)e= 


1 vee a 4 
get a Nat oeNoT oe 


V2—Vae Wa—4 
Wetl2 Vai 
5 


VY5—x 


/19-+o2 — 4x2 = 


287 


2a. 
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255. Since quantities with fractional exponents can 
be written in the radical form and vice versa, the 
student is at liberty, in any particular example, to 
employ the most convenient of the two forms. This 
should be borne in mind in connection with the 
exumples which follow. These examples are selected 
from the algebraic reductions occurring in calculus. 


PROMISCUOUS EXAMPLES IN THE USE OF FRACTIONAL 
EXPONENTS AND RADICALS. 


Simplify the following: 


‘ wc Ay ay \ a(™. 
m 1+/( agree is 1+( 


2. (1 veh ie 


b+-e¢ 1 e+a\ 1 a+b) 1 
3. (x=a)o— (ae=> = (a—< )ee. 


1+(ytVy¥—1) 
L+y (y—1)? 


ie 


eY (e%+2) Fw (ev —2) 
Ve+2 + Vev—2 
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7. 3m fest meter hn 
x? +-(x-+-m)? 


g. et VI —2l1—2(i1—aty tt 
(a+ VY 1—a?)’ 


93 (8 +1) —(Ba°-+2)L (w®+1)8 + 20%a2+1) * | 
x? (a2-+1)3 


[Vatpa®— V2+E] [(22+a?) *+(a2 +0?) *] 
[(Vete—V eto] [(Vete+V e+e") 
_ [(VPFOLV PTE] [(a®+a?)*— (22+?) a 
(Veta? —V 2+0"] [Vo84 at V2 +07] 


(+2)? (-3-) avs) 
SS eet 

(1424) —(1—0#) 
12. 


{(+2)#—(—a)} Se ee 
2(1+2)? 2(1—2x)? 


Lfate)?_—a—ayt}—a]” 
{(1+2)?+(1—2)%} oer 
2 atte # (1—2)? 

ome al 


Lik 


ob 


a 
2 


L{ci+z) 


i as oe 


Prove the following: pee 
x WV1+V I+? (1 
earn Gil ae 


ay 


13. n 


14. n (n—1) (e+e*)” (e®—e~)?-n (€7 


n—2 


= ny—4n (n—1l)y*, when y= (e+ -* 


Suggestion. (e7—e™* )? = (@+e~ be Uae 
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CHAPTER XVII. 


QUADRATIC EQUATIONS. 


INVOLVING ONE UNKNOWN QUANTITY. 


256. A quadratic equation is an equation of the 
second degree. 


257. A pure quadratic equation is a quadratic 
equation containing the second power only of the 
unknown quantity; as 222=9. 


258. An affected quadratic equation is a quad- 
ratic equation containing both the first and second 
powers of the unknown quantity ; as 3x2— dx =7. 


PURE QUADRATIC EQUATIONS. 


259. Pure quadratic equations differ from simple 
equations in that the square instead of the first power 
of the unknown quantity is used. 

We have found that a simple equation can be re- 
duced to the form 

c=. 

By exactly similar steps, a pure quadratic equation 

can be reduced to the form 
wa. 
The values of « can then be found by extracting the 


square root of each member of the equation. Ifa 
is a negative quantity, the values of x will be imagi- 
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nary; if a is positive, there will evidently be two real 
values of x, equal numerically but of opposite sign. 
If the law of signs were followed strictly, the double 
sign would appear before each member of the equa- 
tion, resulting from the extraction of the root; since 
however, no more values of x will be found, by using 
the double sign before each member, than if it were 
placed before the second member only, this latter plan 
is adopted. . 

The values of the unknown quantity obtained by 
the solution, are called the roots of the equation. 
This use of the word root must be carefully distin- 


guished from its use in evolution. 


Illustrative Example. 


Solve wom tite= 25. (1) 
Clearing of fractions, 8+16x+8 —16x=25 —100x?.(2) 
Collecting terms, 100x? = 9. (3) 
Dividing by 100, a (4) 
Extracting square root, o = +. (5) 


EXAMPLES. 


Solve the following: 
7 7 


cs—3 2+3 


1. = 6. 


6 
2. 2x (x—3) = 5(8—-sa). 


ae 


e+ fa'+ = 
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ye tee 4 
(8e—7) = Thee a. 


. (w@—4) (w—2) + 2(x—7) (x —8) = 


6 (x— 3)? + 18. 


8 8a — Tax 
a (ax — =~) = ——.—— — da. 
ax 2 


.17— 7/38? + 6=8. 


262 
V 2 + 3B? 


ee ae ‘ae 
3 — a at+e2 


. © 7/1+92? = 4— 32’. 


1 1 V/ 3b 
a—Yb—2v at+yb—2 a?—b+a? 


~V24+aba? + 7/2 a tat = 2 7/242. 


3 1 2 


(7—1)(e+2)7 (w—1)(38—2)” xw—3 
6474-382 24-7 


oe ee ge = 

x aaah 
1d: +Ynu een 

x—y/x?—8 

1 x m 

=U m? "Ds BN inaaie 
15. oc sie % igs gee 0 

1 1 ee. 262 —b 

16. 


a a Qn? + 72+3 ee, axvt— Ia 
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17. 4u(a—bx) + 4x —a@’?=4x (1— cx —er). 


| 
18. «/-—4— NF +4=Ve2—6—Vat6. 


AFFECTED QUADRATIC EQUATIONS. 
SOLUTION BY COMPLETING THE SQUARE, 


'260. Every affected quadratic equation can be re- 
duced to the form 
ax’-+ba+e=0, 


in which x represents the unknown quantity and a, band 
ce the constants occupying these respective positions in 
the reduced form. Translated into common language 
this form reads: a constant into the square of the 
unknown quantity, plus a second constant into the 
unknown quantity, plus a third constant, equals zero. 
These constants, in particular examples, may be literal 
or numerical, integral or fractional, polynomial or 
monomial quantities. 

The student should be able to readily reduce any 
quadratic equation to this standard form. To this 
end the following examples are given : — 


Illustrative Example. 


Reduce axz?+3x+ 7-++b2? — 5a —2=8 to the form 
ax’?+ba+e=0. % 
(a+b) «’—2«%—3=0, where a=a+b 
ue 


a ees 
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O 


Reduce to the form az?+ba+e = 0, the following: 


EXAMPLES. 


1 1 
: penne Rocke, 5 —— ee —_ = 5 
b Uses ax — x ao. 25-2 2 a m + 


3. g? —aV 2 = ax— ba? +5. 


2 + Ve+l 
4. Poe We x 


= (a—b) Ve+i. 


etl 2ax+2 1 


| esas 


8. (x +1) /3=(«—1) (x—a). 


' 261. After a quadratic equation has been reduced to 
the form axz?-+-bz-+c = 0 the two members of the equa- 
tion can be multiplied by such a quantity as will make 
the first term of the equation a perfect square. The 
third or absolute term can be transposed to the second 
member. If the multiplier employed is a the equation 
will then become a2z2-+-abxu= —ac. The first member 
of the equation may now be regarded as the first two 
terms of the square of a binomial, which square, when 
completed, will be composed, as is the square of any bi- 
nomial, of the square of the first term of the binomial, 
plus twice the algebraic product of the first and second 
terms, plus the square of the secondterm. It follows 
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that the square root of the first term of the equation 
will give the first term of the binomial root, and that 
twice this first term of the root divided into the second 
term of the equation will give the second term of the 
root. The square of this second term of the root is 
the third or missing term of the power, and added 
to each member of the equation will render the first 
member a perfect square. This process is called com- 
pleting the square. : 

The square root of each member of the equation 
thus formed can be extracted and the resulting equa- 
tion readily solved for the values of the unknown 
quantities. 

The steps taken are embodied in the following 


RULE. 
1. Reduce the equation to the form aa? + ba +c=0. 


2. Multiply this equation by such quantity as will render 
its first term positive and a perfect square 3 transfer the third 
or absolute term to the second member of the equation. 

3. Add to each member of the equation the square of the 
quotient obtained by dividing the second term of the first 
member by twice the square root of the first term. 


4, Extract the square root of each member of the equa- 
tion, placing the double sign + before the second member. 


5. Solve the resulting equation. 

Remarks on Examples. 

1.. The first term of an equation of the form aa? + 
bx + ¢=0 can be made a perfect square by multiply- 
ing the equation by any one of the following quan- 
tities: x a, 4a, Ya, 16a, ete. It follows that in put- 


3 


‘hb 


— wine) 
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ting any equation into proper form for completing tke 
square, the following are some of the multipliers 
which can be used : 


(a) The reciprocal of the coefficient of x’. 

(b) The coefficient of x. 

(c) Four times the coefficient of «. 

(d) Nine times the coefficient of x’. 

(e) Sixteen times the coefficient of x. 

The multipliers most commonly used are (a) (6) 
and (c). 

2. If the second member of the equation resulting 
from extracting the square root, is a polynomial, care 
should be taken to inclose it in a parenthesis befove 
prefixing the double sign. 


3. If the work is complicated or there is danger of 
mistake because of inexperience, the student is ad- 
vised to decompose the double sign and solve the two 
resulting equations separately. 

4. If the double sign is retained, it will, in general, 
be found most convenient, in transposing the second or 
absolute term of the binomial to the second member, 
to place it before the term which has the double sign. 

5. The student should form the habit of dealing 
with the parts of the double sign in a particular order. 
This will prove a great convenience to him in review- 
ing his work. It is customary to give attention to 
the plus sign first. 


Illustrative Examples. 
1. Solve 7x = 6x?+ 2. 


Reducing to the standard 
form 6a? — T7x+2 =0 (1) 
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Multiplying by 6, 3622 — 497-+-12 = 0. 


Transposing 12, 36x? — 424 = — 12. 


Dividing — 42a by 2 (6a) and adding its square 


to both members, 7 by Pa | 
36x? — 42x +(3) =: 
Extracting square root of each member, 
magne = + 
2 
62 = : = 
62% = 4 or 
ee 
% = 3 or 
2. Solve(x— 3) (x+4) = (x—7) 13. 
Expanding, x-+-9— 12 = «VY 3—TV 3. 


Reducing to standard form, 
e+(1—V3)2—124+7V3=0. 
Transposing the absolute terms, 
o+(1—V3)% =12—T7V3. 


Completing the square, 


#+(1— VB)e+( : ; 


Extracting the square root, 


es AG 
1—V3_ , 3¥3—5. 


ore. 2 
1 ee | 38V3—5 
denne ss ey 2 


¢ = 2V2—3 or 2— V3. 


1— te 52 — 30 V3 


(2) 
(3) 


(4) 


(5) 


(8) 
es 
th 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 
(7) 


¥ 
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EXAMPLES. 


Solve the following: 


5 
1: 4a?+ 6a 7 = 0. 2. 38a? + 4u =7. 
; 7 
3. Ic? —a2—1=0. 4, fae —— Gas == — 5" 
5 89s" — 162-—6 = 0... 6.272" = 5 + On. 
9°? 
7. azv’+ba+e=0. o 8. .5ma? — Ps =~ dex. 


1 5 wee 
9. «— ada = 16a. 10. 1802? — 7x Ata ———l} { £8 
ll. (uw +1) (1x—4) = (3—22) f2—8. 
12. 2? —2j/5 = 32+ 8. 
SOLUTION BY FORMULA, 


262. Every affected quadratic equation can be re- 
duced, as already stated, to the form az? + bz + ¢=0. 
The solution of this equation gives us the general 
answer or formula 

—b+ Ve — 4ac 
gee eee eee 
2a 


Since this is the answer to the general example, the 
answer to any particular example may be obtained by 
substituting in this general answer or formula, the val- 
ues of a, b, and ¢, in the particular example. 


Suggestion. It is desirable that the student mem- 
orize the formula. He should also bear in mind that 
it is derived by solving the general example, under the 
method of completing the square. Remembering this, 


* 
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he can readily derive the formula if, at any time, he 
should forget it. The essential thing in the solution 
of affected quadratics is a thorough understanding of 
the principles upon which the completion of the square 
is based. If these are remembered, any ingenious stu- 
dent can work out the detail steps for the solution of 
either the general or a particular example. 


Remarks on Examples. 


1. In reducing a particular example to the form 
ax’+-ba+e=0, it is convenient, but not necessary, to 
make the sign of the first term positive. 


2. The student should not fail to take account of 
the signs of the known quantities, in substituting in 
the formula. 


Thus, 
Solve 22° — 3x — 2=0, in which a = 2,6 = — 3, 
"= — 2. 
—b+ 1/8? —4ac 

Then, x = a ae 

_ —(—3)+ 7 (—38y—(4.2.—2) 

DE: 2.3 

_ tv 3 Sea 

Re Gre Sie 


Illustrative Example. 
Solve ma?+- px = caw —1. 


Reducing to the standard form, 
mx? + (p—ce)x+1=0. 
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Then, a=m,b=p—c,c=1. 


fi 9 6 — 4a 


c= Se 
Sea ke V (p—c)— 4m 
ey 2m ; 
EXAMPLES. 


Solve the following equations: 
1. 627 + 2 = 2. 9. 35 + 12a? = 432. 
3. 2n — 5a* = 7, 4, 3a — 22° = 0. 
5. 86la? + 38a = 399. 6. Tax? — 9ax = 10. 
7. (a? — 0?) 2? + 2bx = 1. 
8. 6abu? + (9b? —4a’*) x = bab. 
9. Sbx? — bee + ed = 5d. 


10. 5m — cna? + mex = 5nzx. 


DISCUSSION OF THE FORMULA. 


— ba /  — 406 
ES EE CEE PRs 
2a 


263. The discussion of a formula consists, as 
already shown, in substituting particular values for its 
known, or arbitrary, quantitative symbols, and then 
interpreting the result. In this article we shall con- 
consider the cases where such values are assigned to a, 
6 and ¢ as will make: 


1. ? —4ac>0. 
oF — dace = 0. 
a. 0° — 4ac < 0. 


302 ALGEBRA. 


Case I. b? —4ac>0. 

When 42— 4ac > 0, the quantity under the radical is 
positive, and hence its square root is a real quantity. 
This is added to the first term of the numerator, in 
determining one root, and substracted from it, in 
determining the other. The two roots are, therefore, 
real and unequal. 

Case IT. b? —4ac = 0. 

Since the quantity under the radical equals zero, the 
—b+0 —b 

Ba Se 
The two roots are evidently real and equal. 

Case III. b? — 4ac <0. 

In this case the quantity under the radical is nega- 

tive, its square root is imaginary, and therefore the 
~ roots determined by the formula are imaginary roots. 


formula, in this case, reduces to x = 


264. It is always possible,"and often convenient, 
in reducing an affected quadratic equation to the 
form axz?+bz+c=0 to make the coefficient of «x? 
equal one. The equation can then be written 

a2+be+ec=0. 

The formula of the previous article reduces, under 
this condition, (a being equal to one) to 

—b+V b'— 4c 
a ee 

Separating the double sign, for convenience, and 

representing the two roots respectively by x, and a, 


we have Sas i, 1d Pe Oe 
1 a pee me ae Poe Re TA 
2 


—b—V h'—4e 


C= 2 
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It is proposed to discuss these two roots for all 
possible values of 5 and ¢, other than infinity. The 
discussion will be complete if we consider fully each 
of the three following cases >— 


1. When b has any negative value, 
2. When b equals zero. 
3. When b has any positive value, 


discussing under each case the three sub-cases, arising 
from assigning to c the same classes of values which 
are assigned to 6. 


Case I. When b is negative. 

Sub-case I. When ¢ also is negative. 

Under these conditions it follows: 

(a) The first term in the numerator of each root is 
positive. 

(b) Each term of the quantity under the radical is 
positive, and the quantity takes the form 0*--4c. 

(c) Since b?+-4c > 8’, V b?+4c > b and therefore 
the sign of the numerator of each root, and conse- 
quently the sign of each root, is determined by the 
sign of the radical. 

It follows that both roots are real; the first is positive, 
the second negative, and the positive root is numeri- 
cally the greater. 


Sub-case 2. When c equals zero. 
When c= 0, (4 remaining negative) 
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Sub-case 3. When c¢ is positive. 


When ¢ > 0, (8 remaining negative), we have: 

(a) The first term in each numerator is positive. 

(b) The first term of the quantity under the radical 
Js positive, the second term negative and the quantity 
retains the form 4? — 4c. 

(c) When 4c <0’, b? —4c is positive and 1/b?—4c 
is real, but 6? > G?— 4c therefore b > 7/b?—4c and 
hence the sign of each root will be determined by the 
sign of the first term in its numerator, which term we 
have found to be positive. The roots then in this sub- 
case, when 4c <0?, are real and positive and the first 
root is numerically the greater. 

(d) When 4c = 0’, 6?—4c=0 and the roots re- 
duce to 


b 
Feet 
b 
4 tS 


The roots are real, negative and equal. 

(e) When 4c > 2’, b?—4c is negative, 1/72? 4c 
is imaginary and the two -roots are consequently 
imaginary. 

Case II. When b equals zero. 
Sub-case 1. When c is negative. 
When ¢ < 0(andd=0), 

x, ee af C, 


The two roots are real, and equal numerically, but 
with opposite signs. 
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Sub-case 2. When c equals zero. 


When c= 0 (andd=0). 
Each root evidently equals zero. 


Sub-ease 3. When c is positive. 
Whence > 0 (and 6=0),. 


H=+Vv—e. 


XL = = Cc. 
The two roots are imaginary. 


Case III. When b is positive. 
The following are evidently the sub-cases : 
Sub-case 1. When c is negative. 
Sub-case 2. When c equals zero. 
Sub-case 3. When c is positive. 


The student is expected to discuss fully each of 
these sub-cases. This he can do if he has come to 
understand the real significance of the discussion of 
an algebraic formula, and has mastered the details of 
the discussion of cases I and II. 


265. Remarks on Examples. 


1. As it is exceedingly important in higher mathe- 
matical work that the student shall be able to apply the 
results of a general discussion to particular examples, 
he is urged to exercise special care in handling the 
practice work of this kind here given. 


2. When the discussion of a particular example 
consists of independent steps, the student, in class 
presentation, should state and explain each step sepa- 
rately, in the order given in the example. 

20 
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EXAMPLES. 


Withcut solving, determine whether the roots of 
each of the following equations are real and unequal, 
real and equal, or imaginary: 


1. 7x? — 14e+7 =0. 


v—axe2t+8=0. 
3. 2 = a, 
4, et b+o = call 


Without solving, determine what value of the arbi- 
trary constant will make the reots of each of the fol- 
lowing equations, real and unequal, real and equal, or 
imaginary : 

5. Qn? — mz+18 = 0. 

6.. 8a?+6a+ec = 0. 

7. 92?+2gx—1=0. 

8. Find 4 in terms of m such that the equation 
32?+ 2ba-+5m = 0 shall have real and unequal roots. 


Y. Prove that if c =; Va, the equation 2ax?+- 8ca 


+2=0 will have equal roots. 

10. Prove that the condition that the roots of 
3ma? — 2nx + 12 = 0 shall be imaginary, is n <6m 
numerically. 

11. Find the condition that the equation 52? — 12a 


+9 =?" shall have equal roots. 
Without solving, determine the following regarding 


the roots of each equation: 
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(a) Whether real or imaginary. 
(6) Sign of each root. 
(c) Relative numerical value of the two roots. 


12. 4%?— 54+1=0. 
13. 5a? —a+6= 0. 
14. 92?+62+1= 0. 
15. 42? — 32 = 0. 

16. T7x?— 6% = 4, 

17. 627+ 8¢=1. 

18. 5x2?+22 = 0. 

19. 42? — 127+9=0. 
20. 227+-62+3=0. 


MISCELLANEOUS EXAMPLES. 


266. In solving the following examples, the student 
should use his judgment as to whether he should com- 
plete the square or use the formula. 


Solve the following equations: 


i pee 

mer cael 
6—- 52 1 

3. 2a oe 25 

oo Pra es cmaha SG, pra 
°— 3 


4. V(2+4)(1—2x) = 2x43. 


(z+38y  2+3 3 
4 eae 
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17. 


18. 


19. 


pad eee ae 


ALGEBRA. 
. $V Ie—5 = 4. 
1 [ee 1 
ie ee ea ae 
1 1 1 
a 


. V2 EE 
Vie 


. Ve—3— 1 o2- 8 +1 = 6, 


e—3et+5 w2—Te—6 7 


* ¢+52+6 2—a2—6 Bee ee 


8a%— lle +4 2% + 6x + 4 1 
e—F see a UR 


x+ 3 JS x—l : 
est ets” a 


- 2x —6—(x — 3)}4—2—4(x—5){ =0. 


Aes 4 SS 


b a ue 
(s— a) (b6—2) (#—e) (a— a) 
% 
coe (c—2) 


(7 + 4V3)a? + (24+ V3) o=5— 2V 3. 


et+tb+Ve—h 246 


e+b—Ve—B 26 
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91. (1 — 2) (2+ 3) = (4— 2) V2. 
22, 2*— an = (a— 2) Vb. 


a3, 5 (i+ =a) * n= tet a. 


3m+2 a—z 2x— 3m 


_-— —__, + ,—_——__ = 0. 
ax+3mx a?—Y9m? ° 3mx— ax 


24. 


am 1 &B—m (2a—m)ax 
aa: ie we sar Reet 


a Ve LLY.) = 8. 


Le 
21. Ce$8)(@—2) | (2+3) (@+2) 
a b(a — 3) 


b(x+3) a(ax+2) (x—2) 


g—x—12 2—I1lx—26 _ e 
a. ee Is Siz 10 tT 


29. (a? — 4ab+30")a?+4b°x = a? — 0’. 


30. Vatm= 2a? —aVx+m: 


PROBLEMS LEADING TO QUADRATIC EQUATIONS. 


» 267. 1. Find two consecutive numbers whose 
product is 20. 


2. Find two numbers whose difference is 5, such 
that the sum of their squares exceeds their product 
by 75. 
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.. 8. The length of a field exceeds its breadth by 60 
rods, and the area of the field is 10 acres. What are 
the dimensions of the field ? 


4. The denominator of a certain fraction exceeds 
the numerator by 1, and if the fraction were inverted, 
it would equal the original fraction plus 3. What is 
the fraction? 


5. Aman bought a set of books for $48. If there 

-had been 8 less books in the set, they would have 

cost him $1 more per volume. How many books 
were there in the set? 


6. A crew rows 24 miles up stream and back again 
in 5 hours. The rate of the crew in still water is 2 
miles per hour more than 4 times that of the current. 
What is the rate of the current and of the crew in 
still water? 


7. A rectangular room is paved with 1,350 square 
tiles. If the tiles were 2 inches wider and 4 inches 
longer, it would require 720. What is the size of 
each tile? 


8. At a certain banquet, the bill of the party in 
attendance was $30. As five of the party were guests 
of the others, each of the entertainers paid 50 cents 
more than he otherwise would have done. What was 
the price per plate of the banquet? 


9. A man bought a number of horses for $1,800 
and then by selling them at $175 apiece, gained the 
cost of two horses. How many did he buy? 


10. A bookseller bought a number of books for 
$120, which he sold at an advance of 50 cents per 
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volume. He sold all but 4 and found he had $20 
more than all the books cost him. How many did he 
buy? 


11. A man bought a number of sheep for $80. If 
each had cost one dollar less, he would have had 
5 times as many sheep as each would have cost him. 
How many sheep did he buy? 


12, A number consisting of two digits, has its tens 
digit 4 less than its units digit. The square of the 
number exceeds the number with its digits inter- 
changed by 174. What is the number? 


13. A train was scheduled to make a journey of 
1,200 miles in a certain number of hours, but after 
traveling 12 hours at its usual rate, an accident delayed 
the train 45 minutes, after which it proceeded at arate 
of 30 miles per hour and in consequence was 63% hours 
late. What was the scheduled time for the journey? 


14. A rectangular park whose length exceeds its 
breadth by 80 feet, has a walk around it whose width 
is J, the width of the portion inclosed, and the area 
of the walk is 34,000 sq. ft. What is the width of 
the walk? 


15. A man sold a cow at an advance of as many 
per cent as the cow cost in dollars. With this he 
bought a number of pigs at $1.50 each, and found 
that he had 13 less than the number of dollars received 
for the cow. What did the cow cost him? 


16. A and B start to ride on bicycles from P to Q; 
150 miles apart. A starts first and rides at a uniform 
rate. When he has ridden 3 hours, B starts and rid- 


312 ALGEBRA. 


ing at a rate of 2 miles an hour faster than A, over- 
takes him when 30 miles from Q. What was the rate 
of each in miles per hour? 


17. A broker bought a certain number of shares of 
stock for $1,500, and a few days later sold them at an 
advance of $10 a share. With the money received, 
he bought shares of another kind costing him $50 less 
per share than the first cost him, and found he had 6 
more shares than in the first purchase. How many 
shares did he first buy? 


18. A man having an appointment 24 miles in the 
country, found no carriage at the station to meet him. 
After walking 2 hours, he met the carriage, which had 
been injured by an accident to such an extent that it 
could be driven at but 14 times the rate at which the 
- man was walking, and at 2 the rate at which it would 
have traveled had there been no accident. In conse- 
quence, he was late 4 as many hours as the number of 
miles which he walked in an hour. How far was the 
place where he met the carriage from the station? 


19. Two adjoining farms, each in the form of a 
square, have each a side along the same highway. 
560 rods of fence are necessary to inclose both farms 
in a single lot, and the difference in the areas of the 

fields is 223 acres. What is the area of each field? 


20. Two men having sold cattle, found they had 
both received the same sum, although there was a 
difference of 5,000 pounds in the weights of cattle 
sold by the two men. The two prices differed by 
half a centper pound. If both had sold at the higher 
price, they would have received $4,750 for all the 
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cattle. What was the price per pound received by 
each? 


21. A man started to walk from M to N at the rate of 
4 miles an hour; after one-half an hour, another started 
from N to M., driving as many miles an hour as the 
number of hours it would take the first to walk the 
distance. They were 6 miles apart when the first 
had traveled 2.as many hours as the second tray- 
eled miles in an hour. How farapart were M and N? 


22. A man has an income of $5,000 a year. His 
taxes are a certain per cent of his income and 
the per cent of his insurance less by two than 
the per cent of his taxes. After paying both 
these, he spent a per cent of the remainder 
equal to 10 times the per cent of his insurance, 
leaving $3,760. What was the per cent of his 
tax? 


23. A man has two casks of equal size, one con- 
taining wine and the other water, and each { full. 
He took from the cask of water 10 gallons which he 
put in the wine cask and then put as many more 
gallons of water in the wine cask as the per cent of 
water in the wine cask. The wine cask was then ~z 
full. What does each cask hold when full? 


24. The distance from Ato B is 940 miles. Atrain 
from B starts west an hour after one has started east 
from A and travels at a rate of 40 miles an hour; the 
east bound train travels 244; times as many miles in an 
hour as the train from B has traveled hours when they 
meet. How far from B was the place of meeting? 
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EQUATIONS SOLVED LIKE QUADRATICS, 


268. We have found that any affected quadratic 
equation can be reduced to the form az2 + bx+e=0. 
Translated into ordinary language, this may be read: 
Any known, into the square of the unknown quantity ; 
plus any known, into the first power of the unknown 
quantity; plus any known quantity, equals zero. In 
the strictly quadratic equation, or equation of the 
second degree, the unknown quantity is represented 
by a single letter or symbol. The unknown quantity 
may, however, be represented by a monomial or poly- 
nomial expression instead of by asingle letter, and the 
equation still be guadratic in form. 

Thus, let & be replaced by 2y-*, and we will have 
a(2y~)? + b( 2y7) +¢=0. 

Again, let «? + 38a-+ 1 be the unknown expression 
or quantity appearing in the form, and we have 
a(a? + 3x + 1)? + b(a? + 8a + 1) +2¢=0. 

It is evident that many equations of a higher degree 
than the second can be reduced to the quadratic form. 
The student should learn to make these reductions 
readily and understandingly, The following practice 
examples are given in which he is asked to specify, in 
each case, the unknown expression (or quantity) dealt 
with in the form. 


EXAMPLES. 
Reduce the following to the quadratic form: 
1. 2o°-+-1 = a7. 2. Vat 2x = Qe? +42+9, 
3” 6n 
3. 0% = 4¢°*+-7. 4. 5a7+6= 47, 


5. Wl —et=14+V1— 2. 
6. (x?+3xa-+1 )?+ 62?+182%+19 = 0. 


QUADRATIC EQUATIONS. 315 


269. Any equation in the quadratic form can be 
solved for the unknown expression involved, either 
by completing the square or by the use of the formula. 


Remarks on Examples. 

1. The most important step in the solution of equa- 
Lions of this class is the reduction of the equation to 
the quadratic form. In choosing the expression to be 
treated as the unknown quantity, and in deciding upon 
the proper steps to be taken in the reduction, much 
must be left to the ingenuity of the student. The 
following suggestions may, however, be helpful: 

(a) If the equation contains a radical expression, 
it often happens that, by a proper arrangement of 
the other terms and the addition of the right quantity 
to each member, an expression can be formed which 
will be equal to the quantity under the radical or to 
that quantity multiplied by some known factor, while 
the remaining terms of the equation will contain known 
quantities only. The equation can then be readily 
reduced to the desired form. (See first illustrative 
example. ) 

(b) When the equation does not contain a radical, 
it is possible that steps similar to those mentioned in 
(a) will lead to an equation containing, in separate 
terms, the first and second powers of some unknown 
expression, the other terms involving only known 
quantities. 

(c) Certain equations of the fourth degree can be re- 
duced to quadratic form by transposing all the terms to 
the first member and then proceeding, in the ordinary 
way, to extract the square root of this resulting poly- 
nomial. If, at any time in the process of extracting 
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the root, a remainder is obtained which consists of 
some known quantity times the partial root found, to- 
gether with terms involving known quantities only, 
the equation can be put in quadratic form as follows: 


(Partial root )? + multiple of partial root + known 
terms=0. (See second illustrative example. ) 


2. It is sometimes convenient to represent the un- 
known expression involved, by a single letter, as y. 
The square of the unknown quantity will then, 
of course, be represented by y?. While this device 
can be employed in all examples, it is especially useful 
when the unknown expression is a fraction and both it 
and its reciprocal are contained in the equation given 
for solution. (See third illustrative example.) 


3. In the solution of equations reducible to the 
quadratic form two values will, in general, be 
obtained for the expression which is treated as the un- 
known quantity. Placing this expression equal to 
each of these values, in succession, we have two exam- 
ples, the solution of which may involve again the use 
of the quadratic form. It quite often happens that 


the new examples are of the class en =a. In their 
solution, it is generally best to first extract the mth 
root of each member and then raise each to the nth 
power. (See fourth illustrative example. ) 


Illustrative Examples. 


1. 209+ V 2?+-5e¢+2 = 32 — 102; find x. 
Transposing and arranging terms, 


Qu? +102-+4+V a+ 5e+2 —36=0. (1) 
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Reducing to the quadratic form, 
2(a?+ 5e+2)+V o+5a+2 —36=0. (2) 
By the formula, 


SN ee aah Lvs ree, V 1+288 
Vip (3) 
—1+17 9 
ea en Se 
i 21 5¢12=16 Ee 4 
Squaring, y?+5e+2=160r Z: (4) 
From (4), { 2?+-5a—14=0, 
e+ 52— 2 = 0, () 
By the formula, 
—54+V951+56 —5+V 25473 
e = ——__=——_ or ——__._ (6) 
2 2 
See ee ae 


2. xt — 6x3 + 12x? — 9x = 28; find x. 


Transposing and proceeding to find the square root, 
at — 6a? + 12a?— 9x — 28 | 2? — 3x 


or! 
2x? — 3a | — 623 -+ 12¢7— 9a — 28 
— 623 + 9a? 
327 — 9a — 28 


= 3(x? — 3a) — 28. 


The original equation can therefore be put in the 
form, (x? — 8x)? + 3 (2? — 3x)— 28=0. (1) 


Completing the square, 


(a? — 3x)? + 38(x? — 3x) + ae vate 


eae S*) 


318 ALGEBRA. 


Extracting the 11 
square root, a +5 = a6 SMe (3) 
From (3), ae (4) 
Completing oes 19 
the square, ae +4 alerts 8 (9) 
Extracting ee Sect 
the square root, Sab Sorts ce sear 
From (6), 4 ie (7) 
4x et] 
a eee 4; fi d : 
3. 241 } = nd « 
ae x 1 
Substituting y for PL’ gine SA CES 
From (1), : 4y?—4y+1=0. (2) 
By the formula, — anak Se 2 (3) 
: x x 1 
Replacing y by = wae Zola (4) 
From (4), w—2e+1=—0. (5) 
By the formula, x=]. (6) 


4. (a?—a+1)* =4(a?—atl)* —3; find a. 
Transposing and completing the square, 
(a?—x2+1)* —A(a?—2+1)*+4=1. (1) 
Extracting the 
square root, (#”—#+1)- $941, (2) 
From (2), (a? — x+1) > =8or 1. (3) 
Taking the reciprocal of each member, 


(a2 —x+1)° = For 1. (4) 
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Taking the 
cube root, 
Raising to fifth 
power, 


; Oats 
(8 —2+1)* = 3 P9orl. 


ee 
a —2+l=53 or 1. 


Transposing and completing the square, 
eae 


Extracting the square root, 
1 1 cera rer 
t—5 = g’- 27-+47/3 or + 
1 


| 
ee = av — 974-413, 1, or 0. 


— 


. 


EXAMPLES. 
Solve the following: 
1. «t— 1427+ 45=—0. 
. gl? — 3° +2 = 0. 


6 
7. (a2 — 4a)?— 3(2? — 4x) = 10. 
8. at +203 — 130°— 14¢7+24=—0. 
9, e+5—=—4V 2+5— 3. 


10. (+=) rs a(2+=) 18, 


+1 (==) 


et 
oe epi) =4F 
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(5) 


(6) 


(7) 


(8) 


(9) 
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12. (a? + 2e 11)? — (a? + 20 11) + 56 =0. 
13. 3a — 9x? + 29—0. 

14. 2o7 — +V 9927 ae +3 aa ofit i 

15. (2? + 8)? Ot 4 17, 

16. V8e + /8e=6. 

17. Vxt— bz — 5a? — bz + 6 =0 

18. x?+ 8a+ 23+ 2821+ 120? — 0. 


3 . 
19. 20+ 5 +5 =0. 


20. 2(2—3) #43 (2—8) ¥=5. 

at. Sa? — 5x +-8V Ba? — de 3 — 171 ae, 

22. 5a" — 49/5 = 33. 

23. V 6a*+ 2x —3— 4x = 122? — 51. 
“== —3/ “e+ 5 
x+ 5 at — Dr 

25. 4V¥z—2 ? = 3. 

26. 4a4+ 12074 72°— 32 — 2 =0. 

27. 4x (2—a2) =V 2? — 22+ 1041. 


24, 


)+72 =0. 


28. Tx * +90 > — 99, 

29. (x+1)!—2(a+1)?-+3 (a+1)?—2(2+1)=8. 
30. (x— 2)? —2V x (x — 2) =1— 27g. 

Bi Get 4 

32, 2(a? — 5a +7) * —(a?—5e+7) @ = 
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33. itera a ena! 
l— a+r l+e+7” 

34. 5a-ts — 6r-h — 97. 


35. Vor + Be + 2Mo? + 8a = 2 + OV 2. 
a4 Iz: 
So 


= 4. 


36. 3? +o —7 + V 22? + Be —5 = 


387. (x — ste + 4m? (2 — m*)* a 


ae 5 
ieee L— soar? 


39. (3a + e + 3a°(38x + 1) = 282%. 


38. 


40. Ta(7— 2) = oie + Al. 
Al. (x — m)? + 2)/n(x — m)# — 3n =0. 


SOLUTION OF QUADRATIC AND HIGHER EQUATIONS BY 
FACTORING. 


270. Take the equation, «? — 5x + 6 = 0. 

Factoring, (a — 2) (wx —3) = 0. 

Any value of x which will reduce either of these 
factors to zero, will reduce their product to zero, and 
thus satisfy the equation. Such values are therefore 
roots of the equation. They can evidently be found 
by placing each factor in succession equal to zero. 
In the example given, the roots are 2 and 3. 

Any equation which can be reduced to the form 

(«—a,) (x— a,) (x —a,)(x—ay)....(x—a,, )=0; 
can be solved, in a similar way, by placing the factors 


in snecession equal to zero. The roots obtained will 
DS Gy Gis ts Big a co's Ans 
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271. Proposition. Every equation containing one 
unknown quantity can be reduced to the form, 
(%— a,) (w—a,) (%®—a,) (w—ay)....(2—a,,) =0, 
in which, as will be shown, a, A, Ayy-++-a, are rools 
of the equation. 


Proof. Every equation of any degree involving one 

unknown quantity, can be reduced to the form 

Pp a han oe a en ly p= oO (1) 
in which p,, p,, P,++++Pn ave known quantities and n 
is a positive integer. 

It remains to be shown that this equation is redu- 
cible to the form given in the proposition. 

Let a, represent a root* of equation (1). Dividing 
the first member of this equation by «—a,, we will, 
directly, obtain a known quantity as a remainder. 
Denoting this remainder by /2 and the quotient by Q, 
equation (1) can be put in the form 

O(«—a,)+h=0. (2) 

Since x and a,, in equation (2) are equal, 2 —0, 
and the division isexact. It is thus proven that «—a, 
is an exact divisor, and consequently a factor of the 
first member of equation (1), when a, is a root of that 
equation. 

It is now evident that we can resolve the first mem- 
ber of equation (1) into two factors one «—a,, and 
the other a polynomial of a degree one Jess than equa- 
tion (1). Values of x which will reduce this second 
factor to zero will evidently satisfy equation (1) and 
are therefore roots of that equation, Placing this 
second factor equal to zero, and dealing with the new 
equation thus formed as with equation (1), we can re- 


* Cauchy has proven that every equation has a root. 
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solve the factor into two factors, one « — a@,, in which 
a, is a root of the new equation and consequently, as 
just shown, a root of equation (1), while the other. 
factor will be a new polynomial of a degree one less 
than the new equation. 

Decomposing this new polynomial factor in a similar 
way, and noticing that the degree of the factor to be 
further decomposed, will, at each step, be reduced by 
one, it is clear that equation (1) will eventually be 
reduced to the form 


(x —a,) (w@—a,) (w—a,).+-+- (s—a,)=0; (3) 
in which the first member is composed of n factors of 
the first degree. 


Corollary. Number of Roots. Since each of these 
factors placed equal to zero will give a root of the 
equation, there will be x roots. There can be no other 
root, for if x be given a value different from any of 
the n roots thus found, no factor will reduce to zero 
and hence the product cannot equal zero. 

It follows that a quadratic equation has two roots 
and only two. 


Remarks on Examples. 


272. 1. In the practice examples given, the fac- 
tors can, in general, be obtained by the methods set 
forth in the chapter on factoring. The work in quad- 
ratics, however, emphasizes the usefulness of the de- 
vice of completing the square. Examination of a 
particular example may reveal that by grouping certain 
terms, a perfect square will be formed except that the 
second or third term of such square will be missing. 
This term can be supplied by the addition and subtrac- 
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tion. of the proper quantity. The whole expression 
can then be thrown into the form of the difference of 
two squares and thus readily factored. (See third 
and fourth illustrative examples. ) 

2. The student should bear in mind that equations 
must often be changed considerably before they are 
in shape to be putin factored form. Radicals must be 
disposed of; terms rearranged, collected or expanded ; 
parentheses removed or introduced and other devices 
adopted, as the particular case may require. The ex- 
amples will test the ingenuity, judgment, and courage 
of the student. Their mastery means algebraic 
strength and maturity. 

3. In solving equations of a high degree it is some- 
times advisable not to decompose factors of the second 
degree, since these can be more easily dealt with by 
methods already given for solving quadratic equations. 

Illustrative Examples. 

1. Solve by factoring, «* — In3 — 8a? + 9a + 18=0. 

Rearranging the terms, 

| at — a3 + o? —9(a?—a2)+18=0. (1) 

(a2—a)?—9 (ae? —x)+18=0. (2) 

Factoring, (a°—x—6) (2?—ax—3)=0. (3) 
(x— 38) (w+ 2) (2&2—a%—3)=0. 

Placing the factors in succession equal to 0 and 


solving, 
c—3=0 st ¢ = 3. (4). 
2+2=0 oo eS 2. (5) 
14-V1+:12.... 
geen PR: mn) 4 UES oe 9 (6) 
149/128 


I 


2 
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2. Solve by factoring, 
Ve — 3a +2—V In? —10e+ 14 = V 2 — Tx + 12. 
Transposing terms, 
V Pp 8a+2—V of — Te + 12=V 2210x414. (1) 
Squaring both members, 
oo 30+2—2V bet eV eit 2 (2) 
+ 2?— Tx +12 = 22?— 10x + 14. 


Collecting terms and dividing by — 2, 


V2— 3e4+2 Ve?— Te + 12=0. (3) 
Squaring and factoring, 
(a—1) (w—2) (wx— 3) (x— 4) =0. (4) 
Placing the factors in succession equal to zero and 
solving for «, wot aye, or 4. (0) 


3. Solve by factoring 21x? + 4a—1=—0, 


Changing 


oo 
the form, a ( 2 T 91 nae 71) =°- (1) 


4 
Adding and subtracting 775° 
4 4 4 1 
21 es ag a a)? (2) 
Arranging in the form of the difference of two 


squares, ( ae Rios ae 
2 [(2+5,) —iz i= (3) 


Factoring, 
2 4) 4) 

a1 (= +574 91) (e+ ar—ar 

1 


2 
Collecting terms, 21 (« + ;) (z— 7) =0. (5) 
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Placing the unknown factors in succession equal 
to 0 and solving for 2, ae | 
To oe (6) 
4. Solve by factoring a* + 81 =—0. 
Adding and subtracting 182, 
xt -+ 18a? + 81—18a7=0. (1) 
Changing the form, 
(2? +9)?— (3aV2)?=0. (2) 
Factoring, 
(a? + 8aV2+9) (@®Q—3eV2+9)=0. (3) 
Placing the factors in succession equal to 0 and 
solving for x, 


o=5(V2 a ys) ore (V24V—2)- (4) 


EXAMPLES. 


Solve by factoring: 
‘1. 527 +2=—0. 
2. 2 —da+6=—0. 


3. at — 20° — 1407 + 15a + 554—0. 
_4. (2u— 3) (a? — 4) =0. 
5. 18a? — && — 0. 
6, (9) (x? + 3a— 10)=0. 
7. 272° — 8a? = 0. 
8. 2®— 22? —x+2=0. 
9. 12%? — 202 +3=—0. 


10. (22—a«%—2) (2? +%— 2) (a? + 2a—15)=0. 


iW oa = 0; 


— 
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12. (x? — 4) (2x5 + 3x? — 24 —3) =0. 
13. a! — 10a2x? + 9at = 0. 

14. 42 — 5x — 6327 —0. 

15. (@—4x)? —2 (2? — 4x) —15=0. 
16. (23 — 3%)? — (22— 6)?=0. 

17. mn? + ne — ma —1=0. 

18. 2¢ + 4m! =0. 


19. Vda 8 —V4— da = V1 — Be. 


4 1 
G++) | FN EFS | 


(e— 2) (@ +4) * @—2) @F8) 
01. Vepat+ VI —3=V 3 +a—3. 
22. 2a? — abu — ba? = 0. 
93. 4at — 1ice2? + 4ct#= 0. 
ei 075 ae VY Be = VV Be + 5. 
95. Ve bbe 18 —2Ve2=Ve+ we 1B. 


3a? + 3a + 5 Qn? + 4a—3 
Act oe 
4e? +12e+4+1 eo? +4e+ 1 


a+3 a+ 4 
07. V(1+2) (1+ 22) + V —2) (1— 22) = 
V 2+ 42”. 


28. «t+ 5a? + 9=0. 


29. (22 20 
9 


uv 


) (3e—5-) (ae 3) (ie — 2). 
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30. (8 —2x)?+ (4—x)? = (7 — 22)3, 
Apply Art. 90, Prin. III. 
ol. (2° — 1)=2— 1. 
32. Wa —34+ Wa+a— PVP Qe. 
33. a§ +4=—0 
34. (2a—4)?— (x +5)? =(x2—9)3, 
IMPORTANT PROPOSITIONS REGARDING QUADRATICS. 


273. The following propositions apply to all quad- 
ratic equations when reduced, as they can be, to the 
form 2? + be + ¢=0. 


Proposition I. The sum of the two roots of a quadratic 
equation in the form x? + ba + c= 0, is equal to the coefi- 
cient of x with the sign changed. 

Proof. The two roots of the quadratic equation in 
the form given, are 


ee oe eer ay 
6+ V2? dc 6. Ve 4e 


en ae el en 

Kay pees aa b. VF —Ze 

ge a ee ee 
Adding, x, + 2, = h. 


Hence the proposition. 


Proposition II. The product of the two roots of a quad- 
ratic equation in the form a? +-bx -+c=0, is equal to the 
third or absolute term. 


Proof. Multiplying the two roots given in Propo- 
sition I, we eae 


Hence the proposition, 
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The two foregoing propositions will enable the stu- 
dent to obtain the sum and the product of the roots 
of any quadratic equation without solving it. The 
propositions are used quite frequently in higher mathe- 
matical work. The form of the equation to which 
they can be applied, should be carefully noted. 


EXAMPLES. 


Determine the sum and product of the roots in the 
following equations :— 
1. 2? + 382 +5=0. A. 227 — 7x = 8. 
2. 2— Tx + 2=—0. 5. 5 — 12a — 62? =— 0. 
3. 6a = 9a? + 2. 6. 52?— ax + ba = a? — 0’. 
Proposition III. Any quadratic equation in the form, 
e?+beatec=0, can, by factoring, be reduced to the form 


(2— 21) (%—am) =O, in which m and 2 are the roots of 
the equation. 


The proof of this proposition is included in that of 
the more general proposition, in article 271. The 
proposition is here, however, for convenience, given a 
separate proof. 


Proof. Representing the roots by ~,and x,,we have 
Prop. I. «,+2,=—), or b=—(%,+%,). 
Prop. II. L, = C. 
Substituting these values of 5 and c in 
et+be+c=0, 
we have «?— (x, +2,)x+2,x,=0. 
Factoring, (~—2,) (~x—a,) = 0. 
Hence the proposition, 
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This proposition enables us to factor a quadratic 
equation of the form z+ bx + ¢=0, by first finding 
its roots. Italso enables us to form a quadratic equa- 
tion which shall have any required roots. 


EXAMPLES, 
Reduce the following equations to factored form: 
1 1 
1. 2?—T7z+ 10—0. 3. 27 + gt t+ Tg = 9. 


2. x? -+ 3a — 28 = 0. 4. 2?—ax+1=—0. 


Write the equations of which the following are 
the roots: 


1. 2 and —7. 6. —? and — 3. 
2. —1l and — 6. 7 1+tV2. 

3. 5 and . 8. eae, 

4, = and — Z ‘ 9. wake 
5. —S and 2 5 10. peas ie 


Proposition TV. Any quadratic equation in the form 
ax? + ba + c= 0 can, by factoring, be reduced to the form 
a(a% — x) (a—a) =0, in which a is the coefficient of x? and 
x, and a% are the roots of the equation, 


Proof. aw? + b4+c=0. 
b c 
i 2 — _ =a 
Factoring, | a(x =. : a+ 5) 
Prop. III. a(% —x,) («© —-a,) = 0. 


Hence the proposition. 
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EXAMPLES. 


Reduce the following to factored form: 
1. 14a? —9e +1=0. 2. 122?—5e—2=0. 
3, 20? — 7x + 3 = 0. 4. Ga? + 5abx— 6b? = O. 
5 At — de —1 = 0. 6. 92? — be + 2-30. 


274. By the aid of Prop. IV. any expression, which 
can be reduced to the quadratic form, can be factored. 
We may regard the symbol or quantity, occupying in 
the reduced expression the place which x occupies in 
the standard quadratic equation, as the only unknown 
quantity involved, and may consider it to have such 
a value as will cause the expression to equal zero. 
Placing the expression equal to zero, it can be reduced 
to the factored form by Prop. IV. The factors found, 
it should be noticed, are the factors of the first mem- 
ber of the equation, or, in other words, of the expres- 
sion whose factors are sought. If we now consider 
this expression by itself and not as a member of an 
equation, the factors obtained are still the factors of 
the expression, for multiplied together they will pro- 
duce the expression. They will stand this test, and 
therefore be correct factors, for all values of the quan- 
titative symbols. 


Suggestion. 


It is generally advisable, in solving examples of this 
class, to resolve the factor represented by a, in the 
answer first obtained, into two factors which can be 
multiplied into the other factors in such way as to 
avoid fractions in the final result 


Se 
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Illustrative Examples. 
1. Factor 42+ 23a — 1022. 
The roots of the equation, 424232 — 10x? —0 are 


7 
— 5 and 3° 
6 7 
Therefore, 42+ 23a — 10%? —— 10 (« + 5) (« aa 3) 


6 7 
=5(« +5) (—2) (z=) 
= (5x+6) (7— 2x), 

2. Factor 2x7y?+«y?+3ay—y?+1 . 


Reducing this to quadratic form and placing it equal 
to 0, we have 


(29°) @+(y’+3y) x«—(y?—1)=0. 


Say | 
The roots of this equation are y Dy and es 
The factors are, therefore, 
2 ( ame )( y 
Y{% oy + a 
Hence, 


2x"? ay? day — Y+1 = (2xy—y+1) (xy + y+1). 


EXAMPLES, 


Factor the following: 


1. 4x? — 24 — 12. - 2. 2? + ld — 94, 

3. 14a? — 23x -+ 3. 4, 5+ 4xr—2?, 

5. 92? —122 —1. 6. 6— 2x — 2’, 

7. 207— 4a + 4. 8. ma? — 3mnx + 2n?, 
9. 1+ mx — 6m2?, 


10. 
11. 
12. 
13. 
14. 
15. 
16. 
iy 
18. 


QUADRATIC EQUATIONS. 
acxz? + (2a + c)bu + 20°. 
15a? — 8ax — 2bu + a? — 0’. 
x? — xy — 2x — 2y? + 138y— 15. 
oe? + 62 — 42? + 9. 
2+ y—x—3y? —4ay — 2’. 
90? — Tax —x + 6a?+a—l1. 


6a? — 1lab + 8a + 40°?— 9b + 2. 
a? + xy + 2az— 2y? — yz — 32”. 


xyz — 2uz + 3yx— 6. 
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CHAPTER XVIII. 


SIMULTANEOUS EQUATIONS WITH TWO 
UNENOWN QUANTITIES. 


INVOLVING QUADRATICS. 


275. Since the values of two unknown quantities 
are to be determined, two simultaneous equations are 
dealt with in each of the examples of this chapter. 
One of them must be of the second or a higher degree, 
in order that the solution may involve a quadratic. In 
certain examples the equations given are homogeneous 
or symmetrical. 


276. Homogeneous Equations. An equation is 
homogeneous when the terms containing the unknown 
quantities are all of the same degree. 

Thus, 3x? -+ 12xy + 67? =7 is a homogeneous equa- 
tion, since all the terms containing x and y are of the 
second degree. 


277. Symmetrical Equations. An equation is sym- 
metrical when the unknown quantities involved can be 
exchanged without altering the equation. 

Thus, «+ y=7 and 22?— «xy + 2y?=5 are sym- 
metrical equations, for exchanging x and y in each, we 
have y+a=7 and 2y?— yx + 2x?=5, which equa- 
tions are identical with those first given. 

In the work of this chapter, two simultaneous equa- 
tions are treated as symmetrical, if the exchange of 
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the unknown quantities with opposite sigus attached, 
does not alter the equations. 

Thus, e— y=10 and #& —7°=65, are treated as 
symmetrical since, if in these equations, + x and — y 
be exchanged, the resulting equations — y+ x= 10 
and — 7° + 2? = 65, are identical with those first given. 


278. The solution of two simultaneous quadratic 
equations will, in general, lead to an equation of the 
fourth degree. 


Given, for instance, the two simultaneous equa- 


tions, e+ ay ty’? =19. (1) 

x y= 7. (2) 
Solving (2) for y, y=T—2. (3) 
Substitutingin(1),2?+a(7—2?)+(7—2*)’=19. (4) 
Form 4, ot — 2? — 132°+72+30=—0. (5) 


It is only in a limited number of examples that the 
elimination of one of the unknown quantities will fur- 
nish an equation, which can be solved by any of 
the methods so far discovered. 


279. Attention is called to the following important 
proposition :— 

Proposition. If two equations, of the first and second 
degree, respectively, involving two unknown quantities, are 
combined and one of the unknown quantities eliminated, the 
resulting equation will be a quadratic. 


Proof. The general equation of the first degree 
involving two unknown quantities is, 


aztby+e,=0. (1) 


Solving for y, y= —_,—_‘=— 7 *-z° 
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The general equation of the second degree involving 

the same unknown quantities is, 
ax? +- bey-+cy?+dy+ex+f—0. (2) 

Combining the two equations by substituting in 
equation (2), the value of y, in terms of x, derived 
from equation (1), it is evident that the highest 
power of x in the resulting equation will be its 
square. 

Hence the proposition. 

We have then the following rule for solving two 
simultaneous equations, when one is of the first, and 
the other of the second degree. 


RULE. 


1. Find the value of one of the unknown quantities in terms 
of the other from the equation of the first degree, and substi- 
tute this value in the other equation. 


ow = ; o£ e Ol ae | i. 
FiesT deg h&Swpnes.9 4 97/071 


1 e+? = 10. 
; x+y 4, 
Ly = 
- xy = 10 
3 Sa -- By = 16: 
Ce a ae oe 
4 x? — 27? = 7. 
: 2e-+-y = 13. 
cy 2 
Nama ei es, «2 
. 4 Ps 
at y : 


eT dined i H 


r) 


Sa 
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6 ears Ae 


x+2y =8. 
4 2y 4 
. Ge 
by —a—4. 


280. In the solution of simultaneous quadratics, 
the importance of the proposition proven in the pre- 
ceding article, cannot be too strongly emphasized. If, 
in any example, the equations given can be so handled 
as to furnish two equations, one of the first and the 
other of the second degree, a ready solution from 
there on is guaranteed by the proposition. 

The whole thought of the student, then, should be 
devoted to obtaining these two equations. The cri- 
terion of success in any purticular example is the dis- 
covery of the combinations or steps by which these 
equations can be found. Experience will reveal special 
Ways in special examples. 

The following methods of procedure are suggested 
for the classes of examples considered: 


281. Case I. When boih of the equations are of the 
second degree, and one is homogeneous with its absolute 
term zero. 


Treating the homogenous equation as an affected 
quadratic, solve for either unknown quantity. Sepa- 
rating the double sign, two equations will result, each 
of the first degree; while the other given equation is 
of the second degree. Two examples will thus be 
formed, each fitting under the proposition. In solv- 
ing, they should be treated separately. Four pairs of 
values of x and y will result. 

22 
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Illustrative Example. 


(1) 2?— wy — 2y2 =0, 
(2) 307+ 5a — Ty? =15. 
Factoring, (1) («—2y) (a+y) =0, 
Whence, (3) x= 2y, 
(4) gee: 
Substituting from (3) in (2), 
3 (2y)2+5 (2y) — Ty2 = 15 


Solve the equation | 


Or 5y2+10y = 15, 
Which solved gives, y =1 or —3, 
x= 2 or — 6. 


Substituting from (4) in (2), 
dy? — dy — Ty? = 15 


Or — 4y? — by = 15 
Which solved gives, y =—5+)Y/_9]5 
8 b J 
e= IFY—2I15 
Se 
EXAMPLES. 


Solve the following: 


x + ty =0, 

Stat + y+ = 440. 
2 ay—y? —0, 
° 2202? -+ay—dsy =2. 


es) 


x2 + 2ny — 8y2 —0, 
Be + 2a —3y =5. 


y? + xy — 2022? =0, 
fest ie by ak 


282. Case Il. When both of the equations are of the 
second degree and homogeneous. 


= 
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Combine the two equations, eliminating the absolute 
term. The resulting equation will be homogeneous, 
with its absolute term zero. Taken with either of the 
two given equations, it will form an example which 
can be solved under Case I. 


Remarks on Examples. 


1. The derived homogeneous equation should be 
solved in connection with the simpler of the given 
equations, and that only; if solved in connection with 
the ether, no new values of x and y will be found. 


2. As in Case I, the solution will develop two sub- 
ordinate examples, which should be dealt with sepa- 
rately. The values of x and y found, should be care- 
fully assorted into pairs. 


3. Examples which are both quadratic and homo- 
geneous with reference to any powers of x and y, or 
with reference to any expressions of the first degree 
involving x and y, can be solved by the method 
employed in this case; for it is evident that such 
quantities or expressions can be represented by single 
letters, and the method of this case then used to find 
their values. This done, values of « and y can readily 
be determined. (See second illustrative example. ) 


Illustrative Examples. 


1. Solve the equations ; ry ors x Pee 
Multiplying (1) by 4 
and (2) by 21, 4x? + dey = 84. (3) 
21y? — 2lay = 84. (4) 


Subtracting (4) from (3), 4a?+25xy—2ly?= 0. (5) 
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: 3 
Solving (5) for x, w=; (6) 
Or “e=—Ty. (7) 
Substituting from (6)in(2),_¥” iy oS (8) 
Whence, yo=t4, (9) 
Substituting from(7)in(2), f+ ip=4, (11) 
r 1 rom 
Whence, y=+£5v2, (12) 


oars 
t= FsVv a, (19) 


2. Solve the equations 


atti rian Oia = 21, (1) 
(aty+)*—a2(@+y4+1) =12. (2) 
Multiplying (1) by 4 and (2) by 7, 
4 (a +y +1)? + 423 (@@+y +1) + 428 = 84, (3) 
7(@+yt+1)?—7 @+y+ 1) = 84. (4) 
Subtracting (4) from (3), 

—3(¢+y+1)?+ lie (@+y+1) + 40° =0. (5) 
Solving (5) foratyt+til, 2#+y+1= 425, (6) 
Or zt+y+l=—5a8, (7) 
Substituting in (2) from (6), 162°—42°= 12. (8) 

x= 1. (9) 


g=lor—l. (10) 
y=2or—4. (11) 

Substituting in (2) 
from (7), 2 b+ 5 = 12. (12) 
ast V3. (18) 
y=F2/3—1. (14) 
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Solve the following equations: 


; 2a? 4-7? = 9, 
xy — x? =— 2. 


— 
* 


— d3xy =— 20, 
y? — dx? = 4. 


e+ ay t+ y?=19, 
2a? 4- 7? = 22. 


2 
a 
4 a + y? —axy = 3, 
a 
7 


bo 


is 


go? — 2yx + dy? = 9. 
( 


Are oe aa 1)? 


=a i 
_ +1y—3(y+1)?=5. 


6 ee. 
xt + 6x77? = 40. 
283. Case III. When both equations are symmetrical 
with reference to xand y. 


First Method. Find values of x+ y,or «—y; 
for equation of the first degree. In the process, an 
equation of the second degree will generally be evolved, 
if one is not already given in the example. Then solve 

under the proposition. 


Second Method. An elegant method of solving 
examples of this class is to find values of both x + y 
and «—y. While the proposition under which we 
are working, requires that only one of two simulta- 
neous equations shall be of the first degree, in order 
to insure a solution, we have here a case in which, in 
the subordinate examples developed by our combina- 
tions, the equations are both of the first degree. 
This makes the work of solution so much the easier 
and more elegant. 
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Remarks on Examples. 


1. In seeking the value of x+y or x—y, the aim 
of the student, in general, should be so to combine 
the given equations as to obtain an equation whose 
first member is an exact power of a+y or cL — Y. 
The values sought can then be found by extracting the 
proper root of each member of the equation. In cer- 
tain examples a single step, such as dividing one equa- 
tion by the other, will give the values desired. It is 
sometimes convenient, in the process of the work, to 


: x 
. solve with reference to xy Or e 


2. When values are found for both «+ y and L—Y, 
they will generally be of the form 


1. e+y=-+a, 


These when properly separated will give for solu- 
tion, four pairs of simultaneous equations: 


1 hye ae, “x—y= Ob. 
a Sy ae x—y=—hb. 
3. e+y=—a, x—y= Ob. 
4. e+y=—a, “x—y=—b. 


3. The value of x+y or «— y may be given in one 
of the original equations. The example can then be 
solved by substitution or by the second method. 


4, Simultaneous equations, symmetrical with refer- 
ence tox and y, may be solved by substituting u+v 
and u—v for x and y. .. The other methods suggested 
are to be preferfed. 
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5. The methods of case III can be applied to exam- 
ples, in which the equations are symmetrical with ref- 
erence to any powers of xand y, or any powers of 
expressions of the first degree invoiving « and y. 
(See third illustrative example. ) 


Illustrative Examples. 


1. Solve the ; e+ y? = 29, (1) 
equations, xy = 10. (2) 
Multiplying (2) by 2,  2ay = 20. (3) 
Adding (1) and (3), 
a? + Qey + y? = 49. (4) 
Subtracting (3) from (1), a 
a? — day +7? =9. (5) 
Extracting the square root of (4) and (9), 
e+ BeBe mn 7, (6) 
, e—youtd. (7) 
Adding (6) and (7), e=t5ort?2. (8) 
Subtracting (7) from (6), y=+2or+5. (9) 
2. Solve the ag +4 = if, (1) 
equations, ety=3. (2 


Raising (2) to the 4th power, 
at + day + 6x?y? + day? + y* = 81. (3) 
Subtracting (1) from (3), 


4oky + Gary? + 4ay? = 64. (4) 
Squaring (2) and multiplying by 4ay, 

day + 8x7y? + day? = 36zy. (5) 
Subtracting (4) from (5), 2a°y? = 36xy — 64. (6) 
Solving for xy, ay = 16 or 2. (7) 


The solution from this point te Sitter to example 1. 
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3. Solve the equations 


; (2—yt+3)? Hy 65, (1) 
(x—y +3)?'—y" (2—yt3) + yt=13. (2) 
Dividing (1) by (2), (w—y+3)+y?=5. (38) 
Squaring (3), 
(c—y +3)? +2 (x—y + 3)y?+ yt =25. (4) 
Subtracting (2) froin (4), 3(a—y+3)y27=12. (5) 
(e—y+3)y=4. (6) 
Subtracting (6) from (2), 
(e—yt3y—2(ex—y+3)yty=9. (7) 
Extracting square root of (7), 
(x —y+3)—yY=+3. (8) 
Adding (8) and (3), x—y+3=4orl. (9) 
Subtracting (8) from (3), a kb a i 
Whence, y=1,—1, 20r—2, (11) 


e=2, 0,0or—4. (12) 


EXAMPLES. 


Solve the equations: 


1 a? + y? = 25, 9 a? + y? = 52, 
; se Bek Baad 2 : avy = 24. 
a° + y= 28, a af — 65, 
2 ; ety=—4. 4. Se. 
5 a& — y§ = 63, 
C+ ef ty 21. 


6. S (ety) +(@—yy=10, 
" U(e@ty) (w—y) =3. 


284. Case IV. When, from the given equations, 


an 


equation can be obtained, whose second member is known, 
and whose first member is an exact power of any expression 


of the first degree, involving x and y. 
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Extract the proper root of each member of the de- 
rived equation. The required equation of the first 
degree will thus be obtained. 


Remarks on Examples. 


1. It will often occur that one of the given equa- 
tions, or a derived equation, can be putin quadratic 
form, with reference to the expression. The value 
of the expression can then be found by completing the 
square, or factoring. The latter method is, in general, 
the more elegant. (See illustrative example. ) 


2. The method of this case is evidently applicable 
to equations above the second degree. 


Illustrative Example. 


e+ayt2y=t, (1) 
y2+16a=20. (2) 
Multiply (1) by 4, 4x? + 4uy + 8¥Y = 28. (3) 
Adding (2) and (3), 
4a? + day + y? +8 (Qu +y)=48. (4) 
Changing the form of (4), 
(Qa+y)?+8(2e+y)—48=0. (5) 
This is in quadratic form with reference to 2x + y, 


hence the value of 2x-+y may be found either by 
completing the square, by the formula, or by factoring. 


Factoring (5), 


1. Solve the equations, ; 


(2a +y +12) (2a+y—4)=0, (6) 
Whence, y =—12—2x (7) 
Or, ' y =4— 22. (8) 


Substituting in (1), 
x? — 124% — 2a? — 24 — da = 7. (9) 
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Or, x? + do — 2x? + 8 4 = 7, (10) 

Whence, c= — 8+ V 33,1 or—1, reli 

y =4 2 V 38, 2 or 6. (13) 
EXAMPLES. 


Solve the following : 


i ee ee 


xy = 2 
call ney) Be 
y+ xy = 6. 
3 a? — day + 4y2— Tx = — 12, 
; by? — dxy + 2ly = 20. 


4 (f+ y+ y= 11, 
: ; 4u* + 38y = 10. 


285. Remarks on Miscellaneous Examples. 


The student should remember that the most important 
step in the solution of these simultaneous equations, 
is to bring the example under the fundamental prop- 
osition. The greatest difficulty to be overcome will, 
in general, be the obtaining of an equation of the first 
degree. Other devices than those already mentioned, 
for this purpose, can often be employed to advantage. 
Sometimes the terms of higher degree can be climi- 
nated from the two given equations by the process of 
addition and subtraction; sometimes one equationcan 
be divided by the other and the elimination thereby of 
a factor common to the first members of the two, 
result in an equation of lower degree; whatever 
combination is made, should be directed to the purpose 
of obtaining two equations, neither of which, with 
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reference to the unknown quantilies or expressions in- 
voloed, shall be of a higher degree than the second, and 
one of which, at least, shall be of the first degree, with 
reference to such quantities or expressions. 


MISCELLANEOUS EXAMPLES. 


Solve the following equations: 


bo 


1 e—~ 2y=3, Low a 
; xy = 14. acy + y?=10. 


x? —125y2=91, 4 ie Wxy=35, 
. ; e— dy=1. du —4y=11. 
ae ty? __ 182y + 56 =0 
ae gee 6. ag y : 
ety 2S ay =4. 
pret ca 7 9a? — Say = 21, 
wv y 4) ry — ce Sake 
at +y! = 626, _192 
8. ; aty=6. 9. ae ae 
= se ae 
os Sor tapas 
Ter gon ee §eyt+y?=T, 
ae M. 3 pb. 
x y= 
; a? -+- Oy? = 5x + Loy, 
ee ee yee fy =o. 
ae 3s 
pete 14. (Sie aie 
4 ¥ = 2, oo 
15. ao ea dae 
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10xy 48 eee 
op y ‘ e+ y= 5. 


ee a? — xy = 2b (b —a), 


9x? + 257? — 6a = 163, 
30xy — 107 = 160. 


+V ay+y=19, 
2 — 3V ay+y=— 1. 


| 
93. 5 y fe 
: 


ws 


uy 
23 9x?+-4day+y? = 45, 
"2 T?+ 1 2ay+ 2y? = 54. 
24 xu? — 2xy —y + 5a — 10. 
i y+ue—dy=—a. 
fe atto2y?+y!=21, 
: e+oeyt+y?= 7. 
26 9x7+-Sary-+ 2y?=7, 
; 7x?-+ 10xy = — 13. 
27 w+ y* = 85, 
© Cet V Qay + y? =17, 
ne 1 1 3 
28. y+ aaa — 2 (wt ge 


99 xu?-+ 2ay = ax+by, 

z y? = bu+ay. 
gy? Vetyt 3=9. 
xy = 


30. 
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a-+-ay — 3y? = —9, 
A ep ag 18. 


Mae ee iis tard = 3, 
oi — y? = 54 

2—y—4Vx—y = — 3, 

si Seated tee 


34. 


— ey hay — Ix? = 0, 


ety 21 
36. ety ty stt= 
2e+y = 14. 
Vi a re 
as 1 ys =3 
eytety=T, 
ages avy + xy? = 12. 


e—ytua—y=4, 
(a—y) («+ 2y —3) =1. 
VY e—y + «cy = 3, 

ryV x —y = 2. 


| By — 4) (w@—y) + (ax—y)’ = 4, 
(2x + 8y—4)?+ (x— y)? = 10. 


39. 


ae 
z 
ae 
Bes ta 
} 
i 


40. 


41. 


—_ 


PROBLEMS LEADING TO SIMULTANEOUS QUADRATIC 
EQUATIONS. 


286. 1. The sum of the squares of two numbers 
is 34, and their product is 15. What are the numbers? 
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2. There are two numbers, such that the square of 
the first exceeds the product of the two by 10, and 
four times the square of the second plus 5 times the 
product of the two, equals 111. What are the num- 
bers? 


3, A number has two digits. The product of the 
number by the number formed by reversing the digits 
is 252, and the product of the digits is 2. What is 
the number? 


4. A fraction is such that if the numerator is in- 
creased by 11 and the denominator by 1, it will then 
equal its reciprocal. The square of the denominator 
exceeds 5 times the numer ator by an amount equal to 
1 more than the product of the numerator ie denom- 
inator. Find the fraction. 


5. A sum of $2,500 at simple interest yields $600. 
If the rate had been 2% higher, the same interest 
would have accrued in 2 years less time. Find the 
time and rate. 


6. The area of a garden in rectangular form is 10 
acres. The fence around it is 200 rods in length. 
Find the dimensions of the garden. 


7. A fruit dealer invested $3 in apples and found 
that a rise of 4 cent per apple, enabled him to sell 
120 less than 2 of his apples for the amount originally 
invested. How many did he buy, and what was the 
cost price of each apple? 


8. Two men, riding wheels, start toward each other 
from two towns 140 miles apart. When they meet, 
it is found that A could have gone B’s distance in 6 
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hours, and B could have gone A’s in 103 hours. How 
far had each traveled, at what rate, and when did they 
meet ? 

9. The sum of two numbers is 2 and the sum of 
their squares is y. Find the numbers. 


10. A starts from M to N; and three hours later 
B starts, traveling at a rate 2 miles an hour faster 
than A. C, starting 3 hours later than B, and tray- 
eling at a rate of 12 miles an hour, reaches the station 
N at the same time as A and B. What is the dis- 
tance from M to N, and the rate and time of each? 


11. The hind wheel of a wagon exceeds the fore- 
wheel in circumference by 16 inches, and makes 44 
less revolutions in each mileit goes. What is the cir- 
cumference of each? 


12. I bought bonds at as many per cent above par 
as the rate of interest which they bore, and sold them, 
after a year, ut one and one-half times as many per 
cent, above par, as this rate of interest. My income 
from this investment was a per cent of the amount 
invested equal to one and ten thirteenths per cent 
more than the rate of interest on the bonds. Required 
the rate, and the price paid for the bonds. 


13. Ina garden, the number of rods in the peri- 
meter equals the number of square rods in the area. 
If the length were increased by 4 rods and the breadth 
by 6, the area would be one-half an acre. What is 
the area of the garden? 

14. Two men rented a house, A promising to pay, 


as his share, $150 a year. After six months B, hav- 
ing a less number of rooms than A, decided to take 


a 
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two of the rooms rented by A; and at the end of the 
year his rent cost him two and one-half times the dif- 
ference of the two annual rents, they had first agreed 
to pay. The number of rooms in the house was one- 
tenth the number of dollars which B paid per year for 
the rooms he first engaged. What was the rent per 
room, and the number of rooms each engaged at first? 


15, On a piece of work, two men are engaged for 
a certain number of days at different rates per day. 
At the end, they receive $60, the first having been 
idle 5, and the second 10 days. Had the first been 
idle 10, and the second 5 days, they would have re- 
ceived $65. The two together receive one-third as 
many dollars in a day as the number of days the first 
worked. How many days did each work, and at what 
rates per day? 


16. Two trains starting at the same time and going 
in opposite directions between M and N, upon meet- 
ing, have differed in the distance covered by 20 miles. 
It is found that the train from M will reach N in one 
and one-half hours from the time of meeting, and the 
train from N will reach M in 40 minutes. How far 
apart are M and N, and what is the rate of each train? 


17. The wheels of two bicycles having tires of 
different sizes, make the same number of revolutions 
in a second. The rider of the wheel with the large 
tire, finds that he can go 2 miles an hour faster than 
the other. The difference in the number of revolu- 
tions, in going a mile, is 528. If the wheels made 73 
of a revolution less per second, the number of revo- 
lutions per second would be 4 the number of miles 


SIMULTANEOUS EQUATIONS, 353 


the larger wheel goes in one hour. What is the 
number of revolutions of each per second, and the 
rate of each in miles per hour? 


18. Two boys in running to a certain post and back 
again, find there is a difference of 5 seconds in the 
time required for the race. Thereis a difference of 5 
yards per second in the rates of their running, and if 
the slower had turned back when he met the faster, 
there would have been a difference of but 2} seconds 
at the end of the race. How many yards can each 
run in a second, and how far is the post from the 
starting point? 


19. Two boys, A and B, agreed to move a quan- 
tity of wheat from one place to another. A can 
carry 10 pounds more than B and together they carry 
all the wheat in 12 trips each. If the wheat had been 
divided into two equal parts, and each had carried 
half, it would have required 25 trips in all. How 
many pounds of wheat did each carry, and how many 
pounds were to be moved? 


20. Two men invested different sums of money. 
A withdraws his in 6 months and B in 10. If B 
had invested $50 less, the rates of profit received by 
A and B respectively, would have been as 9:5. <A’s 
capital and profit when taken out amount to $318 
and B’s to $165. What did each invest? 

23 


FA eS 
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CHAPTER XIX. 


PERMUTATIONS AND COMBINATIONS. 


PERMUTATIONS. 


287. Permutations are the different orders in 
which things can be arranged. Thus, a and } can be 
written ad and ba; a, 6 and ¢ can be written adc, ach, 
bac, bea, cab, and cba. 


288. In forming permutations, it is not necessary 
that all of the things given should appear in each per- 
mutation. Three things, for instance, may be given 
and the example specify that each permutation shall 
include only two of them. A base ball manager may 
have 12 men at his disposal; the example in permu- 
tations, which he has to consider, is to determine the 
different orders in which he can place 12 men, taking 
9atatime. In the general example, we are asked to 
find the number of permutations which can be formed 
with n things takenrat atime. ,/P, is usually em- 
ployed to symbolize what is required in this case; the 
symbol may be used in any particular example by sub- 
stituting the proper values for n and r. 


289. We may reach an understanding of the solu- 
tion of the general example by considering a series of 
preliminary examples leading to it in logical order. 


yO 


PERMUTATIONS AND COMBINATIONS. 355 


Preliminary Examples. 


1. Find the number of permutations of n different 
things, taken 2 at a time. 


Solution. Let the things given be represented by 
Qy, My, Gz,........a,. Take a,, and write after it, in 
succession, each of the other letters, in the order in 
which they are given; 2—1 permutations will thus 
be formed. Treating each letter in the same way and 
arranging the permutations formed, in columns, for 
convenience, we have, 


AyAq |AgM | Ag, |... . 10,0, | 
Ag |\AoM, | Az%, |... - |U, M3 


Glin \Oghy, | Ag, |. 22+ 18,8, 


Since there are n letters, there are n columns, and 
there are nm —1 permutations in each column. No 
other permutations, taken two at a time, can be 
formed. . 


Hence, ,P,=n (n—1). 


2. Find the number of permutations of n different 
things taken three at a time. 


’ 


Solution. Investigation will show that all possible 


_ permutations taking three letters at a time can he ob- 


tained by writing in succession, after each permuta- 
tion containing two letters, the remaining letters 
given. Writing after a,q,, in succession, @3, @,...+Gn, 
nm —2 permutations will be formed. In a similar 
way, an equal number of permutations, containing 
three letters, can be made in connection with each 
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permutation of two letters. Arranging these in 
columns, we have, 
Ag g | AyAgy | AyAyMg | ++ ++ | InUna%e 
CAMs | UyAs@s | A045 | +++. A,On143 
Lj AyAy, | AAgUy, | AyAMgAy| +++ + | 4 
There are n —2 permutations in each column, and 
there are as many columns as there are permutations 
of n things taken 2 at a time, which we have found to 
ben (n—1). 
Hence, ,.P;=n(n—1) (n—2). 


3. Find the number of permutations of 7 different 
things taken 4 at a time. 


Solution. It is evident that if we write after each 
permutation of three Tetters, the other given letters, 
in succession, we will have all the permutations which 
can be formed with 4 things in a permutation. 


Hence, ,P,=” (n—1) (n— 2) (n— 8). 


General Example. 


Find the number of permutations of n different 
things taken rata time. 


Solution. The answers to our preliminary examples 
give us, 


Pan (n—1}), 
aan (n—1) (un — 2), 
,P,=n(n— 1) (n—2) (n— 3). 


From the method employed in finding the number of 
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permutations in each case, it is evident that if the work 
were continued, we would have, 

nPs= 2 (n—1) (n—2) (n—3)(n—A4), 

nPe= 0 (n—1) (n—2) (n —3)(n—4)(n— 9), 
and so on. 

It will be noted that the factors in each exam- 
| ple are continuous from n down to a factor, in which 
the number subtracted from m is one less than the 
number of letters taken in each permutation. Since 
this grows out of the nature of the work and is conse- 
quently true when any number of letters are taken in 
a permutation, we have the 


General Formula. 
pramn—i )(n—2)(N—3)-. eee (n—[r—1]), 
which reduces to 
,P,=n(n—1) (n—2) (n—8).. +++ (n—1 1). (1) 


290. Corollary. When all the things given are in- 
cluded in each permutation n=r, and the formula 
becomes, 

Pn =n (n—1) (n—2) (n—3)..00-eeel, 
or, writing the factors in a reverse order, 
Py = 1.2.3.4.5.6....0 = |2.* (2) 


291. Any particular example can be solved by 
making the proper substitutions in the general for- 
mulas. 

EXAMPLES. 


1. How many different numbers of three figures 
each can be formed from the figures, 1, 2 0, 4, Dy 8, 
and 7? 


* Nore. The symbol |n, read factorial n, signifies the product of 
the natural numbers from 1 to n inclusive. 
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Putting n= 7 and r=3 in (1) 
7P, = 7.6.5. = 210. 
2. Find the value of ,,P,; .fs3 af;: 


3. How many words can be made from the 26 letters 
of the alphabet using 4 at a time? 


4. In how many different ways can 6 people be 
seated at a dinner table? 


5. How many different words can be made from the 
letters in the word drawing, each werd containing 7 
letters? : 


COMBINATIONS, 


292. Combinations of things are the different 
groups or collections which can be formed, without 
reference to the order in which the things are 
arranged. 


293. The difference between combinations and per- 
mutations should be carefully noted. Two permuta- 
tions (ab and da) canbe made with the letters a andd, 
but only one combination. The letters a, 6 and c, 
when all are taken at a time, can be arranged, as we 
have seen, in six different orders, making six permu- 
tations; but in whatever order they are placed, they 
constitute one and the same combination. No change 
of order within a group will make a new group; it is 
ouly by an interchange of things between groups, that 
a new combination will be formed. 


294. Combinations, like permutations, need not 
contain all of the things given. We may be asked, 
for instance, to find the number of combinations of 6 


Fe PS ee er ee Ee 


ee 


a 
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things taken 5 at a time, and, in the most general 
example, of n things taken r at a time. What is 
required in this latter case is symbolized by ,C,, in 
which n denotes the number of things given, and r 
the number taken in each combination. 


295. General Example. 
Find the number of combinations of n different 
things taken r at a time. 


Solution. We can best solve this example through 
a study of the relation of permutations to combina- 
tions. Taking first a particular case, let it be required 
to find the number of different combinations or groups 
which can be formed of 20 students placing 95 in a 
group. We can first separate them into 4 groups. 
Any interchange of students between groups will make 
a new group. Proceeding in this way, we will at 
length have made all the groups or combinations pos- 
sible. We may now conceive that in each group, the 
students are arranged in different orders, and all 
possible permutations with five in a permutation 
formed. There will be the same number of permuta- 
tions in each group and no other permutations of five 
can be made. We will then have the following equa- 
tion: 

No. of permutations = no. of combinations X no. 
of permutations in each combination or group, when 
all in the group are taken. 

This equation is evidently true, whatever the number 
of things given, or the number included in each com- 
bination. The general equation may, therefore, be 


written thus, 
, P= .C, Xr. 
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Solving for ,,C,, we have the answer to the general 
example which will constitute a 


General Formula. 


ey 
aCe 
_ n(n—1)(n—2)(n—3)....(n—r+1) 
Of Ge = 1.23.4.5...-8 se 


Corollary. By substituting in succession 1, 2, 3 and 
4 for r in (3), we have, 


nC, = Nn. (4) 
n(n—1 
.0,=" G5. (5) 
_n(n—1) (n— 2) 
Ee MNES © ul (6) 


_n(n—1) (n— 2) (n— 3) 


ny = 1.2.34 a8, 


296. Particular examples can be solved by making 
proper substitutions in the general formula. 


EXAMPLES. 


1. How many different committees of three can be 
made from a society of 20 persons? 
Putting n = 20 and r = 3 in (3), 
20.19.18 


os = 1s a elas IS 


2. Find the value of ,,C53 1C73 Cis. 

3. On atennis court, where but 4 people can play, 
are 6 players. In how many ways can the set be 
made up? 


Ne a ee 
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4. How many sums can be made from the figures, 
1, 2, 3, 4, 5, and 6, using 3 at a time? 

5. A hostess has a company of 20 people to place 
for supper at small tables, at each of which 4 can be 
seated. In making up the possible groups of 4, how 
many such combinations can she form? 


297. The following proposition will be used in the 
proof of the binomial theorem: 

Proposition. The number of combinations of n things 
taken r at a time, plus the number of combinations of n things 
taken r + 1 at a time, is equal to the number of combinations 
ofn + 1 things taken r + I at a time. 


Proof. 
From art. 295, we have, 
__ n(n—1)(n—2)(n—3)...(n—r+1) 
= a ie A —e 
If r + 1 things are taken in each combination, we 
will have by substituting * +1 for r in formula 
(1), 


nCrit = 


n 


n(n—1) (n— 2) a-Si (TT) ES (2) 
1.2.3.4..07 r+i 
If we find the number of combinations of n+ 1 
things, taken » + 1 at atime, we will have, by substi- 
tuting in formula (1), 


__ (% +1) n(n—1) (m—?2) (n—3) ...(n—r+]) 
n+1r 41= melcrery 7 5) 


Representing the second member of (1) by A and 
substituting #& in (2) and (3), we may re-write 
(1), (2), and (3), thus, 


eC = A. (4) 
~_r—r 

nCrs1 =f re ee is (9) 
n+1 


nip = i r+ (6) 


362 . ALGEBRA. 


Adding (4) and (5), 


nCr + tiie e lee lebrTeS = od Shed (7) 


r+ r+ r+l1 
Comparing with (6), 
gets Omnia 3e ere, ere (8) , 


Hence the proposition. 


Corollary. By substituting in succession 1, 2, 3 
and 4 for rin (8), we have, 


aCytn@g ae nz U9 (9) 
nCotnls = sis Cus (10) 
nO stn es = ny - (11) 


PROMISCUOUS EXAMPLES. 


298. Illustrative Example. 


1. How many words of 3 consonants and 2 vowels, 
can be made from the letters, a, b, c, d, e, m, n,o? 


Solution. The number of combinations of 5 conso- 
eye Ai AO Deg 10 
nants, taken 5 at atime is 1.2.37 1%: 
The number of combinations of 3 vowels taken 2 at 
cet (es sae 
a time is = 3. 
1.2 


Each group of consonants may be put with each 
group of vowels, thus making in all 30 sets of letters, 
each consisting of 2 vowels and 3 consonants. But 
any one of these sets of 5 letters can be arranged in 
as many ways as there are permutations of 5 taken 5 
at a time, or |5 = 120. 

Therefore there are 30 X 120 = 3,600 words of 2 
vowels and 3 consonants, 


i 
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2. How many different sums of money can be made 
from a penny, a nickel, a dime, a quarter, a half- 
dollar and a dollar, using 3 pieces at a time? 


3. Find the number of triangles which can be 
formed from 20 points on a plane, no three of which 
are in the same strhight line. 


4. A newsboy has 12 daily papers which he sells 3 
for 5 cents. In how many ways is it possible to buy 
3 different papers? 


5. In a society, the offices of president, secretary 
and treasurer are to be filled. There are ten candi- 
dates for the offices; find the number of ways in which 
a member can make up his ticket. 


6. I have the privilege of taking from a collection 
of 12 books any four I choose. How many selections 
can I make? 


7. How many words, each consisting of 3 vowels 
and 3 consonants, can be formed from 5 vowels and 4 


consonants? 


8. How many different throws can be made with 
three dice? 


9, Ten rooms in a recitation building are to be as- 
signed. The department of mathematics requires 
three rooms. In how many ways can the assignment 
be made? 


10. Find the number of possible assignments of all 
the rooms, if in the above problem, in addition to 
the mathematical department requiring three rooms, 
the department of English requires three, Latin one, 
German two, and History one. 
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11. How- many changes can be rung with a chime 
of 10 bells taken all together? 


12. 12 boys and 10 girls wish to play at a game 
requiring 13 players. In how many ways may the 
players be chosen, if there are to be 6 girls and 7 boys 
in the game? 

13. Find the number of ways in which a tennis set 
of two ladies and two gentlemen, can be made up 
from 7 ladies and 8 gentlemen, the gentlemen in the 
set choosing ladies as partners. 


14. If all possible numbers of 5 figures are formed 
from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, how many 
of these numbers will be greater than 45,000? 

15. How many words of six letters each can be 
formed from 4 vowels and 4 consonants, having the 
first, third and fifth letters of each word consonants, 
and the other letters vowels? 

16. At a game of cards, 6 cards are dealt to each 
player. Find the number of different hands which 
any player may have provided there are 52 cards in 
the pack. 

17. A base ball manager has 15 men from which to 
make up a team of nine. Two are pitchers, three are 
catchers and the remaining 10 can play in any of the 
other positions. In how many ways may he make up 
his nine? 

18. In how many ways may 52 cards be dealt to 
4 persons, each person to have 13 cards? 
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CHAPTER XX. 


THE BINOMIAL THEOREM. 


299. The Binomial Theorem is a formula by the 
aid of which a binomial may be raised to any power, 
without actual multiplication. 


300. The process of raising a binomial to any 
power is called expanding the power of a binomial ; 
the result obtained is called the expansion of the 
power. 


301. Method of Proving the Formula. If the 
work of expanding the power by actual multiplication 
is carefully observed, it will be found that the expan- 
sion is governed by certain definite laws. The dis- 
covery of these laws and their expression in algebraic 
symbols, will give the Jinomial formula. This method 
of deriving the formula is called the method of induc- 
tion. It is applied only to the case, in which the 
exponent of the power is a positive integer. 


302. Laws Governing the Expansion. In obtain- 
ing the power by actual multiplication, we deal with 
the case of multiplying together equal factors. We 
can more clearly discern the laws at work in this case, 
‘f we consider it in connection with the more general 
one, in which the second terms of the binomials are all 
different. Representing these second terms by %,, %,, “5, 
and so on; and confining our examination, at first, to 


ee 
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examples involving the multiplication of two, three and 
four factors, respectively, we have, 


(ate) (a+a1) = a®+x maa (1) 
(a+x) (a+m) (a+cz2) = wie a? +09 |a+- rare. (2) 
+24) +2X2 
+2) -+ XX 
(a+a) (a+21) (a+x2) (a3) = ata jax x)\0?+-x xy22la-+- rH 00%. 
+a) +2“ x) +2 x1%3 
+22} -+21%9) +2 xorg 
+%3} +x a +2 X2x3 
+41%3) 
+xaxs| (3) 


Now making «,, x, and x, each equal to x, and 
reducing each term to its simplest form, we have the 
expansion, respectively, of the second, third and 
fourth powers of a+, as follows: 


(atx)? = a?+2ax+27. 
(a+2)* = a®+30%-+ 3ax?+2. 
(a+ax)! = at+4a’x+ 6a%x?+ 4ax*+ at, 


By inspecting the products and the resulting powers, 
we are able to establish for these special powers the 
following laws: 


1. The Law of Exponents.- 


(a) The first term of the binomial appears in the first term 
of the expansion, with an exponent equal to the exponent of the 
requirel power of the binomial; this exponent is decreased 
successively by unity in the terms that follow, until in the last 
term it is zero. 

(b) The exponent of the second term of the binomial begins » 
with zero in the first term of the expansion, and increases by 
unity in the terms that follow, until in the last term it ts 
equal to the exponent of the required power. 
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Proof. 


(a) This is proven by noticing the exponents of a 
in the successive terms of each expansion. 

(b) This is proven in a similar way, by noticing 
the reductions and the exponents of « in the successive 
terms of each result. 


2. The Law of Coefficients.* 


(a) The coefficient of the first term of each expansion ts 
unity. 

(b) The coefficient of the second term is the exponent of 
the required power of the binomial.** 

(c) The coefficient of the third term ts the number of com- 
binations which can be formed of a number of things equal 
to the exponent of the power, when two things are taken in each 
combination. 

(d) The coefficient of the fourth term is the number of 
combinations which can be formed of this same number of 
things, taken three at a time. 


Proof. 


(a) Thisis proven by an inspection of the first term 


of each expansion. 
(b) We observe in equations (1), (2), and (3), 
that when ,, #, and a, are each made equal to w, the 


* Nore 1. By coefficients, as here used, is meant, not the coefti- 
cients of the powers of x, but the coefficients of the products of 
the powers of aandz. These are generally called the coefficients 
of the terms. 

** NoTE 2. Since the number of combinations of any number of 
things taken one at @ time, is the same as the number of things, 
we can write the coefficient of this term equal to the number 
of combinations which can be made of the number of things de- 
noted by the exponent of the power, taken one at a time. When 
the exponent is n the coefficient may be written Ge 


ee 
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coefficients of the powers of @ in the second terms of 
the resulting expansions, become 2x, 3% and 42, re- 
spectively ; or the coefficients of these ¢erms (using 
coefficient as explained in Note 1) are 2, 3 and 4, 
respectively, being the same in each case as the expo- 
nent of the required power. 

(c) We also notice in equations (1), (2), and (3), 
that when the second terms of the binomials are each 
made equal to x, x? will be repeated in the third terms 
of the expansions, as follows: In (1) as many times as 
there are combinations of two things taken two at a 
time ; in (2) as many times as there are combinations of 
three things taken two at a time; and in (3) as many 
times as there are combinations of four things taken 
two at a time. 

The coefficient of the third term in each case is evi- 
dently the number of combinations which can be formed 
of the number of things denoted by the exponent of 
the power, when two things are taken in each combi- 
nation. 

(d) This can be proven ina similar way. (Student 
give proof. ) 


303. The laws of exponents and coefficients are now 
established for the second, third and fourth powers of 
a binomial. We have now to prove the following 
proposition : 

Proposition. The law of exponents and the law of co- 
efficients will hold for all positive integral powers of a bino- 
mial. 


Proof. We will assume that the laws given hold for 
avy positive integral power of a binomial, as x. 
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We will then have: 


(a+2)"—a"+4n or n@1 a”, + nose = + ame = cpenhinees a”, ( i ) i 


Multiplying each member of (1) by ata, we 
obtain, 

a” P+. Cy 

nls 


a oy! | ttl 


(2) 


a"r+,,Cyla” 12" +.,,Cy 
ae ¥ 4% 


(a+2)*tHW,"t!, or wey 
+1 


In the corollary of Art. 297, we have 
arta, os n4iC," 
nCotnCs =< ates 
nls tn, = niCs 


Substituting in (2), and noticing that the new coeffi- 
cient of the second term is n+1, we have 


ae ig : 
(ata) t= g™ th, (n+1)a"2+ 100” 2 +, 41%3%" a 414" St... Mth 
(3) 


This shows that if the laws are true when a+zx is 
raised to the nth power, they will be true when 
a+a is raised to the (n+1)" power. 

Let us now, in equation (1), make n=3. The 
equation will give us the third power of a+z. We 
have found by inspection ( Art. 302) that the laws hold 
true for the third power. We have shown in this 
article that they will then hold when a-z is raised to 
the (n+1)" or 4th power. By making nv equal, in 
succession to 4,5,6,7..... n—1, we can readily 
see that the laws hold for (a+x)”, in which n is any 
positive integer. 

Hence the proposition is proven. 

24 
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304. The Binomial Formula. Equation (1), in 
the previous article, is now proven true. In Art. 299, 
corollary, we derived, 


nC, = n (n—1) 
cay 
nC = n(n—1) (n—2) 
B 
nO, = n (n—1) (n—2) (n—3) 


|4 
Substituting these in equation (1), we have the 
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a—l .» (m—1) 22 


si Be a n * 
(a+x)"=a"4+na 2+—T5 nin—) (oO ARS a (1) 


+ ia 


The following corollaries to the theorem are im- 
portant: 


(2) Applicable when n has any value. 


Corollary 1. Coefficients. The coefficient of any term 
in the expansion of (a+a)” is equal to the coefficient of the 
term next preceding it, multiplied by the fraction, whose numer- 
ator is the exponent of a, in such preceding term, and 
whose denominator is the exponent of xin thatterm, increased 
by unity. 


Proof. The corollary is proven by an inspection of 
the formula. 


*Note. While the proof given applies only to the case in 
which n is a positive integer, the theorem is true for all values of 
n. The proof of the general case involves the use of algebraic 
principles whose consideration is not included inthe design of this 
work, and it is therefore omitted. The theorem, however, will be 
assumed as proven for the general case, and the formula dealt 
with, hereafter, under this supposition. 


THE BINOMIAL THEOREM. 371 


Corollary 2. The General Term. The general or 
rth term, in the expansion of (a+a)" equals 


oe | aot > en —r+2 


Proof. An examination of the formula shows that 
the coefficient of any term consists of a fraction, 
whose numerator is the continued product of n (»—1) 
(n—2) and so on down to a factor, in which the 
number subtracted from n equals the number of the 
term diminished by two; and whose denominator is 
the continued product of the natural numbers from 
unity to a number one less than the number of the 
term. Hence the coefficient of the rth term is 

(n) (n—1) (n—2).....- . (n—[r—2]) 
ip ‘ 


Under the law of exponents, governing in the ex- 
pansion, the exponent of a in each term equals x 
diminished by one less than the number of the term, 
hence the exponent of a in the rth term will be 
n—(r—1); the exponent of x in any term is one 
less than the number of the term, hence its exponent 
in the rth term will be » —1. We have then, 


Therth term = 
n (n—1) (n—2)......(n—?rt+2) 


ir ae qr attHygrt 


(2) 


(b) Applicable only when 7 is a positive integer. 


Corollary 3. Number of Terms. Jn the expansion 
of (a+a)”, there aren +1 terms. 


Proof. Since the exponent of « begins with one 
in the second term and increases successively by unity 


- Oi 
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until, in the last term, it equals n, the expansion evi- 
dently contains n terms, exclusive of the first term. 
Adding this term, we have, as the total number of 
terms in the expansion, n + 1. 


Corollary 4. Equally Distant Terms. In the ex- 
pansion of (a+a)”, the coefficients of terms equally distant 
from the beginning and end of the expansion are equal ; while 
the exponents of a and x are interchanged in the two terms. 


Proof. It is evident that (a+x)"=(a+a)". The 
coefficients in the expansion of (x-+a)” are, therefore, 
the sameas thoseof (a+ 2)”, but arranged, in reverse 
order. 

Writing out the expansion in each case, and comparing 
terms, the corollary is proven. 


305. The examples, which follow, will involve the 
use of the formula and its corollaries. They are sep-. 
arated, for convenience, into two classes: 


I. When 2 is a positive integer. 


II. When n is a negative integer; or, a positive or 
negative fraction. 


Class I. When vn is a Positive Integer. 
Remarks on Examples. 


1. When either of the terms of the binomial is other 
than a single letter, it is best to inclose each term in 
a pirenthesis before using the formula. 

Thus, (2ab+6?)'=[(2ab)+(07)}°. 

These terms should first be written in the expansion 
with their proper exponents and the results obtained, 
afterwards reduced to their simplest form. (See 
illustrative example. ) 


~ 
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2. The binomial should always be considered as the 
sum of two terms. A minus sign between the terms 
should be treated as a part of the second term. 

Thus (a —0)* should be written [(a@)-+-(—64) ]?. 

In the reduction, the even powers of this second 
term will, of course, be positive, while its odd powers 
will be negative. 


Illustrative Example. 


Expand (3a*)— 2ab*)’ by the binomial theorem. 

(3a) — 2ab?)> = [( 3a) +(—2ab*) ]° = ( 30% P+5 
(36 )4( — 2ab?) + 10( 307d)? ( — 2ab?)? + 10 (3a*D)? 
(— 2ab?)?+-5 (3a) (— 2ab?)*+ (—2ab’)’. = 243a* 
—810a°)*+ 1080a8b? — 720a7b§+ 240a°? — 3205", 


EXAMPLES. 


1. Expand, by the binomial theorem, the following: 


1. (a+). 2. (a—x)*. 
3. (1— 3a)’. 4. (a3 — 3x). 
ie 2\3 
5. (a8 —2V ax)‘. é: (2 i 
7. sheer oh 8. (a? bt —3ab)4. 
1 1 
tek Gant \t 
Pit yy ah 10. (3a-2x8 — 5azx?)é, 


11. (2 V2) 12. @eVa—5y 9). 
Find the term indicated, in the following: 


13. The 6th term of (1+<2)". 
14. The 8th term of (a—-2x)”. 
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15. The 4th term of (3a — 2x)’. 
16. The 11th term of (2a _— phys, 


as e: 
17. The 12th term of (3a *x? —az 3 yi, 


— 1 
18. The 9th term of (v m-— e 


V mx 
19. The middle term of (BV x+-23)!, 
20. The two middle terms of (3@~* — 2)’. 


21. The 4th and 5th terms from the beginning, and 
from the end of the expansion of (a—2)”. 

A trinomial can be changed to the form of a binomial 
and its power expanded by the formula. 


Expand the following: 


22. (a+u—y)*. 23. (x— y—z)’. 


Class II. When vw is a negative integer, or a 
positive or negative fraction. 


Remarks on Examples. 


The remarks upon the examples in Class I, will 
apply also to examples in Class IT. 

The following remarks have special reference to 
the examples in Class If. 


1. Since n is negative or fractional, no one of the 
factors, n, n—1, n—2, etc., will reduce to Zero. 
Hence no coefficient will reduce to zero, and the expan- 
sion will never terminate. — 


2. It is often convenient to represent the successive 
coefficients in the formula by C, C,, C,, ete. Their 
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relative values can then be expressed by the following 
simple formulas: 


oie ie (1) 
G40 (2) 
et | D 
C,= C,x (3) 
n—2 
C,= Cx a (4) 


The coefficients in a particular example, can readily 
be obtained by the use of these formulas, If the re- 
sults are kept in factored form, it will often occur that 
the law governing the formation of the coefficients in 
the special example, can be discerned, and much labor 
saved, in writing out the remaining coefficients. (See 
second illustrative example. ) 


[llustrative Examples. 


k 
° Expand Woe ae to 4 terms. 
1 


See eet 


ee 
(—3)- 3(— 2x2) +, —— a *(— 20? 


Bet). 


—2 ¢___ 9m? \3 
73 a~2 (— 2x")? wane 


15 35 
= a-b+ 8a-Fa9 + Ga batty asa wee 


2. Expand (m+n)-? to 5 terms. 
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Representing the coefficients by C, C,, C4, ete. 


OC =1, 

ee 

O= OX “S7= 9p 
O= Ox "EA =— 555 
O1= OXF =a age 


Substituting these coefficients in the formula we 


have 
1 


(m-++-n)-2 = m—-¥— =m? 
2 


iin 7 1.3.5.7 9 
cna! SET ae ee Seea Ris —F nt 
2.4.6” 27 roqgeeR™ 2° —... 


We notice that the factors in both numerator and 
denominator increase by a common difference of two. 
Observing this law we can readily write out any num- 
ber of terms in the expansion. 


EXAMPLES. 


Expand each of the following to 5 terms: 


1. (a+2)?. 2. (a—2b)-+. 
eS 
3 tt 4. (8a—zx) >. 
i as aie Urea 3 
5, al (x —— ys 6, (a°—.3a 7) ?. 
1. (2a— 8x2) *. 8. (ab? —a%b)?. 
] oF 
Oa dee (i =) we 
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1, V 4m? — 2 As; LS: (__— 5-) : 
: ( . e ) Vom v m 


In the following, leave the coefficients in the factored 


form, as in illustrative example, 2. 
I 


ov 2—y. 14. Yn—n 


15. Vy—az’. 16. 4 1 
(x—2a)>- 


Find the term indicated, in the following: 
17. The 7th term of (a + x)? 

18. The 9th term of (a — Qa)? 

19. The 6th term of (x? -= a)*. 

20. The 12th term of Y x—y. 


1 
91. The 10th term of ao 


ie Tapas 
92. The 8th term of (Ae ee V”) . 
y az 
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CHAPTER XxXI. 


LOGARITHMS. 


306. All positive numbers may be considered as 
powers of some constant number taken as-a base. 

Thus, representing any number by y, the constant 
base by a, and the exponent of the power to which a 
must be raised to equal y, by x, we have y= a*. The 
exponent «, as here used, is called the logarithm of y 
to the base a. This can be expressed in logarithmic 
form thus, x = log,y. 


307. We may, then, define a logarithm of a num- 
ber as follows: 


Definition of a Logarithm. The logarithm of a 
number is the exponent of the power to which the 
given base must be raised to equal the number. 


308. Systems of Logarithms. If in the equation 
y= a, 

we conceive y to represent, in succession, all positive 
numbers from 0 to + «, the correspunding values of 
« will represent the logarithms of these numbers, 
These logarithms, arranged in the order of the num- 
bers, constitute a system of logarithms. Any positive 
value, except unity, may be assigned to the base a; 
we may have, therefore, any number of different sys- 
tems. The two in common use are: 

(a) The Naperian System, which is the one most 
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generally used in theoretical discussions. In this, 
a = 2.71828-+ and is represented by e. 
(b) The Common System, which is the only one 


used in making numerical computations. In this 
a=10. 


309. It is evident from the definition of a logarithm 
that the logarithms of the same number in different 
systems will differ in value. The following, however, 
are exceptions to this general rule. 


Logarithms of a, 1 and O in any system taken. 
I. The logarithm of the base itself is 1. 
II. The logarithm of I is O. 


Ill. The logarithm of zero (when the base is greater 
than 1)is—o. 


Proof. Take y = a’, and bear in mind that y is the 
number, a the base, and x the logarithm. 


When « = 1, y= a. Hence I is proven. 
When « = 0, y= 1. Hence If is proven. 
Whenz =>—w0,y=a™ 
1 
oS 0. Hence III is proven. 


If the student, in his future work, is for the moment 
undecided, as to the logarithms of these quantities, he 
should recall the definition of logarithms, and ask him- 
self the following questions: 

To what power must a be raised to equal a? 

To what power must a be raised to equal 1? 

To what power must a be raised to equal 0? 
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310. The forms (1) y = a* and (2) x= log,y. 


These forms represent the two different ways of 
symbolizing the definition of a logarithm; they deal 
with the same quantities and express exactly the same 
relations. If the definition of a logarithm is held 
clearly in mind, an equation, given in the one form, 
can be readily written in the other. This interchange 
of equations is important, since it often enables the 
student to employ in his work a logarithmic equation, 
or the corresponding algebraic one, as the necessities 
of the case require. (See examples. ) 

It is evident also from the definition of a loga- 
rithm, that equal quantities must have equal loga- 
rithms and vice versa. 

Thus, is 
hence, log,m = log,n. 


Again, log,c?” = log,(b+c). 


hence, cv = b-+e. 
. EXAMPLES, 
Change the following to logarithmic equations: 
1. u= ev. Ans. y= log.u. 
2. c= a”. 4. 625= 54. 
3. 1000 = 103. 5. 729 = 3. 


Change the following to algebraic equations inde- 
pendent of logarithms: 

1. 4=log,81. 3. a+y = logm. 

2. « = log,u. 4. «= log, (x+y). 

In the practical applications of logarithms, there are 
four principles of paramount importance involved. 
These are embodied in the following propositions: 
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311. Fundamental Propositions MKRelating to 
Logarithms. 


Prop. I. The logarithm of any product equals the sum of 
the logarithms of its factors. 


Proof. In the multiplication of factors, with a com- 
mon base, the exponent of the base inthe product, equals 
the sum of its exponents in the factors. These ex- 
ponents are, by definition, the logarithms of the product 
and factors respectively ; hence the logarithm of the 
product equals the sum of the logarithms of the factors. 


Prop. Il. The logarithm of a quotient equals the logarithm 
of the dividend minus the logarithm of the divisor. 


Proof. In division, when dividend and divisor have 
a common base, the exponent of this base in the quo- 
tient, equals its exponent in the dividend minus its 
exponent in the divisor. These exponents are, by 
definition, the logarithms of the quotient, dividend and 
divisor, respectively; hence the logarithm of the quo- 
tient equals the logarithm of the dividend minus the 
logarithm of the divisor. 


Prop. III. The logarithm of any power of a quantity 
equals the logarithm of the quantity multiplied by the exponent 
of the power. 


Proof. It has been proven that, in raising a quantity 
to 2 power, the exponent of the base in the power, 
equals its exponent in the quantity, multiplied by the 
exponentof the power. These exponents, in the power 
and the quantity ure the logarithms of eaeh respectively ; 
hence the logarithm of the power equals the logarithm 
of the quantity multiplied by the exponent of the power. 
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Prop. IV. The logarithm of any root of a quantity equals 
the logarithm of the quantity divided by the index of the 
root. 


Proof. It has been proven that in extracting the 
root of a quantity, the exponent of the base in the 
root equals its exponent in the quantity divided by 
the index of the root. These exponents are, by defini- 
tion, the logarithms, respectively, of the root und the 
quantity; hence the logarithm of the root equals the 
logarithm of the quantity divided by the index of the 
root. 


Note. It will be excellent practice for the student, 
to express the proof of each of these propositions in 
algebraic symbols. 


EXAMPLES. 
Expand the following: 
1. log xyz = log x+log y+log z. 
2. log 21 = log 3+log 7. 


x) 

3. ne 3mn. 4. log 30. 5. log 2. 

6. log 5. 7. log xy’. 8. log 9a%. 
3a 


9. log 36. 10. ee 11. log (2? — y?). 


— 1 
12. log Vmn= log (mn) =5 (log m + log n). 


pa hg or 
13. log =" : 14. log a?a. 
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15. log Va? — y*. 
bea ae 2a? 
17. logs Wa2—3n—4. 18. log 954) 20! oe 


ay ay oe 
19. oe. 20. log 7!" x 


Vi5XxXV4 
Unite each of the following into one term: 
1. log a+log x +log y = log axy. 
2. log 2+log 5. 
3. log 2—log 5. 
4. log (2+ 6)— log m. 
5. 3 log a+2 loge. 
6. 5logx—7 log y. 
7. log 2+log 3+3 (log 4+log m). 


Pee | 1 
8. 9 log 2 + g log 3. 


1 
9. log 2 + 3 (log 5+4 log m). 


o 


1 
3 
2 i) 
12. glogm+3 5 log n—= log 2. 
1 
4 


1 
16. z log (x -+ 1) + 7 log (a+ 2). 
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16. log a2t’ x? + I —3. 


afacy” 
2 
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1 
14, x[log (w+ 1) + log (%—1)]— log 7. 
15. 2 log 3+ 8 log 2 log 7+ 8 logm. 


312. Relation of Systems of Logarithms. Let 
us take any two systems of logarithms, representing 
their bases bya and 0; we will represent the logarithm 
of any number, as m, in the two systems by a and y, 
respectively; and the logarithm of any other number, 
as n, by v and 7, respectively. We will then have, 


(1) m= 2". m = b’, 
(2) n=a’. n= 0b", 
A = 
From (1), a=m*: b=m* 
v a 
Substituting in (2), n= m*. n= mM": 
v 
Hence, ee 
ey 
Clearing of fractions, vy =rz. 
Dividing by va, t = = M, a constant. 


Hence the logarithms of numbers in one system are 
equal to the logarithms of the same numbers in another 
system multiplied by a constant multiplier. 


Corollary. The constant multiplier, employed in passing 
from a given system of logarithms to a required system, is the 
reciprocal of the logarithm of the base of the required system 
in the given system. 

Take (1) ma", m=", 


1 


Then, b=my - 
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Substituting mfrom (1), 6= ay 
Or, g = log,b 
Hence, Z — oe =M, 


313. Modulus of Any System. If in the corollary 
(Art. 312), wetake the Naperian as the given system, 


1 
then M= ae This is called the modulus of the 
: ogb 


required or new system and is represented by m. 
Hence the modulus of any system of logarithms is the 
reciprocal of the logarithm of the base of that system, 
in the Naperian system. 

In order then to obtain the logarithms of any 
system, we have simply to multiply the logarithms 
of the Naperian system by the modulus of the new 
system. 


314. Form of Writing Logarithms. In any system, 
numbers that are exact powers of the base, will have 
integral logarithms. The logarithms of intermediate 
numbers will evidently consist of an integer and a 
decimal. 

Thus, in a system with the base 5, log 5=1, log 
25 = 2, and the logarithm of any number between 5 
and 25 will equal 1 plus a decimal. When the log- 
avithm is negative, it is, for convenience, written in 
the form of a negative integer with a positive decimal. 
Thus, suppose a logarithm correct to four decimal 
places is — (5.2379). This is written in the equivalent 
form 6. 7621, the minus sign being placed over the 
integer, since it alone is negative. 

25 
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315. Characteristic and Mantissa. The integral 
part of a logarithm is called its characteristic and the 
decimal part its mantissa. 


316. Effect of Moving the Decimal Point in the 
Number. Representing the number by a, and the 
characteristic and mantissa of its logarithm by ¢ andm 
respectively, we have, in the common system, 

loga= c+m. 
log 10a=loga+log 10=(¢e+1)+m. 
log 100a=loga+log 100=(c+2)+m. 
log 1000a = log a+log 1000 = (c+3)+m, 


log a= loga—log 10=(c—1)+m. 


log aa = log a—log 100 =(c—2)+m. 


From which we see that if a number is multiplied or 
divided by 10 or any multiple of 10, the logarithm of 
the number and the logarithms of the successive prod- 
ucts or quotients will have the same mantissa. Moving 
the decimal point in a number effects, then, the 
characteristic of the logarithm but not the mantissa. 


317. Rule for Determining the Characteristic in 
the Common System. As the base of the common 
system is 10, we have in this system: 

log 1=0. log 1000=3. 

log 10=1. log 10000 = 4. 

log 100 = 2. 

Logarithm of any number 

between 1 and 10 equals 0-+-a decimal, 
between 10and_ 100 equals 1+a decimal, 
between 100 and 1000 equals 2+-a decimal, 
between 1000 and 10000 equals 3-++a decimal. 
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Hence the characteristic of any number with one 
figure to the left of the decimal point is 0; with two 
_ figures to the left of the decimal point is 1; with three 
figures to the left of the decimal point is 2, and so on. 


Again, 


log 


log .1 


0. jog 01 = 
1,. loz .001 = 


P21 p09) 


Logarithm of any number 


. between land .1 equals 1+a decimal, 
between .land .01 equals 2+-a decimal, 


between .01 and .001 equals 3++a decimal, 
and so on. 


Hence, in the case of a decimal, the characteristic 
of the logarithm is negative and one greater than the 
number of ciphers immediately to the right of the 
decimal point. 

We have, therefore, the following rule for deter- 
mining the characteristic of the logarithm of any num- 
ber: 


(a) The characteristic of the logarithm of any number 
involving an integer, exceeds zero by one less than the num- 
ber of figures to the left of the decimal point. 

(b) The characteristic of the logarithm of a decimal 
fraction is less than zero by one more than the consecutive 
ciphers immediately to the right of the decimal point. 


318. To Find the Logarithm of any Number. The 
characteristic is determined by the rule already given. 
In connection with finding the mantissa from the table 
of logarithms, two cases arise: 


Case I. When the number contains four figures. 
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*Directions. Find, in the first column at the left 
of the page, the first three figures of the number; 
then follow the horizontal line to the right until you 
come to the column headed, at the top of the page, by 
the fourth figure; prefix to the four figures here 
found, the two leading figures, in the column headed 
0, which are on the same horizontal line or are the 
first above it in the zero column; except, when a star 
is used, then the first leading figures below, in the 
zero column, are taken. The six figures thus found 
constitute the mantissa of the logarithm and in*con- 
nection with the characteristic, form the logarithm of 
the number. 


Example 1. Find the logarithm of 7705. 

In the first left-hand column on page 395 we find 770; 
opposite it in the column headed 5, we find the four 
figures 6773; the two leading figures on the same 
horizontal line in the zero column are 88; the charac- 
teristic under the rule is 3; hence the entire logarithm 
is 3.886773. 

Example 2. Find the logarithm of 7416. 

In column 6, opposite 741 in first column, 
we find 0170. 

Since these figures are starred, we take 
the leading figures next below in the zero 


column 87 
The characteristic under the rule is 3. 
Hence the entire logarithm is 3.870170. 


* NorE.—The two specimen pages of a logarithmic table here 
used (pages 394 and 395) are taken by permission from ‘* Logar- 
ithmic Tables’ by Prof. George William Jones of Cornell Univer- 
sity. Long-continued use of Prof. Jones’ tables in class-room 
work has shown them to be complete, convenient and accurate, 
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Case If. When the number includes more than four 
Jigures. 


Directions. Find by Case I. the mantissa of the first 
four figures at the left. Subtract this mantissa from 
the mantissa of the next higher number and it will 
give the increase in the logarithm which an increase 
of one in the fourth figure of the number would pro- 
duce. The portion of the given number which fol- 
lows this fourth figure, is a fractional part of unity in 
this fourth place. Multiply this fraction into the in- 
crease in the logarithm produced by adding one to the 
fourth figure aod we have the increase in the mantissa 
due to the ee ae of these additional figures in the 
given number.* Adding this increase to the mantissa 
of the first four figures and annexing the result to 
the proper characteristic, we have the logarithm re- 
quired. 


Example 1. Find the logarithm of 79.947. 


Logarithm of 79.94 by Case I. = 1.902764. 
Mantissa of 79.95 is .902818. 
Mantissa of 79.94 is .902764. 
Increase in logarithm 
due to adding 1 to 


fourth figure is 54. 
Difference due to 7 in fifth place is 

xis of 54, which approximately = 38. 
Total logarithm = 1.902802. 


* Norz.— It is here assumed that differences in the mantissa will 
be proportional to differences in the corresponding number. 
This is true, when the differences are small and will not, in gen- 
eral, cause any error in the first six figures of the number. 
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If the number following the fourth figure in the 
above example had been 71, the increase in the man- 
tissa would have been 54 X .71; if the number had 
been 719, then the increase in the mantissa would have 
been 54 X .719; and so on. 

In order to save the labor of determining these in- 
creases or corrections in each example, a column of 
differences is generally given in connection with loga- 
rithmic tables. The differences given arethose caused 
by the presence of the fifth figure in the number. 
Those borneepeneive to the sixth, seventh and succes- 
sive figures are yy, yoo----0f the tabulated differ- 
ences. % 

The use of these tables of differences is illustrated 
in the following example: 


Example 2. Find the logarithm of 723.998. 


Log of 723.9 = 2.859679 


The difference between this and the 
next greater logarithm is 60. 


Looking in the column of differences, 
headed 60, we find the difference due 


to the fifth figure, 9 = 54 
Difference due to sixth figure, 8, is 
vy of 48 or approximately =. 8 
Total correction = 59 
Required logarithm = 2.859738. 


319. Given the Logarithm to Find the Number. 


Two cases arise: 

Case 1. When the mantissa of the given logarithm is con- 
tained in the table. 

Directions. In this case, we have simply to find the 
given mantissa in the table ; prefix to the number at the 
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head of the column, the three figures in the number 
column at the left which correspond tothe mantissa ; and 
then place the decimal point as required by the law of 
characteristics. This will give us the required number. 
_ Example 1. Find the number corresponding to the 
logarithm 1.887674. 

Number at the head of the column containing 


the mantissa (page 395) is 1 
Number in number column, corresponding to 

mantisa is 172 
Locating the decimal point, the required num- 

ber is T1721 


Case Il. When the mantissa of the given logarithm is not 
contained in the table. 

Directions. Find in the table, the mantissa which 
is next smaller than that of the given logarithm and 
determine the number (containing four figures) cor- 
responding to this mantissa. Subtract this mantissa 
from the one next greater in the table; and also from 
the mantissa of the given logarithm. Now, if the 
first difference were added to the mantissa of the num- 
ber found, it would increase the fourth figure of that 
number by unity; hence the second difference added 
to the mantissa will increase the fourth figure by such 
fractional part of unity as the second difference is a 
fractional part of the first. Wemay then find the num- 
ber corresponding to the given logarithm by adding this 
fraction to the figure in the fourth place of the number 
found, or what is equivalent, by writing immediately 
after such fourth place, the quotient arising from divid- 
_ ing the numerator ( the second difference ) by the denomi- 
nator (the first difference); and afterward placing the 
decimal point as required by the law of characteristics. 
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Example 1. Find the number corresponding to the 
logarithm 3.856572. 


The next smaller mantissa in 


the table = .856548 
The number corresponding to 

this mantissa = 7187 
The next greater mantissa in 

the table = .856608 
Subtract, .856548 


Difference corresponding to in- 
crease of unity in fourth 


figure of number found = 60 
Mantissa of given logarithm = .856572 
Subtract, .856548 


Difference in mantissa whose 

effect on number is to be de- 

termined = 24 
Since a difference of 60 in the 

mantissa would add unity to 

fourth figure of the number, 

a difference of 24 will add 24 

to the figure in such fourth 

place. The equivalent of 

this, written in the places 

immediately following the 

fourth = 4 
Under the law of characteris- 

tics there must be two ci- 

phers between the decimal 

point and first significant 

figure; hence number = .0071874 


In determining the figures which follow the first four 
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found, the table of differences is quite generally em- 
ployed. The differences given in the table, corres- 
pond to figures in the fifth place, but any difference 
not sufficient to give a significant figure in this place 
may be multiplied by 10 and the table then used to 
find the figure in the sixth place, and so on. This use 
of the table of differences is illustrated in the follow- 
ing example: 

Example 2. Find the number corresponding to the logarithm 
8.890301. 


Next greater mantissa — .890309 
Next smaljler mantissa — .89 253; corresponding number = 7767 


Difference 56 
Given mantissa == .890301 
Next smaller mantissa = .890253 
48 

Next smaller differ- 

ence in columu of 

differences headed 56 = 45; corresponding number = 8 
Remainder of differ- 

ence = 3 
Difference for finding 

sixth figure = 3x10 — 30 
Nearest difference in 

column of differences = 28; corresponding number = 5 
Under law of characteristics, there must be four figures 

to the left of the decimal point; hence number == 7767.85 


The work of finding the number corresponding to 
any logarithm, may be put in condensed form thus, 


Example 3. Find the number corresponding to the 
logarithm 2.901790. 


Mantissas, 
Greater .901840; given .901790 
Less 901785; less .901785 7976 


Differences, 55 4) 
Figures in fifth and sixth places, 09 


Number = 797.609 
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320. Logarithms may be employed, in accordance 
with the propositions proven in article 311, in making 
numerical computations involving multiplication, divis- 
ion, involution and evolution. 


Remarks on Examples. 


1. In subtracting a greater mantissa from a less, 
separate the characteristic connected with the less 
mantissa into two terms, .making the second term 
plus one. 


Thus, 4.252647 = 3+ 1.252647 
2.412354 =2 .412354 
Subtracting, we have, 1.840293 
Again, | 1.415639 = 2+1.415639 
3562115=3 .562115 
Subtracting, we have, 5.853524 


After a little experience, the student will be able, 
even in examples such as the last one given above, to 
separate the characteristic into the required terms 
mentally. The process is similar to ‘* borrowing one ”’ 
in ordinary subtraction. 


2. In dividing a logarithm, with a negative charac- 
teristic, separate such characteristic into two terms, 
making the first term negative and the least multiple 
of the divisor numerically greater than the charac- 
teristic; the second term will be a positive number. 


Thus, 3.152418 +6 
=6+3.152418 +6 
= 1.525403. 


3. A negative quantity cannot have a logarithm, 
hence in the application of logarithms to examples in- 
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volving negative quantities, the sign is ignored, as far 
as the logarithmic work is concerned, and the sign of 
the result afterwards determined, as an independent 
matter, in the same way as if logarithms were not 
used. 


EXAMPLES. 
| log 2. = .3801030 
: log 3. = .477121 
Given 4 jog 5. = .698970 
log 7. = .845098 


Find, from the foregoing, the logarithms of the 
following: 


1. 21. 8. .0225. 
2. 1.05. 9, .63. 
3. 042. 10.3. 
2 asses 
4. 3. 11: 081 
6 : 
5. =. 12, (14) 
62 207: 13. 8.015. 
7. 1600. 1 esol moo 
97” 350 


The following examples may be solved by the use 
of the tables found on pages 394 and 395. 
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Illustrative Example, 
Find by logarithms the value of 
(7.247) (— .74967) (.0790054 ) 
(— 70.01) (.77685) 
(7.247) (.74967) (.0790054) _ log 7.247-+log 


log 


°S (70.01) (.77685) 
.74967-+log .0790054 — (log 70.01+log .77685). 
log 7.247 = 0.860158, 
log .74967 = 1.874871, 
log .0790054 = 2.897657, 
log numerator = 1.632686, 
log 70.01 = 1.845160, 
log .77685 = 1.890337, 
log denominator = 1.735497, 
log quotient = 3.897189, 
Quotient = .00789204. 


Since the numerator and denominator are each 
minus, the quotient is positive. 

Find by logarithms the value of the following: 

1, (.0794725) (710.56) 9 ¢ gyn. 

0077777 
3. |” .0789876. 

Find the value of the following by the use of any 
six-place logarithmic table: 

1. (125.67) (.09876). 


2. (— .062159) (.00234567). * 
3 27.63 — .017652 
* 914.57 ; 819536- 


(.025976) (—.047293) 
5. (27.869) (— 8391.76) (.00479), 
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gq (—6.4217)° (0912763 )¢ 
: (— 82.7625) 


os lea ba ) 11. .95. 


3| — .012396 15. 2. 
8.12826 © Rt 
= 
16. Reetcclt te 
035791 


14. 


TIA 6 Aa UIby (087615) 


1 
Vg Ne 
et 1 (a ey 8. 
3 “is A rE aeeD:  ) aeimeenae renner mgr penn maa 
oH. aaa : 91. V .00001234 
V 0098765 (.00198364)* 
19.67 1 5678 


acces Asch ai 
P.0092651 


(2.7965). 7. (—.387621)°, 


pia. 0.57)". 13. (— 84.7623)". 
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ANSWERS. 


Art. 60. Pages 21 and 22. 
1. 4a —2b —12 — 8c —d + 4x2 — 18m. 2. 156 +m+9. 
B..4 24-5: 4, 14x. 
5. (@+5-+4 6) mx? + (6—a—1) nz? + (c+ a+ 3b)z. 
6. 7ab +7 (a +5). 7. 9% Va—6Ya—b—9(x—y). 
8. (8— a) a%y-l + 11m + 4nem? +. 5a5— 2ze. 
9. (a+m) (@+y)+nz+4+ed. 10. (c—a) (d+b) + (x—m)y. 
11; (3a +c) 2? + (2—6b) Va-+ (5¢—3m) (y +n). 
12. (8m + 5n— 2p)y9 + (2y —7n) (22 + Va) + (5a — 4) be + rr’, 


Art. 60. Pages 22 and 23. 
1, 2ax — 2by. 2. 4ax® — (6b — 5a)y?. 
3. a*y — (5a — 3d) b® + (a +6—c—d) m. 
4, (2d—2e) V7—8 (w@+y)V247V «. 
5. x Va—b+3m Va—y. 
6. (2u + 8y) m?— (4— 5b) n2 + (p—q) zim. 
Art. 61. Page 24. 
lta —) — 80-174, 2. \izy—4y2—5 2 +4. 
3. 3m — n+ (22—y2) 15 YWa—b. 
4, 62 V y—e— Txyz + 8abc. 5. (m= — m?) c+ (e+ 2) fy. 
Art. 61. Page 25. 
1, 4(a— b) —2n (a+b) —x—y. 


2. xmn— (6a +5) (& + y) — mz. 
26 (401 ) 
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8, —2n9— hay po 4. (40 — 8y) (a +d)—sbe—2—*. 
5. 4a (x>— 3) + (8m 42a) n (a@—h) —az 4° OTF), 
6. (a+e—d) (b?+y). . 2m (a+). 8. 4ax. 


9. — 6y (5m + 8a). 


Art. 67. Pages 31 and 32. 


1 
4. 4a? + 302. 5. 38m + 2a-+ 3. 6. 6x -+ 16 +- 
7. 2. &. = bat. 9. ett 6 <--a) eae 


24+-a—b-+e. 2, m—5n—Ta+3. 3. 6ab—c—d. 
so 


10. (3a— a) (26—c) (w7—y). 11, 4d+ 2a. 


12. a (240) — 2s. 12.4. 14.0. 15. 5b—2a, 16.0 


17. Ge 18. ety—z+e. 


Art. 81. Pages 43 and 44. 


1, 202+ Sry + 3y?. 2. a — B’. 3. 9a? — 4b2x? + 12bx3 — 92k. 
4. a&—D*®. 5. 88m—ni — 37m—Snt + 10m—Tn? + 2m-~Fn?. 
6. 2° — 3x%z + 3x42? — 23, 7. emintligmin2 


8. giP +4 = & g2P 4-229 + y4?. 


Art. 82. Pages 46 and 47. 


9 . ‘ 
a poe . 1228-4 Tat + a8 + 10x — 4. 
13. 555 - f 0 oe Pe er 


16. m? + n? + 73 — 3mnr. 17. at—5a%b? + 4b4, 18. m™ — 2%. 
19,.2%+27. 20. 2784 27”. QL, a2 by2e+) — gartytet4, 
99, cette tot. 88. at+4a?+16, 24, —m + m* 4 20, 
25. a + 12a% + 47a} 4+. 60. 26. ~. = ai 5 as y74. 

27. 2y?. 28. 8mn?. 29. 9b — 3a. 30. — 22. 
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Art. 89. Page 66. 


2. 224+ Qay + y2. $8.22 + a% +ab?+ 0% 4, 22? — 3x —2. 
5. xy + 2. 6. 5az-) — 2ar-%y + Bar-*y?, 


Art. 89. Pages 67 and 68. 


10. tes 11. 4a?—5ab+602. 12, 4a? 4 3x? 4 Or 1-1. 
3 5 eet ae Be 
18. «®— 24?—3x—5. 14. + Te | 15. a’-+ab™ +a°b4+0?. 


16. a + 2a7by+ by. 17, a b? + 2a? bt — 3a-1d®. 
18. x2-bye — Qxtyctd + Bxa+byc+2d, 


Art. 99. Pages 84 and 85. 


1. 2(2+y) (@+y). 2 (e—y—8) (e—y—3). 
3. (a+b) (a?@—ab+ 6b") (a—b) (a? +ab+ B*). 
4. (x +8) (84—2). 5. 3ay (x—8) (x+ 3). 


6. (y+ 2b) (24—5a). 7 (a+i1+-2) (a+1—2). 
8. (y +32 — da) (y—3x + 5a). 9. 2a (bx +17) (bx —8). 
10. (2x — 8y + 5m —2n) (2a — 3y — 5m + 2n), 
~ 11, 22 (x+2) (zt— 203 + 422 — 8x + 16). 
12. (2 +6) (c—1) (x—2) («—8). 
18. (2 —6) (« +1) @—4) (@—1). 14, 8 (x1 +2) (22—1). 


15. (8¢-++ 2d) (8e —2d) (2a +. 3b) (2a— 3b). 
16. (a+ 3) (a+ 3) (a—3) (a—8). 
17. (8a—2y) (8¢—2y—z). 
18. (@+4¥+3) («© +y—38) @—y+3) @—y—2). 
19. (8a — 2b) (3a + b)4. 
20. (a%b4 +4) (ab? +2) (ab?—2) (a%4-+1) (ab?+ 1) (ab?—1). 
21. (2 —14) (x#—1) (a +2) (47). 
92. 4(2”2 —3) (2a —38) (+1) (x+1). 
23, (22+ y? + 2°) (ee + yb — ae) (24 —y? + 2) (22 —y? 2°). 
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24. y2(at + yt) (a8 —atyt + y®). 
25. (x—v+ty—z) («—v—y+2). 
96. (tty) (@+y) @+y) @+y) @+Y) @—y) @—Y). 
27. aX(a-+4) (a2—4a4 16) (a —2) (a2 + 2a +4). 
28. (a—b) (a—b) (a+ 2b). 29. (8y +x) By—z+1). 
30. (2a— 8b) (4a? + 6ab + 90? — 2a — 3b). 
31. (2a — 3) (24+ 1) @a—1) Ga—}). 


Art. 104. Pages 94 and 95. 
3. 9a3b2(a—1).- 4. 2? — 244-8. 5. 6ax — 8a. 6. a—3. 
7. 2n—3. 8. «—6. 9. 6x? — 8x. 10. «+ 3a. 


Art. 104. Page 95. 
1. 2242243. 2241. 8. 2e—I. 4, 3a—b. 5. 22?—«x. 


Art. 110. Page 100. 
2, a® —2a° + 4at — 203 + 402— 2a + 3. 
3. 625 + Txt — 3x3 + 9x? — 9u + 2. 
4. 2? — 2x6 + 825 — at + 23 — 2a? + 6a — 4. 
5. xt — ba® + 205 + 2704 — 87x58 + 16227 — 126x + 36. 
G. x8 + 1125 + 38124 — 2328 — 160x2 — 68a + 48. 


Art. 120. Pages 107 and 108. 


. 3b2c? 2 2, @ + ax + an 3. a+5 4. hae 
5a a+ a+3 
5 c+da 6 a+b _a+b+e+d Pr pssen fas aT 
“a—b * a@—2b a—b+e+d - zZ—Y 
gtd, sg 1 Cee, 1 
%— 6 y—z2 las 
x? +. 24—3 3x2 —ax-+ 2 22-1 
14. eee 15. = ear ee 16. res 


Art. 121. Page 109. 


2x 4x +6 
icttayty. MB ltioe e 
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3 y2 
SAAS SRN atl 2 2 — 4y5 ee oe 
Bet or a ee a Oy OP $y? + aL ays 


Art. 122. Page 111. 


a?-+1 —1+4+32 9 2%—y? 2ab + 22 
wicre mo ey a 
1 ‘924+ ax +a? (x +1)? 2 
. z4+8 re a a ea of I+ 


Art. 124. Pages 117 to 1i9. 


1 ae? + 02h? — Bee? 9 ay — x? — ax 3 a? +9 
; abe i ae ee 
a2 3 2a 71— 59d 
4. — ree 5. est re 6. wi a 
8. Sx ” 9. : os Ba” 10. 2. Fix se HOE ieee * 
yr (x+-2) (« —4) 
12 4 4a + 24 
* (@+1) (a+3) * @+) @+5) @+7) 
- 21 2 
14, «—2y + Zt ” i 1 a 
ae? + wick —_ = 3 
*+.8 M coe Oa ae aa 1 
20. 0. 21. 4-7" 22. Git? a eae “ete 
2b2 at Bae ee ae 2a%b 
24. a 5. ax 4b2y 3by (a— by? b)? (a+b) . 
18a— 2 e+ day — y? 


1 
“Ganer ips % et yG@=yyt 


3a? + ay + 2y =: 2y? 39, n)? 


Sn Se 4mn 
Art. 125. Pages 122 to 124. 
ay? 5nxt x 3 (a—b) t—~y 
i; 322 . oe py Be Qy 4. ~ (a+b)? e en . 


es ee ae eg RT gg, 8 le — oO 
Zz z—1 y? a—s8 a 
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11, 


15. 
20. 


1. 


5. 


10. 


1, 


1, ° 18 a1 +4 


i 46. S10: ga 


ai oaz tof 


ye! ay' a 22 


A 


Art. 126. 


4ay4 x—3 


* 30% 3 


_ 8ax? — 3yz 
2ax —~ By + Bz 


ged: 
xz 


LGEBRA. 
a2 Bb? ¢~ g2 a 
se LA SP meee co mas 
OS 
a +y? _ xy 


Pages 125 to 127. 


a+1 
oS 


ata — aty + a8 | 


Pte Yee 
H 


—— i 


eee, | -Fe oi. 


—b-+¢ 


Art. 127. 
y+2z 


. y—x 


x? + 3%—10 
a + 27 — 24 


: ay —ax+ay 


e 


b 


12. e—14 5. 


16. rile Br Bo 


Pages 128 to 


+9 6. 1—a2 — 2. 7. ts 


6a 
(at— x4) (2 +4) 


2a3x2 


Art. 127. 


ASB? ge 


11. 


1 


Gey Fee 


ey 
(@—y)® 


yt igh 


150. 


ab — xy 
ab + xy 


8. 


g, @+y)! 


2y 


a x(x + 2) 


er ae 


a—b 9 a—3b_ 


nea 


2 
xe—yt2 
dl 


aa - 


1: Ds 


vy 9g, 8%... 


Pages 130 and 131. 


Art. 143. 
= 2. be + c + b. 


7, b—a@. §.: 2a. 


18.2. 1a, Be 
3 2 


19. 


4b — 5a 


4 m+n 


n 


Pages 148 to 
al Ne kB 


9, 2n, 10. —_ —" 


15. 


20. 


1. 


7 
i. 
2 


4ba — 4he 


146. 


5. 


17. 


200 + Be + 5x 


__ (+064). 


‘ab (a2 +b?) © 


8cd —2d 
. * 6. 
25c * 


1 
11. — 12. 4 


0. 18. m +3. 


5ax + 5ac 
4x — 20a — 4c 
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99, 4bx — Sax — 20ab 23. sl 24. —d. 25. 5. 96. 


4b + ba 
a7. 3a. 28. arma 5. 
Art. 151. Pages 156 to 162. 
fb+ec+2a jo 
1, 32 and 40. eater en 
2. $3. b+e— 2a 
4, 14 days. 3. FR eee aa, 
5. Boy, 13; girl, 8. c—b 3d 
G. 10 years hence. saan ee Rae 
7. Ist. 16, 2d. 7, 3d, 1. 8. 40. 9, Ist. 48, 2d. 60. 
10. $3000. 
11. 1 dollar, 2 half- dollars; 6 quarters, 32 dimes; 41 nickels. 
12, 54 minutes. 13. House, $1700. ; lot, $1500. 


14. House to grocery, 6 blocks; House to P. O., 8 blocks; P. O. to 
place of business, 5 blocks. 


a ae : 6 
15. Sie 16. 4, 6, 8, 10. 17, 5477 minutes after 10. 


18. $2880. loaned; $1920. invested in losing enterprise. 19, 468. 
; 90. 8 miles. 


8b —22 94 30+35 34, 2-1. an, 12) —12 
19 i9 


1. Ist, 


19 19 
go, WM —" 93, 47 gallons. 24, 11 Mig Gece 
m+ 1 74 ad + ce— ae 


195 
26. 15 i957 seconds past 6. 97. A, 1728; B, 2160. 


4m 3m 
28. 5—m + —~ hours past noon. 29. c+] 30. 160 miles. 


31. 1st, 10 miles from A; 2d, 2 miles from A. 


32, Current, 2 miles per hour; Boatup stream 5 miles per hour. 


Art. 165. Pages 179 to 185. 
1, s=1, y=2. 2. x=1,y=0. 82=— yay 


(m +n)? 2mn +n? 
5. pty =e 2mm 1" 


4, %2=—3,y=7. 
me 
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6. «=ly=—1l1 7. %£=—l,y=0 
ac(2—b), _——ibe P aie 
8. — y Raay ee ae iS oe ne 
10. «=2,y=6. 11. tas y= 12. 2=38,y =1. 
18.2 
et 
1 1 
14. x= mn + pr — mp’ oa mn + pn— mp 
15. x=1,y=2,2=8. 16. <= 2,y=4,2=—6,u =—3, 
1 1 1 
17. c=l,y=3,2=38, 18. ¢=3,y=p.2=5° 


19, b= OY =H, 2 = ay. 


90. gc) ee 
n—p nu—p 


21. «=aaiae, y = 4102 — aa, — Ade, 2 = a — 1 — a. 


{ote 


it 1 1 
99. == 5, P= $2 = 4, 23. oh ee 
1 1 1 “ 
24. ee aise eRe dean 25. t=i3,y=2,2=-1u=—4 
%6. ee he Oe Ae ge 
3 81 27 81 
27. c=l,y=2,2=3,u=—4, 28. «= — abc, y=abe,z= abe. 


Art. 166. Pages 184 to 189. 
1. Horse, $80. Cow, $30. 2. $900., $600. 
3 A, 2b—a-+c; B, 3 (a—b—c); C, 2c —a+b. 
4. Ist, 300; 2d, 400; 3d, 500. 5. 742. 
6. Horse, $150. Carriage, $100. Harness, $50. 
7. Man, 10; boy, 12. 8. 16 barrels, 20 boxes. 


9. A&B, x4 (d +1) miles; C, 5 (d+ 1) (€+2) miles. 
10, 15 first-class passengers, 20 second-class passengers. 
$2.40, fare for first-class passengers; $2. fare second-class. 


11. John, 15 days; Henry, 10 days. 
12, 1st loan, $1500.; 2d loan, $500.; Rate, 6%. 
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18. 6 pounds of Ist, 4 pounds of second mixture. 
14. 1st, 20 min.; 2d, 40 min.; 3d, 30 min. 


m (2n —7) n (2m —7) 
n—m : 


15. Ist kind 
m— nh 


, second kind 


16. Won 6, lost 4. 17. Dog 134 miles, rabbit 12 miles. 
18, Man in still water 10 mi. per hour, current 2 miles per hour, 


19, Freight 24 miles per hour, passenger 40 miles per hour. 


Art. 187. Pages 206 to 208. 
1, ec—3. Q.3and4. 8. 2>3, v>$. 5. b>x>e. 
6. b <u <e. 7. 2< 24. 20. 25 miles. 
21. 6 horses and 12 sheep. 
Art. 194. Page 213. 1 
1. 9a*t-*. 3. g at O-4 nity, 
Art. 206, Pages 219 and 220. 


1. + 8a°b?. 8. 5ab?. 9, + batetx 18, = 8a-*a. 
8m? nt 
Art. 208. Page 225. 
1. 2029~—3¢+4. 2% a®—3axr+422% 8. 3xy + 4x— dy". 
4, 38bx + 22— 2m?. 5. a®—2a*b + 3ab?— 40%. 6. afd+4—. 


a; Pe: 1 
7. um t+ y? + 23, 8. 40° — 5a° + 3. 9. 2a’—a +5 


10. 2a-1 + 3b — dab?. 


Art. 209. Page 230. 


1. 428. 2.20107. 8. 6.32. 4. 2.846044. 5. 198 76. 
6. .03507 +. 7. 1.732054. 8. sar 9. .7071-+. 
10. .2338 +. 11. 2.0916 +. 


Art. 210. Pages 233 and 2384. 
1. a?— 2ab + B*, 2, 2+b—1. 3. 3x? — 2x—I. 
4, +22? —bx+1. 5. l—2+22—23. 6. m+ 3my —9y*. 
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1. 


1. 


10. 


12. 


1. 


| 4. (cy +d) y?. 5. 2m? (m—n)?, 


7. 2x2y + 5ez— x. 8, 2a% ae 4. 3072. 
9. («+ a)?y — 2dbm, 10. Lot 


Art. 211. Page 238. 


427, 2, 1028, 8. = A. Gat. ee 
6. 1.259 +, 7. .8785 +. 8. 1.4er4, 
Art. 212. Page 240. 
2a — 32, 2. 10.7. 3. 2? — 2a — 2. 4. 517. 
: 5. 30— 1. 6. .46. 
Art. 229. Pages 252 and 253. 
bY 6a. 8.286 bab. 4.0 a—bd. be (2—8) 1a. 
2anxny/ 2, 7. (at+y) Va—y. 8. 2ab2 7” 7a?. 
—27ab IY 2ac?. 10. 9xmy2” YY 10,2. 11. 7Zamnp2n PY 5, 
8c’ 3. 18. GarcY’ ak. 14, 22y-lem]’z. 15. (a?—b2) 20. 
aby am, = 17, 2 VY en— am, 


Art. 229. Pages 253 and 254. 
Lis +V 30. 8. sV8. 4 ab. 5 Vai. 


abe - ON Fi aE OP ae. 
= V abe. 4 Vee ® ee, Va az. -S, Vm n 

Zz  eatp eon a Uae. fr 
Eps, Y x22 (a? — a2). 11. Ba) BV ab 
ee i ask 18. 5abT’ ab’n. 


Art. 280. Pages 254 to 256. 
(a+b) af, 2. (ab+c4+d) at, 3. (3+ m) (a—b)>, 
6. te a a’) 4, 


7. 
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wa am, 8.2/8 9. 07s. 10. @ +01. 


11.5 £3. 12, (8a+5)abV2ab. 18. 91’ 2a. 14, 221/21. 


: 


1. 
4, 
8. 


11. 


10. 


15. Sem y—z. 16. (8a—1)V bm. 17. —8) 2 —a?. 
18, (m+ y22r)\// me. 19 (Ba-ly? + 2u2y + a+) P 2x2. 


b?— 2a + ab 
x 


20, (4bPo" + 3b" 4 292) ba. 1. V bam, 


Art. 231. Pages 256 and 257. 


(a—b) xe. 2. (6—cxr) (m—n)*. 3. (c— 2d) (a?—3z)*. 
2 (a —b)3. B47. 6. 72. 7. 245. 
(2a—5b) 7x. 9.—- Vil. 10. 20 Pdayie. 

267 ae 2ab n/—>—-—— 
~— 5p V5 2. VV 1. 


Art. 232. Pages 258 and 259. 


15a°, 2, 12xy. 3. (4a2)® or (2a)!. 4. (Gry)?. 
abytet, 6. (x—y)§ (29+ y)* or @—y)! w+)". 
“YS. 8 Va—zx. 9.172. 10. 12%) 2a. 
ba®d 1°’ 3a. 12. 240%} Sia%ic. 13. Fah bey 
10B8cx2y 1 322y9, 15. Co aaa 16. 62x3y3"}" anxmym, 
V 5. 18. (2ab)z. 19. 7/2 20. o A = 
«WV aipe. 


Art. 232. Pages 259 and 260. 
x—y. 2. at—a —bat+702 —2a4, 3. at*—1. 4. 1. 


b—21/6. 6. 57412115. 7.2. 8.5. 9. a—c?f’d?. 
m4. W. 512424278457 241" 324217 128, 
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1. 


6. 


10. 


1. 


6 


9 


1. 


4 


8 


11. 


Art, 238. Pages 261 and 262. 


a®yt®, 2, 2(ab)*. 8, Bly, 4, 24.5, Ga —azy?., 


Bt 3n—m n—3m a 1 
b(a%z)™ Fame m™” 8, 1971/2, 9g, 150% 4” dal, 
AE 
2m yom EE as = 
22° "mm N 8 11. 6a%x2/ 64a-10", 12. Tal’ abc, 


Beenie imey® r a 
13. pYr-—w, 14. anz® 15. \ ae 


Art. 233. Pages 262 and 263. 
a® +. 4a +5. 2. at — 4a® be + 16p*. Be at — 2a4p3, 


a5Vi0—4 «= 5 8 9 —8 W242 V2, 
a4ce+3V x. ivi OR 8 2413. 
Ve Pea? 10. 1. es 
Art. 234. Page 264. 
= aé 2. (a +b)% 8. 9 (x—y) (a +b)?. 
97/9. be = 6a. 6. 1éax P90. 7, ov 8a, 
es ‘ teas: 9. 9a*b2c V 2a. 10. («—2)° y3¥’ y (2@— 2). 


W672. . 99.41 #9v 6.16.1 ye 


Art. 285. Page 266. 


3 (8)°. 2. sat, 8. bm (a + b)im. 4. (6 — 2x)? 
xy? a 1 oe PP cored 4 
(=) - 6g iB. 7 Saad St, 8. n V/3min', 
Beta So ] Ra ake 

V 2. 10. 3x1" 2. TH. = 20. 12. 302)” 22. 


13. a)’ d. 
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Art. 242. Pages 269 and 270. 
1. 4ab-+-V —a. 2. 5a—8V —bd, 6 ay: 
4.17V —1. &, (16a?+2b 4 6e%)V —1, 


6. (4a + 9ab) es fab. 7. 6azV — (a+b). 


Art. 243. Page 270. 
1S oe ee a Ss 8 01 — 1. 


5. 216a8zy—1. 6. (a2?—x2) 3bY —1. 


Art. 248. Pages 272 and 273. 


1. 2. —12. 8. —ab. 4. 6 10. 
5.280. 61. %— 10d aa. 8, ——. 
9. — atyY a—b. 10, 02+, 11, 12. 

12. V104+2Y —6 — VY —15 +6. 18. (¢+0)V —1. 
4. 5 — 2/5 — 7 i. 15. 24— 6 — 8V 10+4Y 15. 
16. —5 —2V6. 17. —48 4+ 24/3. 18,—1. 19. 1. 
20. 27. Bt Sy. 22. —8. 


Art. 244. Page 274. 


1. 8—3. 2, 4. 8. £2425. 
4, oY —6 +5 V6—8Y=1. 
bee Va 4+aV—e. 6. am Vz —n? V ye. 


Art. 244. Pages 275 and 276. 
mie pe, + AEBS D Se KV is: 3 —2 8, 5. egy ; 8: 


6. 8. “A ER i, 8, Eon - V1. 9. 4 + emer + ws. 


414 ALGEBRA. 


10. — F/—38—1. 1. — V8 V1 - V3. 
12, —3ab VW — 6423 2 4 20% —3. 
13. —a V y—x—8b 1 29, 


Art. 247. Page 278. 


>. ? 28 ol awe rie. b 4, V at— 1 —a. 
a — 
ee ee g, — Vb +2V3 4 '9048Y 2 
5 ; i eres Ra ee 
7. Lf V1 —at 8. 2— V6+ V2. 9. V64+V 16 
x 4 3 


Art. 248. Page 279. 


9, Haat yt + ayt—ab yh 4 at yh_ yh 


x? —y 


3 athe + a2bs + a2? + aps + abs + ats 


a® — 5b! 
4, —(17 481" 724 8f 94+ 121/24 121’3 + 61 648): 


2 3 54 36 7 
5 ps atb® -- atbe — a®b® +. a?b®° — a®% + a2b° — ab? + ain —oe 
i RE Nh ST aT HRC AREY Pe) : 


Art. 249. Page 280. 
1, 7.2426 +. 2. 1.3866 +. 3. .3592 +, 4, 5.48415 +. 


Art. 252. Page 284. 


2,6—2)V2. 8.74312. 4.14 rv 2. 
5. 2V7—-V 14. 6. (a—b) —21ab. 7. 3 
Hi ay ee ee ete tere 
10, Vibert 0 1. GVO a oh 
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Art, 254. Pages 286 and 287, 


2 
7 4. a 5. BF \é 4. there 3. 5. z —m. 6. 49, ie om .8. Se 9. 2 


10. 16m. 11. —20. 12, TG] 13. a. 14. 16. 15, 2 
16. 4 . a Oe 1G 


Art. 255. Pages 288 to 290. 
1. (mint) Vmhynd. 2.1024, 981. 4s by Bt 


5. Vy. "are ea UE rome 
yV y re faa 7 —V mee 2°. 
Ws Be ey SLU Roa = 
M(1— 2) 1+Y1— 2 a? (a3 +1) 3 
10. Cee 18. 0. 


V@+A +A ax Vi—e 
Art. 259. Pages 292 to 294. 
1.44. & 4215. 8.5 
7 + LOY. 8. 0. 9. +4. 10. +0 V2. 11. +2. 


I peta) 
12, +5 Y—1i4. 18. +2. 14, 3:8. 15. +m. 


16. + 9¢+9 /e1 ap ee a ee Te 490. 
+ aes Vat +402, 17 tot! ao Tas 


Art. 261. Page 299. 


I 5 7 Pied oe lg 
repay =O Se doc eee ted, or 
1 Rita 2. lor ‘ * 6 2 
3 1 5 1 —b-+ VB — 4ac 
5. Weare We 6. :  S: re ee 
c 9c 1 1 1 
eS ce” a or ee Coe 


11. 2— V2 or1— V2. 12, 24215 orl—V 5. 
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Art. 262. Page 301. 


1 2 : Seay l+//— 34 3 
1. 3° —> 2. 3 Z 3. genes es 4. 30 0 
21 5 1 1 
. 1 eee: ere ae eee ° 
& we s a : a+b b—a 
2a 3d d m 5 
8. 30 ° 2a 9, ores | ete 10. n Seer 


Art. 265. Pages 306 and 307. 
1. Real and equal. 2%. Imaginary. 
3. Real and unequal. 4. Real and unequal. 


5. Real and unequal when m > 12 numerically. Real and equal 
when m=-+12. Imaginary when m < 12 numerically. 


6. Real and unequal when c <3 numerically. Real and equal 
whenc=3. Imaginary whence > 3 numerically. 


7. Real and unequal for all real values of g. 
8. b> / 15m numerically, and m positive. 11. r= V6. 
_ 12. Real; positive; 21 >22. 13. Imaginary. 
14, Real; negative; equal. 15. Real; « positive, x2 = 0; 11 >22. 
16. Real; 2 positive, x: negative; 21> 22. 
17. Real; 2 positive, x2 negative; 22>}. 
18. Real; 210, x2 negative; z2>2. 19. Real; positive; equal. 


20. Real; negative; x2>7. 


Art. 266. Pages 307 to 309. 


+ YY 33 —S$+ V6 
1. 9 or 3. 2. 3 or —1. 8. 15) + son i 33. Pe mean 


4 
5. —2 o0r—6. 6. ors. Y: —1—I2n+ V 4m? +4n+ 1 
CmuEMaieens eater 
1 39 
8. 4or—2. 9. mig cOm —3. 10. 12 0r4. 11. 1 or a 


1 1 19 5 
- 4or —1, - 7or——: . 5 . i tes sate 
12 13. 70 3 14 53 or3. 15 gos 
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16. 10.9 0 Ai eee EM Eta He 


18, 9—5V3 or 7 V $—15 : 19. bor —2b. 
2 2 
1—m n ae as 
an Mme «(114+ 2 or —2—2)//9. 


29,aor—Vb. 23, ab—a+tlora. 24, 6mora. 


2a+3b 3b—2a 
a+b ign ea ase 


20. 


eae m — 4a 
25. 2b or mer) Vee, 26. 17 or 2. 27. 


ato 5— 


28. 4or—6. 29, (5 or 7s, 80. 16at—m or at—m. 


Art. 267. Pages 309 to 318. 


1. 5,40r—4,—5. 2. 10,50r—5,—10. 3. 20 by 80 rods. 


4, > 5. 24. 6. current, 2; crew, 10 miles per hour. 


7. Sioches square. 8. $1.50. oy te 10. 60. 11, 16. 
12.15. 13. 80 or 16 hours. 14, 10 ft. 15. $30. 

16. A,8 and B, 10 miles per hour. 17. 10. 18. 8 miles. 
19. 40 and 624 acres. 20. 5 cts. and 44 cts. per lb. 

91, 48 or8 miles. 22, 4%. 23. 120 gal. 24, 520 mi. 


Art. 269. Pages 319 to 321. 


. 


see lpooiad 1 5 5 
1,.+80r+V5. 2. 2orl. 8 5or—z 4. lor oe 


a + Lor £iV—6, 6. 7290 7. 5,—1,0r2 +V 2. 


8. 1,—2,3,or—4. 9. £4. 10. 1, 2,or—83+V7. 11. 20r4. 


Te 8 I 

12. 8, — 6, or —1£V 12 4 P49. att ee th 
os 3 = 81 

14, 1+1/ 105, 2 or — = 15. +2 or +2. 16. 2or ra 


4 — 
oa 5/3 
12. 8, —2,or3 +8110. 18, —1,—2,or—3. 19,—4/y0r—1. 


27 
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367 Me Va 7: 
; Be ap ra 
20. 40r 7a 21 5 “Saari aimee 
121 7 oat woes 
. 9” ete wees ; 
22 vor (=): 3. 2, x oF = 


5 aie 1 
94, 3,—F or — 8+4/— 31. 95.1 ors 26. +52 or —1. 


27.1, por—+ 98. 41/2? ors p44. 
29. 1, —2, Beem ti docos 30. 30r3+2 V2. 
mis 4 gV dor +27 VY—8, 88. 8,3, or sev eee 
33. 0 or De 1. 2) ot r(-5 hs 3, 


85. 1, —4, or — 8 V 261 + 192 V2 
: | 


7 a a 
36. 2,— 5 OF oe 37. 2m4 or m4 (1+5 {5 ). 
sa Vee eV eo 
40. 6, 1 ort = SV 1286. 41. m + n20r m + 81n2, 


Art. 272. Pages 326 to 328. 


4 ee ae 2 or 3. Be 3,—2orL= V 37. 
. 3 = 
4 3 or +2. 5. Oors 2. Per sage 
Bo 3 id , . 
3 1 
7 24 gp ata V —3, 8.) 454 or 3. Maing OEE. 
. 3 3 
10, £1, =2,—5, or3. 
—ataVv —8 _a+aV —8 
11. a teas ee oF 
2 2 
12. +2, +1,or—5. 18. taor+8a i. —§ or. 


15. + 1,3 0r5. 16. 4/9, + = Bord, 


; 
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17. wor. 18. mtmVv—t1 or—m+mV —1. 
n m 
17 13 
19, 30r = 20. =~ 8 7 21. —aor— 
a oy 2 Se en 
99. i pales re 93. = 00 Or 9° 94, 4 or 5) 
: 7 5 1 
25. — 6,3 or 0. 96. ee oe 27. et Ob oS 
a 2 6 
+7/ — —{]+Y —Iil ans Sew Hs 
28. 1+/—11,, —! x“ 29. 595° — 75 


2 
7 A 1 . 
30. 3, 4or 5: 31, 1,or— 9 +24V 4a— 302, 32. Oor +3. 


5.1 = Lore — 1. 34. 2,—5o0r9. 


Art. 274. Pages 332 and 3338. 

1. (2a—4) (2a +3). 2, (Qx—38) (+8). 8. (7z—1) (24—3). 
4, (5—x) (x +1). 5. (80 —2—V/5) (84—24 V5). 
6. (V7—1—2) (V74142). 

ate 3) te 2 1 1). 
8. (mz—n) (mx — 2n). 9. (1 —2mzx) (1 + 3mr). 

10. (ax +56) (cx +20). 11. (84—a—b) (52—a-+b). 
12. (@+y—5) (e@—2y +3). 18. (c—22+8) (¢ +2243). 
14, (l—y— 2) (24+ 38y4+ 2). 15. (2a—8a+1) (29—2a—1). 
16, (8a— 46+4+1) Qa—b+2). 17. (@—y—z) (x4 2y+4 82). 

18. (xy —2) (xz + 8), 


Art. 279. Pages 336 and 337. 


1. r=lor8. 2. x=5o0r—2. 
Y=3 or I. y =2 or—5. 
1 69 25 
3. &%==20r — =. 4. => ord. 5. ean ord. 
49 47 25 
y=lor;. y=— 7 or 3. Y= or 3 
6. +=—4dor 4. 7. ¢2=8or—l. 


v= 6 or 2. y=4orl., 
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Art. 281. Page 338. 


44 
ate = 0, 0, BOP ee a t= +1, 20r — + 
44 
yi Oe gu ty hare 
9 3 
5 22 11 
8. %= —4, 7, 20r— 35° 4,.2=— 5511, 1 or— 
5 88 55 
Yaoi, 5 LOE @ v=— jh 5 73 
Art. 282. Page 341. 
1 4/3 : eer as 
ia +oYV 3s 9 x=+20rt — J 26 
lea t2or “1 3 
savant J 3 y= + 4orF V —26. 
$24 S0rt1 V3. 4.%=+1ord. 
yas 2orF, V3. y= 20r+ V3. 
1 roe 
oe 1,— 8, or + —V 19—1. 
Soi GY shoes 
y= 0, — 4, or =F 19 — 1. 
ae: 20 
6. 2= +2, +2V —1,0F + Las 
1245 e 


Art. 283. Page 344. 


1. «= 3oré. Q.x2—=tf4or+6. 3.x=1orsd. 4,.e2=torl. 
y= 4or 3. y= +6or+4. y= 8or I. y=lor4, 


Boe = + 30rV—!. 6. 2=+2. 
y= lor ’ —4. yo tl 


ANSWERS. 421 


Art. 284. Page 346. 


—5+7/17 ee a soll 
Re ee 1,8 OF nee 
—5+=V17, 
y =2,lor ——~j— 
65 + 3) — all 4,¢=:+lor+ 7/31, 
Sc, or pele a5, 
fae Ee ee! als 
o— 5, 1 or —3 + Y—81l, 
8 
Art. 285. Pages 347 to 349. 
lea 7 or— 4. 9,2=+3. si Nea ig pet 
7 Baalege ea wa 2 
Renee Iman y= 2. y=lor 5 
14 Keeani 
ea SOP OB, zor 5. 6. «=2o0r2+V —10. 
97 — * mes: —_ ewe, 
y= cosas y=2orl y= 20r2=] 10, 


8. s=1,50r3+)/ —58. 9, x=30r—2, 


y=thort5 y= 5, lor3= V — 88. y = 2or— 3. 
10. x =1or—2 Lie t= +6 
y=2or—lI. Fim A 
ly Ae eal 
12, 2=2,40r—1+5V 33. 13, 2=8, 6or—2+)/ — 14. 
Le IF — 16 
=4,20r—1+5V 33. y= 2, 1,or ———, 
1a, ges 2. 16. 2-1 —l1loro, 
Leal =1+VY —lor 0. 
16, x=5, —8,or —2 +1 18. 17. x=2, 6, or 0. 


y =3,—5, or 2+ 7/13, y =6, 2, or 0. 
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18,.%==8, 2. or = 
2 19. «=a—bdor b—a. 
5+ — 51 =a+bor—a—b. 
y=2, 3 or = . ; + 
20. epee Wise -gor 1, at 100. 
ge 3 21. «=40r a 
8 8 169 
es —2— — =e = ——es 
y ) 5 or 5 = oF TT 
6 
3 6 7 
So Pay 72 ees 57 
ya, C1FV—U y= lors. 
3 6 
24, x =B80r—5+2V 2, 25. eae 
ts y¥=oa Lor=> 
= 2or2+2//2. 


13 
96. x =+lor+—. ae 
i8 27, 2=+30r+V2. 


y= 2orF = =+ VY 2or+3. 
84. 10+.) — 16 8 V 10+ Gos 
28, Bea 1,8y ge 
84 V7. 
Sen eee 
oe 3 10 + J—15, 34+ V10+ J—15 
dient asgisecoat ss 4 BRMCTN we poncer aa 
yt 
2 


29, 1=0,b—a, or 2+) + V a? + 2ad-+ BOP 
ae 2 


a—b+=V a? + 2ab+ 5b? 
yoo 0, 6 or ee : 

a, 3V 2+ V—6,.—3V 2+ V6 
—— Sak se Sars tana AT if BE EES ON SE ite 4 


e214 ee ae YE 
yao 2, 43,8V 24V—6 or eu wie de 


31. 


33. 


34. 


36. 


38. 


1. 


8 
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2 ie eens 
eat 30r +o / Tel, 82. x= S8or27 +> V — 546, 
2 So hive 
== — y =—80r—27+~_ 1/_ 546 
y + 8 or = a V iBT. 3 V — 546. 
me BT: +Y17 +4/97 
ge ee 
2 2 2 
—2tV— i pa a Ne ae Pos YY ST 
a ey Se 10h 
shat GRE sgt 8 ae 95. e==3. 
11 _—ptV 705 y=. 
te SE Case 64 
4} 35° 
= as r— 
aah ge 3 87. x=8orl. 
40 28 “w= Lor 6. 
a 7 wha bane a 
g3tV-7 57 
x==8,lor : . 89. x =20r—T 
=V—7 43 
Renee Fe Nias AL y=lors> 
» 445i 3 
o==2,—1lor2 + V5. casi sie EK tine ees 
oe § 4 6r 3 
y= I, ~— OF 
5 5 
Art. 286. Pages 349 to 353. 
#H38and+5. 2, + 56and +3 or = {and +o 3. 12 or 21. 
.* 5. 4%. 6 yrs. 6. 20 by 80 rods. 
7. 800 apples, $ cts. each. 
A, 10; and B, 74 mi. per hour, A. 80, and B, 60 miles, Met in 


8 hours. 


9, @ + Y 2y— 2? 


2 2 


ae V 2y—2* 


2 


arn 
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10. 


2, 


2 


2. 
8. 


1. 
2. 
S. 


4. 


A, 4 or 6 mi. an br. in9 or 12 hrs., respectively. B,6or 8 mi. 
an hr, in 6 or 9 hrs., respectively. C, 12 mi. in 3 or 6 hrs. 
Distance 36 or 72 miles. ; 


Fore-wheel, 12 ft.; hind-wheel 13}. 


1 
4%, rate. 104%, buying price. 13. 16 or 165 square rods. 
$25 perroom. A, 6; and B, 4 rooms. 
Ist, 15 da. at $2; 2d, 10 da. at $3. 


100 mi. 40 and 60 mi. per hr. 


rev. per sec.; 8 and 10 mi. 


15 and 20 yds. per sec. 150 yds. 
A, 30; and B, 20 lbs.; 600 lbs. wheat, 20. A, $300; B, $150. 


Art. 291. Page 358. 
720; 720; 2441880, 3. 358800. 4. 720. 5. 5040. 


Art. 296. Pages 360 and 361. 
3003; 50388; 15504, 3. 15. 4, 20. 5. 4845. 


Art. 298. Pages 363 and 364. 
20. 3. 1140, 4, 220. 5. 720. 6. 495. 7. 28800. 
56. 9. 120. 10. 50400. 11, 3628800. 12, 166320, 
13. 1176. 14. 16800. 15. 576. 16. 20358520. 
fo 
ey 
Art. 305. Pages 373 and 374. 
a’ +- Ta®x + 2labx? +- 35a4x + 35a%xt + 2la%e +- Tax’ + 27, 
a’ — 8a"x + 28a%x? — 56a5x* + T0atxet — 56a%x? +- 28a2x*—8ax' + 28. 
1 — 18a + 13502 — 54003 +. 121504— 145845 + 72908. 


17. 3628800. 18. 


; os AL 
a8 — 15274 + 902 — 27025 + 4050 ° — 2432°, 


5. 
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ia 3 
12 8x * a? + 24a7a — 82n2u2 160227. 
x — 6a? 4 124-5 — 82-3, 


243a1x —202-a%x8 + 6750a%x' — 11250a7x5 + 9375a%9 — 3125a%x™. 


eae 
a@2b-2 — 12a2b 4 + 54a5d — 108076? + 81atbt. 


64 576 2160 4320 4860 2916 729 
y yak = yixt = yx? yest 8 


3 3 oy —1500ax © sake? 
8lax% — 540a-%x? + 1250a-2n? —1500ax © + 625a%e*. 
Loved 5 5 3 —2 3 
xty *—Tx*y 2 + 2le*y cy see s5aty + 352° ty 4 Sly <y* 


5 pies. ie § 
ree a ak 


| &x8a! — 60ad a2y + 1500%D Fry? — 125by8. «18. 462x°. 


12 
— 120a%x’. 15. — 22680a4z%. 16. 960960 *. 
4 b} ap 
— 9828ax?, 18. 24310m72-. 19. 6123677. 
30618a-12 — 10206x-. 


— 220a%x3 + 495a%x4 and 495a4z® — 220a%x%. 


at + 442 —4a%y + 6a2x? —12a%xy + 6aty? + 4ax8 — 12ax°y 
+ 12axy? — 4ay® + «4 — 4x%y + 6x2y? —4ay3 + yt, 


a — 3a2y —3a%2 + Bry? + 6xyz + 3x22 — y8 — 3y2z — 3yz? — 28. 
Art. 305. Pages 376 and 377. 


af see ig _— 5 ate? + = a-fe3 — at 4 Pal 


a + 8a-*b + 40a-8b? + 1600-78 +. 560a~*D4. 


1 2 6 21 
ee Ei ete Gedniy” oe : 
L—7%—550— ios” — aan” 


1,3 
tat = ote +5 ata tae + “talitiedl 3 Pas 4 2-Bg~ 3 xt. 
pees ae Tae Bee S 35-133 455 a thy? 

fo 8y2 — —.g 18y — ——— oo ae 
Poe a ae ioe 


Pee a ee 
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6. 


8. 


Pies 


10. 


16, 


1%. eG 


20. 


an E bat + 200-8 + at + Row. 
1 9x? 18944 18926 5103x8 
Gigs + 64a? 26608 + 64a9 v 5lza” 
Se gree | not $1, 4,5. 
abt — = ab’ ——a Be awn =a oe —sua b 
— 32a—7im? 896a— m3 &960a—s m4 
+ gt Se ae a 
14x 112z? 672x3 38360a4 
x a ° Ser eariey 
. y ee y? y® y4 
8m3 — 6mn-! + . m-ln-2 + = mSn-s + Bik mr, 
4 16 256 
Z a 
m + 2m + 3m3 + 4m? + 5m, 
ees fF —§ Rein. oS Pe ee ee rete £3. Ds, oz. ? 
aa 9a ©. ee eee 
es VS: raise. é pS: Bi By game 
—4 i =i — 2n2 2 
m tg an +o ig n3 54.6.8 
z_ 1-3 — £2 sie eg ee 
y zy tae gy faa Tei até 
Hane ©! 1S 48 
43.12.16! : 
w+ oceay +3 tae = «Fea ay4e ia 2 (2a)3 
SG. 0.9 247. 
See ees 4 
9466"  °*) 
"Ol os 6435 _17 BSE ye 
3 i nS 8 /—— 5 
éeei% xs 18 - 22% 19 Bi99” 
4199 _21 135850 _-19 _28 129789 _59 59 
ae 2 yl, 21. a 2 3, 92, 49 xz By 8, 


Art. 320. Page 397. 
1. 1.322219, 9%. 021189. $3, 2.623249. 4, 1.823909. ; 
5. 1.933053. 6. .632023. 7. 3.204120. 8, 2.352182, 


~~ a er To —_? 
“ thee. 


9, 1.799340. 
18. .295120. 


1. 7260.5. 


1, 12.4112. 
5e 
9. 
18. 
1%. 
20. 5.0706. 


.0000013975. 
-00000133715. 
44.9515. 

— .408085. 


Art. 320. 
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10. 1.650515. 11. 1.440739. 12, 1.487677. 


14. 3.237326. 


Art. 320. Page 398. 


2. .000797922, 3. .77581. 


Pages 398 and 399. 


2, —.000145804. 3. .128769. 4, —.021539. 
6. 171.031. 7. —-05824. 8. 542.184. 
10. 1.73205. 11. .62996. 12, .713715. 
14. —.115105. 15, 2.35887. 16, 1292.4. 
18. .639874. 19, .000748755. 

21. 8.32302, 22. 5.9765. 
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Equations. 

quadratic, affected. sgt a is Se ee 
solved by completing the square. . ..... . 294 
solved by factoring < .. -)3 we ea ee 
solved ty formule ce sn ee i ee 
discussion of formula” 32°20. Ge SS ae 
equations solved like quadratics ...... . 814 


formation of, from:ro0ta 3, .5). 85 3 ee eee 
important propositions regarding .. .. . . . 828 
probiems leading to 60)... a ae Te eee 
simultaneous, quadratio) 4 = i te wo ee ace ee 
solation uuder CABG 56 6 5 tows oo Se a we ee ee 
problems leading to 0 oe ee 
Evolation, definition of 10 es a ee ee ee 
af monomiais 2 een os a 

of polynomials... 005 2 ON a we a ee eee 

of rediemle 5 5. ee oo a eh ee i eee 
Exponents, definition of: 0056 se eG ee 7 
Precis] a) oe se kes eh es ee 
WOHBEIVD os Se es Cane PR Ge oe i ee 
Factor, highestcommon . 2... «© 6 2 4 3s em @ OBR 
Wactoring, definition of 0 650 6 es ee ee eee 
elementary cases In v3. eo a st ee 


by solution of quadratics . . 2 1 6 + ss 4 wee BRO 
Formulas. 
Dimombeb ce see ec ee cam ee 


combinatloies swe es Pee 
division: 3. <x Wee ee, SR GE Sie eee 
dnwotu thon? se Se se a i a ee 
minitinilention. 920 Wes 56 es oe 8 oe 
permutations 2.6 ee eee ee 
quadratic equations . . IE PO? ne sa Ra 
square root of binomial wate Sa ieh eye eee Shy aang a 
Spa hlisa =< Gere: kk Ges ae eR a ia lea 
addition and eubteaction of 32. A Geb ee 
SOR oo em aoe ey Gan Seay a oe et 
Gictatanee ee a ee gin wee ee ka ee 
mnihinilcstion-at: son ose Soe wan ee ee eee 


perinetion 06 20568 ke ee er a el he 
Higher roots of polymamiala. 6.262 aw? ees Sa ee 
Highestcommon factor. . . » . «© + + + e+ + + we + 86 


id 


ee. mL!,LhLl ee eee 


. INDEX. 
muposity, definition Of) 6 sia a we 
Imaginary quantities 3... 6 ek we ws 


Inequalities. . . pa eRe a eee 
Infinity, definition of wi he aitia: cash iat bee 

in numerator or denominator of fraction 
Iivolution, definition of © 2.66 we Ol 

oF monomtiais:. <:65%. b4654. 

of polynomials 

OF TAMIGRE ss eee oe 
Logarithms, definition of 

fundamental properties of 

use oftables . . . > 


Lowest common multiple ..." . 
Multiple, lowest common ... . + «© © +» ss 
Multiplication, definition of . 

of fractions 4. +s 

of monomials . eevee Ns 

or hn ES gaa a i ae ae eg a ana ae 

PR PEM sey ee CaP aie NE eae Tag Coe ae WN 

BDECIEL GARGR IN Seo ee ae cal atlas ap ees 
Braniee eNO nen he iia Tuts es es 
TORT OULRROR ie ee ey ie a eh Rea aoe 
Permutations RS cae yok pe pes yee tareese 
Problems, HENDON os 


leading to simple equations of one aaknown quantity 
leading to simple equations of more than one unknown 


SPSL LN ST A Rit gescecaml ee ie a nn UA Wines Me 
leading to quadratic equations ... . 
leading to simultaneous quadratic equations 
discussion of . . . « « » » 


Quantity, definition of 
Radicals, definition of 


CUE USTED TESS © mee io mine aim healer ee Oa 
division of . : 
equations involving . . 


evolutionof . . 

imaginary quantities 

Invointion. Of oe ce 

multiplication of ; ; : 

Myc CRE Et G0) 5G) c3 Gane ae a oa eg gg eS ie cae 
SRS EUSP ge cali ale pte Ge rok atria eR 
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Radicals, square root of binomial surd 


AULOLPaCEION Cie oo eae a ee 
Roots of binomial surds . ..+ +« « « 
CE OUAUIB ie ee Wd, 


OF WOnGMIBIE “ae ae eed 
of polynomisle “a5. 0 8) cra Sek yo 
Square rootofmumbers - . . +. + + «+ + 
of polynomials . . - 
Subtraction, of fractions . . 


of monomials and poteupetinin’ sig est 

of” radicwla o ihe esa eee 
Uiiitof SdGitION: oS ee ee 
Variables, definition of .... . P 
Zero, definitionof . . - «+ + e+ ee 

as an exponent... . : be 


in numerator or denominator of reuceiuit 
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